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❜✉❞❣❡+ ❧❡ ♣❡$♠❡+✳ ❉❛♥" ❧❡ ❝❛" ❞❡ ❧✬❤②♣❡$❝✉❜❡✱ ❧❡ ♥♦♠❜$❡ ❞❡ ♣$♦❝❡""❡✉$" ❞♦✐+
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✈✐ ❈❤❛♣✐&'❡ ✵✳ ■♥&'♦❞✉❝&✐♦♥ ✈❡'1✐♦♥ ❢'❛♥3❛✐1❡
&✐& ♥♦♠❜'❡ ❞❡ ♣'♦❝❡11❡✉'1✱ ❞❡ ♥♦♠❜'❡✉① ❧✐❡♥1 ❞❡ ❝♦♠♠✉♥✐❝❛&✐♦♥ ♣❡✉✈❡♥& 9&'❡
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❞❡1 '❡11♦✉'❝❡1✳ ✭❱♦✐' ❬❉❨◆✵✸❪✳✮
L❛'♠✐ ❞✬❛✉&'❡1 ♠♦❞M❧❡1 ❛❧&❡'♥❛&✐❢1✱ ❧❡ ❝✉❜❡ ❞❡ ❋✐❜♦♥❛❝❝✐✱ >✉✐ ❡1& ✐♥1♣✐': ♣❛'
❧❡1 ♥♦♠❜'❡1 ❞❡ ❋✐❜♦♥❛❝❝✐✱ 1✬❛✈M'❡ 9&'❡ ✉♥ ':1❡❛✉ ❞✬✐♥&❡'❝♦♥♥❡①✐♦♥ ❛&&'❛②❛♥&
❡♥ '❛✐1♦♥ ❞❡ 1❛ 1&'✉❝&✉'❡ &♦♣♦❧♦❣✐>✉❡ ❡& ❞❡ 1❛ ❝'♦✐11❛♥❝❡ ♣❧✉1 ♠♦❞:':❡✳
❉❛♥1 ❧❡ ❝❤❛♣✐&'❡ ✷✱ ♥♦✉1 ✐♥&'♦❞✉✐1♦♥1 ❧❡ ❝✉❜❡ ❞❡ ❋✐❜♦♥❛❝❝✐✳
❉❛♥1 ❧❛ 1❡❝&✐♦♥ ✷✳✷✱ ♥♦✉1 ♣':1❡♥&♦♥1 >✉❡❧>✉❡1 ♣':❧✐♠✐♥❛✐'❡1 '❡❧❛&✐❢1 ❛✉①
♥♦♠❜'❡1 ❞❡ ❋✐❜♦♥❛❝❝✐✳ ❈❡1 ♥♦♠❜'❡1 ❞♦✐✈❡♥& ❧❡✉' ♥♦♠ Q ▲:♦♥❛'❞ ❞❡ L✐1❡✱
♣❧✉1 ❝♦♥♥✉ 1♦✉1 ❧❡ ♥♦♠ ❞❡ ❋✐❜♦♥❛❝❝✐ ❡& 1♦♥& ❧✐:1 Q ❞❡ ♥♦♠❜'❡✉① ♣'♦❜❧M♠❡1
❞✬:♥✉♠:'❛&✐♦♥✳
❚❤❡ ni me ♥♦♠❜$❡ ❞❡ ❋✐❜♦♥❛❝❝✐✱ n ≥ 2✱ ❡1& ❞:&❡'♠✐♥: ♣❛' ❧❛ '❡❧❛&✐♦♥ ❞❡
':❝✉''❡♥❝❡ 1✉✐✈❛♥&❡ ✿
Fn = Fn−1 + Fn−2 ❛✈❡❝ ❧❡1 ✈❛❧❡✉'1 ✐♥✐&✐❛❧❡1 F0 = 0, F1 = 1.
❊♥ ❞✬❛✉&'❡1 &❡'♠❡1✱ ❝❤❛>✉❡ ♥♦♠❜'❡ ❞❛♥1 ❧❛ 1✉✐&❡ ❡1& ❧❛ 1♦♠♠❡ ❞❡1 ❞❡✉①
♥♦♠❜'❡1 ♣':❝:❞❡♥&1✳ ❙♦✐& g(x) ❧❛ ❢♦♥❝&✐♦♥ ❣:♥:'❛&'✐❝❡ ❞❡ ❧❛ 1✉✐&❡ ❞❡ ❋✐❜♦♥❛❝❝✐✱
❛❧♦'1
g(x) =
∑
n≥0
Fn x
n =
x
1− x− x2
.
❉❡ ♥♦♠❜'❡✉1❡1 ♣'♦♣'✐:&:1 ♦♥& :&: &'♦✉✈:1 ❞❛♥1 ❧❛ 1✉✐&❡ ❞❡ ❋✐❜♦♥❛❝❝✐ ❡&
❝♦♠♠❡ ❩❡❝❦❡♥❞♦'❢ ❧✬❛ ❞:♠♦♥&':✱ ✈♦✐' ❬●❑L✾✹❪✱ ❝❤❛>✉❡ ♥♦♠❜'❡ ❡♥&✐❡' ♣♦1✐&✐❢
❛ ✉♥❡ '❡♣':1❡♥&❛&✐♦♥ ✉♥✐>✉❡ ❝♦♠♠❡ 1♦♠♠❡ ❞❡ ♥♦♠❜'❡1 ❞❡ ❋✐❜♦♥❛❝❝✐ ♥♦♥
❝♦♥1:❝✉&✐❢1✳ ❖♥ ❡♥ ❞:❞✉✐& ✉♥❡ '❡♣':1❡♥&❛&✐♦♥ ❜✐♥❛✐'❡ ❞✉ ♥♦♠❜'❡ ❡♥&✐❡'✱ 1❛♥1 ✶
❝♦♥1:❝✉&✐❢1✳ ❊♥ ♦✉&'❡✱ ✉♥ ♥♦♠❜'❡ ❝♦♠♣'✐1 ❡♥&'❡ 0 ❡& Fn−1 ❡①✐❣❡ (n−2) ♣♦1✐&✐♦♥1
♣♦✉' 9&'❡ '❡♣':1❡♥&:✳ ❯♥❡ ❝❤❛`♥❡ (b1 b2 · · · bn) ♦a bj ∈ {0, 1} ❡& bj · bj+1 = 0
♣♦✉' &♦✉& i ❞❛♥1 {0, 1, . . . n− 1} 1❡'❛ ❞:✜♥✐❡ ❝♦♠♠❡ ✉♥❡ ❝❤❛,♥❡ ❞❡ ❋✐❜♦♥❛❝❝✐
❞❡ ❧♦♥❣✉❡✉$ ♥✳
▲❡ ❝✉❜❡ ❞❡ ❋✐❜♦♥❛❝❝✐ Γn ❡1& ❞:✜♥✐ ❝♦♠♠❡ ❧❡ 1♦✉1✲❣'❛♣❤❡ ❞❡ ❧✬❤②♣❡'❝✉❜❡
Qn✱ ✐♥❞✉✐& ♣❛' ❧❡1 ❝❤❛`♥❡1 ❞❡ ❋✐❜♦♥❛❝❝✐ ❞❡ ❧♦♥❣✉❡✉' n ♦a ❧❡1 1♦♠♠❡&1 ❛❞❥❛❝❡♥&1
❞❡ Γn ❞✐✛M'❡♥& ✉♥❡ ♣♦1✐&✐♦♥ ❡& ❧❡ ♥♦♠❜'❡ ❞❡ 1♦♠♠❡&1 ❞❡ Γn ❡1& Fn+2✳ ❱♦✐' ❧❛
✜❣✉'❡ ✶✳✶✳ ◆♦✉1 ♥♦&♦♥1 f(x) ❧❛ ❢♦♥❝&✐♦♥ ❣:♥:'❛&'✐❝❡ ❞✉ ♥♦♠❜'❡ ❞❡ 1♦♠♠❡&1
❞❡ Γn✳ ❆❧♦'1
f(x) =
∑
n≥0
|V (Γn)|x
n =
1 + x
1− x− x2
.
❉❛♥1 ❧❛ 1❡❝&✐♦♥ ✷✳✸✱ ♥♦✉1 ❛❜♦'❞♦♥1 ❞✐✛:'❡♥&❡1 ❞:❝♦♠♣♦1✐&✐♦♥1 ':❝✉'1✐✈❡1
❞✉ ❝✉❜❡ ❞❡ ❋✐❜♦♥❛❝❝✐✳ L'✐♥❝✐♣❛❧❡♠❡♥& ❧❛ ❞0❝♦♠♣♦2✐3✐♦♥ ❢♦♥❞❛♠❡♥3❛❧❡ ❞❡ Γn✱
>✉✐ ✐♥❞✐>✉❡ >✉❡ ❧❡ ❝✉❜❡ ❞❡ ❞❡ ❋✐❜♦♥❛❝❝✐ Γn 1❡ ❞❡❝♦♠♣♦1❡ ❡♥ ❞❡✉① 1♦✉1✲❣'❛♣❤❡1
✈✐✐
001
000
010
101
100
Γ3
0001
0000
0010
0101
0100
1001
1000
1010
Γ4
00001
00000
00010
00101
00100
01001
01000
01010
10001
10000
10010
10101
10100
Γ5
❋✐❣✉$❡ ✶✿ Γ3✱ Γ4 ❛♥❞ Γ5
❞✐(❥♦✐♥+( ,✉✐ (♦♥+ ✐(♦♠♦/♣❤❡( 3 Γn−1 ❡+ 3 Γn−2✳ ❊♥ ♦✉+/❡✱ ❝❤❛,✉❡ (♦♠♠❡+ ❞❛♥(
❧❡ ❣/❛♣❤❡ ✐(♦♠♦/♣❤❡ 3 Γn−2 ❛ ❡①❛❝+❡♠❡♥+ ✉♥ ✈♦✐(✐♥ ❞❛♥( ❧❡ (♦✉(✲❣/❛♣❤❡ ✐(♦✲
♠♦/♣❤❡ 3 Γn−1✳
▲❛ ❞<❝♦♠♣♦(✐+✐♦♥ ❢♦♥❞❛♠❡♥+❛❧❡ ❞❡ Γn ♣❡✉+ >+/❡ ❛♣♣❧✐,✉<❡ ❞❡ ♠❛♥✐?/❡
/<❝✉/(✐✈❡ 3 (❡( (♦✉(✲❣/❛♣❤❡( Γn−1 ❡+✴♦✉ Γn−2✳ ❇❡❛✉❝♦✉♣ ❞❡ ♣/♦♣/✐<+<( ✐♠✲
♣♦/+❛♥+❡( (❡/♦♥+ ❞<❞✉✐+❡( ❞❡ ❝❡++❡ ❞<❝♦♠♣♦(✐+✐♦♥✱ ❝♦♠♠❡ ❧❡ ❢❛✐+ ❞❡ ♣♦✉✈♦✐/
♣❧♦♥❣❡/ ❧❡ ❝✉❜❡ ❞❡ ❋✐❜♦♥❛❝❝✐ ❞❛♥( ✉♥ ❛✉+/❡ ❝✉❜❡ ❞❡ ❋✐❜♦♥❛❝❝✐ ❞❡ ♣❧✉( ♣❡+✐+❡
+❛✐❧❧❡✳ ▲✬✐❞<❡ ♣/✐♥❝✐♣❛❧❡ ❝♦♥(✐(+❡ 3 ❞<❝♦♠♣♦(❡/ Γn ❡♥ Γn−1 ❡+ Γn−2✳ ❊♥(✉✐+❡✱
♥♦✉( ❢✉(✐♦♥♥♦♥( ❧❡( ❛/>+❡( ,✉✐ /❡❧✐❡♥+ ❝❡( ❞❡✉① (♦✉(✲❣/❛♣❤❡( ❡♥ ✉♥❡ ✉♥✐,✉❡
❛/>+❡✳ ▲❡ ❣/❛♣❤❡ ,✉✐ ❡♥ /<(✉❧+❡ ❡(+ ✐(♦♠♦/♣❤❡ 3 Γ1✳ ❊♥ ❛♣♣❧✐,✉❛♥+ ❝❡++❡ ♠<+❤✲
♦❞❡ ✐+</❛+✐✈❡ 3 ❝❤❛,✉❡ (♦✉(✲❣/❛♣❤❡✱ ♦♥ ♦❜+✐❡♥+ 3 ❝❤❛,✉❡ ❢♦✐(✱ ✉♥ (♦✉(✲❣/❛♣❤❡
✐(♦♠♦/♣❤❡ 3 Γk✳ ◆♦✉( ❛♣♣❡❧♦♥( ❝❤❛❝✉♥ ❞❡ ❝❡( ❣/❛♣❤❡( ❧❡ ❈✉❜❡ ❞❡ ❋✐❜♦♥❛❝❝✐
◗✉♦,✐❡♥,✳
❉❛♥( ❧❛ (❡❝+✐♦♥ ✷✳✹✱ ♥♦✉( <♥♦♥I♦♥( ❞✬❛✉+/❡( /<(✉❧+❛+( (✉/ ❧❛ (+/✉❝+✉/❡ ❞✉
❝✉❜❡ ❞❡ ❋✐❜♦♥❛❝❝✐✳ J❛/♠✐ ❝❡✉①✲❝✐✱ ♥♦✉( ♠❡♥+✐♦♥♥♦♥( ❧❡ /<(✉❧+❛+ ❞K 3 ❑❧❛✈➸❛/
❬❑❧❛✵✺❪✱ ,✉✐ ❞✐+ ,✉❡ ❧❡ ❝✉❜❡ ❞❡ ❋✐❜♦♥❛❝❝✐ ❡(+ ✉♥ ❣/❛♣❤❡ ♠<❞✐❛♥✳ ❉✬❛✉+/❡(
/<(✉❧+❛+( +✐/<( ❞❡ ❬▼❈❙✵✶❪✱ ❝♦♥❝❡/♥❛♥+ ❧❡ ♥♦♠❜/❡ ❞✬❛/>+❡( ❞❡ Γn (♦♥+ ❛✉((✐
❡♥♦♥❝<(✳ ❉❛♥( ❬❑▼J✶✶❪✱ ♥♦✉( +/♦✉✈♦♥( ❝❡/+❛✐♥( /<(✉❧+❛+( <♥✉♠</❛+✐❢( ❝♦♥❝❡/✲
♥❛♥+ ❧❡ ♥♦♠❜/❡ ❞❡ (♦♠♠❡+( ❞❡ Γn ❞✬✉♥ ❞❡❣/< ❞♦♥♥<✱ ❡+ ❧❡ ♥♦♠❜/❡ ❞❡ (♦♠♠❡+(
✈✐✐✐ ❈❤❛♣✐&'❡ ✵✳ ■♥&'♦❞✉❝&✐♦♥ ✈❡'1✐♦♥ ❢'❛♥3❛✐1❡
❞✬✉♥ ❞❡❣'6 ❡& ❞✬✉♥ ♣♦✐❞1 ❞♦♥♥61✳ ▲❡ ♥♦♠❜'❡ ❞❡ 1♦✉1✲❣'❛♣❤❡1 ✐♥❞✉✐&1 ✐1♦♠♦'✲
♣❤❡1 ; Qn ❞❛♥1 ❧❡ ❝✉❜❡ ❞❡ ❋✐❜♦♥❛❝❝✐ ❡1& 6&✉❞✐6 ❞❛♥1 ❬❑▼✶✷❛❪ ❡& ❧❡ ♥♦♠❜'❡ ❞❡
1♦✉1✲❣'❛♣❤❡1 ♠❛①✐♠❛✉① ✐♥❞✉✐&1 ✐1♦♠♦'♣❤❡1 ; Qn ❞❛♥1 ❧❡ ❝✉❜❡ ❞❡ ❋✐❜♦♥❛❝❝✐
❡1& 6&✉❞✐6 ❞❛♥1 ❬▼♦❧✶✶❪✳ ❊♥✜♥✱ ♥♦✉1 ❝✐&♦♥1 ✉♥❡ 6&✉❞❡ ❞❡ ❬❑▼✶✷❜❪ 1✉' ❧✬✐♥❞✐❝❡
❞❡ ❲✐❡♥❡( ❞❡1 ❝✉❜❡1 ❞❡ ❋✐❜♦♥❛❝❝✐ H✉✐ ❡1& ✉♥❡ ❛♣♣❧✐❝❛&✐♦♥ ❡♥ ❝❤✐♠✐❡ ❛11♦❝✐6 ;
❝❡1 ❝✉❜❡1 ✳
▲❛ ❞❡'♥✐I'❡ 1❡❝&✐♦♥ ♣'61❡♥&❡ ✉♥❡ ✈❛'✐❛♥&❡ ❡& ❞❡✉① ❣6♥6'❛❧✐1❛&✐♦♥1 ❞✉ ❝✉❜❡
❞❡ ❋✐❜♦♥❛❝❝✐✳ ▲❡ ♣'❡♠✐❡'✱ ♥♦♠♠6 ❧❡ ❝✉❜❡ ❞❡ ▲✉❝❛1 ❡1& ♦❜&❡♥✉ ♣❛' ❧✬6❧✐♠✐♥❛✲
&✐♦♥ ❞❡ &♦✉&❡1 ❧❡1 ❝❤❛J♥❡1 H✉✐ ❝♦♠♠❡♥❝❡♥& ❡& ✜♥✐11❡♥& ❛✈❡❝ 1 ❞❛♥1 ❧❡ ❝✉❜❡ ❞❡
❋✐❜♦♥❛❝❝✐✳
▲❡ ❝✉❜❡ ❞❡ ▲✉❝❛1 Λn✱ ✐♥&'♦❞✉✐& ♣❛' ❊✳ ▼✉♥❛'✐♥✐✱ ❈✳❈✐♣♣♦ ❡& ◆✳ ❩❛❣❛❣❧✐❛
❙❛❧✈✐ ❞❛♥1 ❬▼❈❙✵✶❪✱ ❡1& ✉♥ 1♦✉1✲❣'❛♣❤❡ ❞✉ ♥✲❝✉❜❡ H✉✐ ♣♦11I❞❡ 6❣❛❧❡♠❡♥& ❞❡1
♣'♦♣'✐6&61 ✐♥&6'❡11❛♥&❡1 ❝♦♠♠❡ 1❡1 ❞6❝♦♠♣♦1✐&✐♦♥1 '6❝✉'1✐✈❡1 ❡♥ ❞❡✉① 1♦✉1✲
❣'❛♣❤❡1 ❞✐1❥♦✐♥&1 ✐1♦♠♦'♣❤❡1 ; Γn−1 ❡& Γn−3✳
▲❡ ♥♦♠❜'❡ ❞❡ 1♦♠♠❡&1 ❞✉ ❝✉❜❡ ❞❡ ▲✉❝❛1✱ |V (Λn)| ♣♦✉' n ≥ 1 ❡1& Ln✱ ❧❡
ni me ♥♦♠❜'❡ ❞❡ ▲✉❝❛1✱ ♦O Ln ❡1& ❞6✜♥✐ ❝♦♠♠❡ Ln−1 +Ln−2 ♣♦✉' n ≥ 2 ❛✈❡❝
L0 = 2, L1 = 1✳
▲❛ ❢♦♥❝&✐♦♥ ❣6♥6'❛&'✐❝❡ ❞❡ |V (Λn)| ❡1&
l(x) =
∑
n≥0
|V (Λn)| x
n =
1 + x2
1− x− x2
.
◆♦✉1 ❛❧❧♦♥1 6❣❛❧❡♠❡♥& 6&✉❞✐❡' ❝❡1 ❣'❛♣❤❡1 ❞❛♥1 &♦✉1 ❧❡1 ❝❤❛♣✐&'❡1 H✉✐ ✈♦♥&
1✉✐✈'❡✳
❙❡❧♦♥ ❳✉✱ ✭❝❢✳ ❬❳✉✵✶❪✮✱ ♣✉✐1H✉❡ ❝❡'&❛✐♥❡1 ❛♣♣❧✐❝❛&✐♦♥1 ♣❛'❛❧❧I❧❡1 &❡❧❧❡1 H✉❡
❝❡❧❧❡1 ❞✉ &'❛✐&❡♠❡♥& ❞❡ ❧✬✐♠❛❣❡ ❡& ❞✉ 1✐❣♥❛❧ 1♦♥& ; ❧✬♦'✐❣✐♥❡ ❝♦♥3✉❡1 1✉' ✉♥❡
❛'❝❤✐&❡❝&✉'❡ ❞❡ ❝②❝❧❡✱ ✐❧ ❡1& ✐♠♣♦'&❛♥& ❞✬❛✈♦✐' ✉♥ ♣❧♦♥❣❡♠❡♥& ❡✣❝❛❝❡ ❞✉ ❝②❝❧❡
❞❛♥1 ✉♥ '61❡❛✉✳
❉❛♥1 ❧❡ ❝❤❛♣✐&'❡ ✸✱ ♥♦✉1 ❞✐1❝✉&♦♥1 ❧✬❍❛♠✐❧&♦♥✐❝✐&6 ❞❛♥1 ❧❡ ❝✉❜❡ ❞❡ ❋✐✲
❜♦♥❛❝❝✐ ❡& ❞❛♥1 ❧❡ ❝✉❜❡ ❞❡ ▲✉❝❛1✳ ❈♦♠♠❡ Γn ❡1& ❜✐♣❛'&✱ 1✐ ✐❧ ❛❞♠❡& ✉♥ ❝②❝❧❡
❍❛♠✐❧&♦♥✐❡♥ ❛❧♦'1 ♥6❝❡11❛✐'❡♠❡♥& ❧❡ ♥♦♠❜'❡ ❞❡ 1♦♠♠❡&1 ❡1& ♣❛✐'✳ ❈❡&&❡ ❝♦♥❞✐✲
&✐♦♥ ❡1& ❛✉11✐ 1✉✣1❛♥&❡✳ ❊♥ ❞✬❛✉&'❡ &❡'♠❡1✱ Γn ♣❡✉& ❛✈♦✐' ✉♥ ❝②❝❧❡ ❍❛♠✐❧&♦♥✐❡♥
1✐ ❡& 1❡✉❧❡♠❡♥& 1✐ n ≡ 1(mod 3)✳
➚ ♣❛'&✐' ❞❡ ❧❛ ❞6❝♦♠♣♦1✐&✐♦♥ ❢♦♥❞❛♠❡♥&❛❧❡✱ ❞❛♥1 ❬▲❍❈✾✹❪✱ ✐❧ ❡1& ♣'♦✉✈6 H✉❡ ❧❡
❝✉❜❡ ❋✐❜♦♥❛❝❝✐ ❝♦♥&✐❡♥& ✉♥ ❝❤❡♠✐♥ ❍❛♠✐❧&♦♥✐❡♥ Pn = (0P
R
n−1, 10P
R
n−2✮ ❛✈❡❝
P0 = ❧❛ ❝❤❛J♥❡ ✈✐❞❡✱ P1 = (0, 1) ❡& P2 = (01, 00, 10)✳ ❊♥ ♦✉&'❡✱ ▲✐✉✱ ❍1✉ ❡&
❈❤✉♥❣ ♦♥& ❝♦♥1&'✉✐& Hn✱ ✉♥ 1♦✉1✲❣'❛♣❤❡ ✐1♦♠♦'♣❤❡ ; Γn ✐♥❞✉✐& ♣❛' ❧❡1 1♦♠✲
♠❡&1 ❞❡ Pn✳ ❊♥1✉✐&❡✱ ❧❡1 ❛✉&❡✉'1 ♦♥& ❝♦♥1&'✉✐& ❞❛♥1 Hn✱ ❞❡1 ❝②❝❧❡1 ❞❡ ❝❤❛H✉❡
❧♦♥❣✉❡✉' ♣❛✐'❡ ❡♥&'❡ ✹ ❡& |V (Γn)| ♣♦✉' n ≡ 1(mod 3)✳ ❙✐♥♦♥✱ ❧❡1 ❝②❝❧❡1 ❝♦♥✲
1&'✉✐&1 ♦♥& &♦✉&❡1 ❧❡1 ❧♦♥❣✉❡✉'1 ♣❛✐'❡1 ❡♥&'❡ ✹ ❡& |V (Γn)| − 1 1♦♠♠❡&1✳
✐①
❉❛♥% ❧✬❛()✐❝❧❡ ❬❑❧❛❪✱ ❑❧❛✈➸❛( ❛ ♣(♦♣♦%4 ❧❡ ♣(♦❜❧6♠❡ ❞❡ ❧❛ ❝❛(❛❝)4(✐%❛)✐♦♥
❞❡% %♦♠♠❡)% v %♦♠♠❡)% ❞❡ V (Γn) ♣♦✉( ❧❡%:✉❡❧% ❧❡ ❣(❛♣❤❡ V (Γn) − v ❝♦♥✲
)✐❡♥) ✉♥ ❝②❝❧❡ ❍❛♠✐❧)♦♥✐❡♥✱ 4)❛♥) ❞♦♥♥4 n 6≡ 1(mod 3)✳ ■♥%♣✐(4% ♣❛( ❝❡ ❞❡(♥✐❡(
♣(♦❜❧6♠❡ ❡) ❧❡% (4%✉❧)❛)% ♣(4❝4❞❡♥)%✱ ♥♦✉% ❝♦♥)✐♥✉♦♥% B 4)✉❞✐❡( ❧✬❍❛♠✐❧)♦♥✐❝✐)4
❞❛♥% ❧❡% ❝✉❜❡% ❞❡ ❋✐❜♦♥❛❝❝✐✳
❈♦♥%✐❞4(♦♥% ❧❛ ❜✐♣❛()✐)✐♦♥ V (Γn) = (V
od(Γn), V
ev(Γn)) ❛✈❡❝
V od(Γn) = {u ∈ Γn | u ❝♦♥)✐❡♥) ✉♥ ♥♦♠❜(❡ ✐♠♣❛✐( ❞❡ ✶} ❡)
V ev(Γn) = {v ∈ Γn | v ❝♦♥)✐❡♥) ✉♥ ♥♦♠❜(❡ ♣❛✐( ❞❡ ✶}✳
❊♥%✉✐)❡✱ ♥♦✉% ♣(♦✉✈♦♥% :✉❡ ♣♦✉( n ≥ 3, |V ev(Γn)|−|V
od(Γn)| = |V
od(Γn−3)|−
|V ev(Γn−3)|✳ ❈❡))❡ ♣(♦♣♦%✐)✐♦♥ ❡%) ✉)✐❧✐%4❡ ♣♦✉( ♠♦♥)(❡( :✉❡ |V
ev(Γn)|−|V
od(Γn)| =
(−1)⌊
n+2
3
⌋
✱ ❡) ♣❛( ❝♦♥%4:✉❡♥) ❧✬✉♥ ❞❡% ❡♥%❡♠❜❧❡% V ev(Γn) ♦✉ V
od(Γn) ❛ ✉♥ 4❧❡✲
♠❡♥) ❞❡ ♣❧✉% :✉❡ ❧✬❛✉)(❡ ❡♥%❡♠❜❧❡✳ ❙♦✐) V P (Γn) ❝❡) ❡♥%❡♠❜❧❡ ♦♥ ❛
V P (Γn) =
{
V ev(Γn) %✐ ⌊
n+2
3
⌋ ❡%) ♣❛✐(✱
V od(Γn) %✐ ⌊
n+2
3
⌋ ❡%) ✐♠♣❛✐(✳
◆♦✉% ❞4♠♦♥)(♦♥% ❛❧♦(%
❚❤"♦$%♠❡ ✵✳✵✳✶✳  ♦✉# n 6≡ 1 (mod 3), n ≥ 5 ❀ %♦✐' v ∈ V P (Γn)✳ ❆❧♦#% Γn− v
❝♦♥'✐❡♥' ✉♥ ❝②❝❧❡ ❍❛♠✐❧'♦♥✐❡♥✳ ❉❡ ♣❧✉%✱ Γ3 − (010) ❝♦♥'✐❡♥' ✉♥ ❝②❝❧❡ ❍❛♠✐❧✲
'♦♥✐❡♥✳
❊♥ ♦✉'#❡✱ %✐ v /∈ V P (Γn)✱ ❛❧♦#% Γn − v ♥❡ ❝♦♥'✐❡♥' ♣❛% ❞❡ ❝②❝❧❡ ❍❛♠✐❧'♦♥✐❡♥✳
I♦✉( ❞4♠♦♥)(❡( ❝❡❧❛✱ ♥♦✉% ✉)✐❧✐%♦♥% B ♥♦✉✈❡❛✉ Hn✱ ❧❡ ❣(❛♣❤❡ ✐%♦♠♦(♣❤❡
B Γn ✐♥❞✉✐) ♣❛( ❧❡% %♦♠♠❡)% ❞✉ ❝❤❡♠✐♥ ❍❛♠✐❧)♦♥✐❡♥ Pn ❞❡ Γn✳ ▲❛ ✜❣✉(❡ ✷
(❡♣(4%❡♥)❡ Hn ❡) ❧❡% %♦♠♠❡)% ❞❡ V
P (Γn) ❡♥ ❣(✐%✳
◆♦✉% ❝♦♥%)(✉✐%♦♥% ❡♥%✉✐)❡ ❧❡% ❝②❝❧❡% ❞❡ V (Γn) − v✱ ❡♥ ❞✐%)✐♥❣✉❛♥) ❞❡✉① ❝❛%
L
R
01
L00
L
R
10
...
...
...
...
...
0P
R
n−3
10P
R
n−4
❋✐❣✉$❡ ✷✿ ❙♦♠♠❡)% ❞❡ V P (Γn)
♣(✐♥❝✐♣❛✉①✳ ❉❛♥% ❧❡ ♣(❡♠✐❡( ❝❛%✱ ❧❡ %♦♠♠❡) v ❞❡ V P (Γn) ❡%) ❞❛♥% ❧❡ ✧❝O)4
❣❛✉❝❤❡✧ ❞✉ ❣(❛♣❤❡✳ ❉❛♥% ❧❡ ❞❡✉①✐6♠❡ ❝❛%✱ v ❡%) ❞❛♥% ❧❡ ✧❝O)4 ❞(♦✐)✧ ❞✉ ❣(❛♣❤❡✳
❉❛♥% ♥♦)(❡ ❣(❛♣❤❡ ❞❡ ❧❛ ✜❣✉(❡ ✷✱ ❧❡ ✧❝O)4 ❣❛✉❝❤❡✧ ❞✉ ❣(❛♣❤❡ ❡%) ❝♦♠♣♦%4
❞❡ )♦✉% ❧❡% %♦♠♠❡)% ❞❡ 0PRn−3 ❡) ❧❡ ✧❝O)4 ❞(♦✐)✧ ❞✉ ❣(❛♣❤❡ ❡%) ❝♦♠♣♦%4 ❞❡
)♦✉% ❧❡% %♦♠♠❡)% ❞❡ 10PRn−4✳ ❉❛♥% ❧❡ ♣(❡♠✐❡( ❝❛%✱ ♥♦✉% ❝♦♥%)(✉✐%♦♥% ✉♥ ❝②❝❧❡
① ❈❤❛♣✐&'❡ ✵✳ ■♥&'♦❞✉❝&✐♦♥ ✈❡'2✐♦♥ ❢'❛♥4❛✐2❡
❍❛♠✐❧&♦♥✐❡♥ ❞❛♥2 Γn − v ❡♥ 2✉✐✈❛♥& ❧❡ ♠♦❞8❧❡ ✉&✐❧✐29 ♣❛' ▲✐✉ ❡& ❛❧ ♣♦✉' ❝♦♥✲
2&'✉✐'❡ ❧❡ ❝②❝❧❡ ❍❛♠✐❧&♦♥✐❡♥ ❞❛♥2 Γn ♣♦✉' n ≡ 1(mod 3)✳ ❉❛♥2 ❧❡ ❞❡'♥✐❡' ❝❛2✱
♥♦✉2 ✉&✐❧✐2♦♥2 ❧❛ '9❝✉'2✐✈✐&9 ❞✉ ❝❤❡♠✐♥ ❍❛♠✐❧&♦♥✐❡♥ Pn−2 = 0P
R
n−3, 10P
R
n−4 =
010Pn−5, 00Pn−4, 10P
R
n−4✳ ❆✐♥2✐✱ ✉♥ 2♦♠♠❡& v ❞❛♥2 ❧❡ ✧❝A&9 ❞'♦✐&✧ ❞❡ Hn 2❡'❛
&♦✉❥♦✉'2 ❛❞❥❛❝❡♥& C ✉♥ 2♦♠♠❡& ❞❛♥2 ❧❡ ✧❝A&9 ❣❛✉❝❤❡✧✳ ◆♦✉2 ✉&✐❧✐2♦♥2 ❝❡&&❡
❛'F&❡ ♣♦✉' ❢♦'♠❡' ❧❡ ❝②❝❧❡ ❞92✐'9✳ ◆♦✉2 ❝♦♥❝❧✉♦♥2 ❝❡&&❡ 2❡❝&✐♦♥ ❛✈❡❝ ✉♥ ❝♦'♦❧✲
❧❛✐'❡ G✉✐ ✐♥❞✐G✉❡ G✉✬✐❧ ❡①✐2&❡ ❞❡2 ❝②❝❧❡2 ❞❡ ❝❤❛G✉❡ ❧♦♥❣✉❡✉' ♣❛✐' ❡♥&'❡ ✹ ❡&
|V (Γn) − v| G✉❛♥❞ n ❡2& ✐♠♣❛✐'✳ ▲❛ ♣'❡✉✈❡ ❞❡ ❝❡ ❝♦'♦❧❧❛✐'❡ ❝♦♠♠❡♥❝❡ ❛✈❡❝
❧❡2 ❝②❝❧❡2 ❍❛♠✐❧&♦♥✐❡♥2 G✉❡ ♥♦✉2 ❛✈♦♥2 ♣'9❝9❞❡♠♠❡♥& ❞9❝'✐&2✳ ◆♦✉2 '❡&✐'♦♥2
❛❧♦'2 ✉♥❡ ♣❛✐'❡ ❞❡ 2♦♠♠❡&2 ♣♦✉' ❢♦'♠❡' ✉♥ ♥♦✉✈❡❛✉ ❝②❝❧❡ C ❝❤❛G✉❡ ❢♦✐2✳
❉❛♥2 ❧❛ 2❡❝&✐♦♥ ✸✳✷✱ ♥♦✉2 ❝♦♥2&'✉✐2♦♥2 ❞❡2 ❝②❝❧❡2 ♣'❡2G✉❡ ❍❛♠✐❧&♦♥✐❡♥2 ♣♦✉'
❧❡2 ❝✉❜❡2 ❞❡ ▲✉❝❛2 ❞❡ ❧❛ ♠F♠❡ ♠❛♥✐8'❡ G✉❡ ♥♦✉2 ❧✬❛✈♦♥2 ❢❛✐& ❞❛♥2 ❧❛ 2❡❝&✐♦♥
♣'9❝9❞❡♥&❡✳
◆♦✉2 '❡♠❛'G✉♦♥2 ❡♥2✉✐&❡ ❧❡ ❢❛✐& G✉❡✱ ♣♦✉' n ≥ 1✱ ❛❧♦'2
|V ev(Λn)| − |V
od(Λn)| =


−1 (−1)⌊
n+2
3
⌋
✐❢ n ≡ 1 (mod 3),
1 (−1)⌊
n+2
3
⌋
✐❢ n ≡ 2 (mod 3),
2 (−1)⌊
n+2
3
⌋
✐❢ n ≡ 0 (mod 3),
♣♦✉' ♠❡♥&✐♦♥♥❡' G✉❡ 2✐ n 6≡ 0 (mod 3)✱ ❧✬✉♥ ❞❡2 ❡♥2❡♠❜❧❡2 ❞❡ ❧❛ ♣❛'&✐&✐♦♥
V (Λn) = (V
ev(Λn), V
od(Λn)) ❛ ✉♥❡ ❝❤❛M♥❡ ❞❡ ♣❧✉2 G✉❡ ❧✬❛✉&'❡ ❡♥2❡♠❜❧❡ ❀ 2✐ n ≡
0 (mod 3)✱ ❛❧♦'2 ✉♥ ❞❡2 ❡♥2❡♠❜❧❡2 ❞❡ ❧❛ ♣❛'&✐&✐♦♥ (V ev(Λn), V
od(Λn)) ❛ ❞❡✉①
❝❤❛M♥❡2 ♣❧✉2 G✉❡ ❧✬❛✉&'❡ ❡♥2❡♠❜❧❡✳ ◆♦✉2 ❛♣♣❡❧♦♥2 ❝❡& ❡♥2❡♠❜❧❡ V P (Λn), n ≥ 1,
♦O ✿
V P (Λn) =


V ev(Λn)


2✐ n ≡ 1 (mod 3) ❡& ⌊n+2
3
⌋ ❡2& ✐♠♣❛✐'✱
2✐ n ≡ 2 (mod 3) ❡& ⌊n+2
3
⌋ ❡2& ♣❛✐'✱
2✐ n ≡ 0 (mod 3) ❡& ⌊n+2
3
⌋ ❡2& ♣❛✐'✳
V od(Λn)


2✐ n ≡ 1 (mod 3) ❡& ⌊n+2
3
⌋ ❡2& ♣❛✐'✱
2✐ n ≡ 2 (mod 3) ❡& ⌊n+2
3
⌋ ❡2& ✐♠♣❛✐'✱
2✐ n ≡ 0 (mod 3) ❡& ⌊n+2
3
⌋ ❡2& ✐♠♣❛✐'✳
❊♥2✉✐&❡✱ ♥♦✉2 ❝♦♥2&'✉✐2♦♥2 ✉♥ 2♦✉2✲❣'❛♣❤❡ H ′n✱ ✐2♦♠♦'♣❤❡ C Λn✱ ✐♥❞✉✐& ♣❛'
❧❡2 2♦♠♠❡&2 0 Pn−1 ❡& 10 Pn−2 \ {❝❤❛M♥❡2 G✉✐ 2❡ &❡'♠✐♥❡♥& ♣❛' ✶} '❡♣'92❡♥&92
❞❛♥2 ❧❡2 ✜❣✉'❡2 ✸✱ ✹ ❡& ✺ ♣♦✉' n ≡ 1(mod 3)✱ n ≡ 2(mod 3) ❡& n ≡ 0(mod 3)
'❡2♣❡❝&✐✈❡♠❡♥&✱ ♦O ❧❡2 2♦♠♠❡&2 ❞❡ V P (Λn) 2♦♥& ✐♥❞✐G✉92 ❡♥ ❣'✐2✳
①✐
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❋✐❣✉$❡ ✸✿ ❙♦♠♠❡() ❞❡ V P (Λn) ♣♦✉- n ≡ 1(mod 3)
L
′R
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L00
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R
n−3
010Pn−5 00Pn−4
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R
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❋✐❣✉$❡ ✹✿ ❙♦♠♠❡() ❞❡ V P (Λn) ♣♦✉- n ≡ 2(mod 3)
L
′R
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L00
L
R
01
...
...
...
...
...
...
...
...
0P
R
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010Pn−5 00Pn−4
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R
n−4
❋✐❣✉$❡ ✺✿ ❙♦♠♠❡() ❞❡ V P (Λn) ♣♦✉- n ≡ 0(mod 3)
◆♦✉) ❞1♠♦♥(-♦♥) ❛❧♦-) ❧❡ -1)✉❧(❛( )✉✐✈❛♥( ✿
❚❤"♦$%♠❡ ✵✳✵✳✷✳ ❙♦✐# v ∈ V P (Λn) ❛✈❡❝ n 6≡ 0 (mod 3) ❡# n ≥ 5✳ ❆❧♦+, Λn−v
❝♦♥#✐❡♥# ✉♥ ❝②❝❧❡ ❍❛♠✐❧#♦♥✐❡♥✳
❉❡ ♣❧✉,✱ ,✐ v /∈ V P (Λn)✱ ❛❧♦+, Λn − v ♥❡ ❝♦♥#✐❡♥# ♣❛, ❞❡ ❝②❝❧❡ ❍❛♠✐❧#♦♥✐❡♥✳
❉❛♥) ❧❛ ♣-❡✉✈❡✱ ♥♦✉) ❝♦♥)✐❞9-♦♥) ❞❡✉① ❝❛) ♣-✐♥❝✐♣❛✉① ❛✈❡❝ ❞❡) )♦✉)✲❝❛)
)♣1❝✐❛✉① ♣♦✉- n ≡ 1(mod 3) ❡( n ≡ 2(mod 3) ❝♦♠♠❡ ♥♦✉) ❧✬❛✈♦♥) ❢❛✐( ♣♦✉- ❧❡
❝✉❜❡ ❞❡ ❋✐❜♦♥❛❝❝✐✳ ❉❛♥) ❧❡ ♣-❡♠✐❡- ❝❛)✱ ❧❡ )♦♠♠❡( v ❞❡ V P (Λn) ❡)( ❞❛♥) ❧❡
①✐✐ ❈❤❛♣✐&'❡ ✵✳ ■♥&'♦❞✉❝&✐♦♥ ✈❡'2✐♦♥ ❢'❛♥4❛✐2❡
✧❝6&7 ❣❛✉❝❤❡✧ ❞✉ ❣'❛♣❤❡✳ ❉❛♥2 ❧❡ ❞❡✉①✐;♠❡ ❝❛2✱ v ❡2& ❞❛♥2 ❧❡ ✧❝6&7 ❞'♦✐&✧ ❞✉
❣'❛♣❤❡✳ ❉❛♥2 ❧❡2 ✜❣✉'❡2 ✸ ❡& ✹✱ ❧❡ ✧❝6&7 ❣❛✉❝❤❡✧ ❞✉ ❣'❛♣❤❡ ❡2& ❝♦♥2&✐&✉7 ❞❡
&♦✉2 ❧❡2 2♦♠♠❡&2 ❞❡ 0PRn−3 ❡! ❧❡ ✧❝%!& ❞(♦✐!✧ ❞✉ ❣(❛♣❤❡ 0❡ ❝♦♠♣♦0❡ ❞❡ !♦✉0 ❧❡0
0♦♠♠❡!0 ❞❡ 10PRn−4✳ ◆♦✉0 ❝♦♥0!(✉✐0♦♥0 ❧❡0 ❝②❝❧❡0 ❍❛♠✐❧!♦♥✐❡♥0 ❞❛♥0 Λn − v
❛✈❡❝ ❞❡0 ❞❡00✐♥0 0❡♠❜❧❛❜❧❡0 9 ❝❡✉① ❞❡ Γn− v✳ ;♦✉( ❝♦♥❝❧✉(❡ ❝❡ ❝❤❛♣✐!(❡✱ ♥♦✉0
♣(♦✉✈♦♥0 =✉❡ ♣♦✉( n ≥ 0, n ≡ 0 (mod 3)✱ Λn ❛ ✉♥ ❝❤❡♠✐♥ ❞❡ ❧♦♥❣✉❡✉( |Λn|−1
❡! ✿
❚❤"♦$%♠❡ ✵✳✵✳✸✳  ♦✉# n ≡ 0 (mod 3), n ≥ 6 ❡% l ♣❛✐# ❛✈❡❝ 4 ≤ l ≤ |V (Λn)|−
2✱ ✉♥ ❝②❝❧❡ ❞❡ ❧♦♥❣✉❡✉# l ♣❡✉% 1%#❡ ♣❧♦♥❣2 ❞❛♥3 Λn✳
▲❛ ♣(❡✉✈❡ ❡①❤✐❜❡ ✉♥ ❝②❝❧❡ ❍❛♠✐❧!♦♥✐❡♥ ♣♦✉( Λn\{v1, v2} ❛✈❡❝ ❞❡0 0♦♠♠❡!0
0♣&❝✐✜=✉❡0 v1 ❡! v2✳ ;✉✐0 ❡♥ ❡♥❧❡✈❛♥! ❞❡✉① 0♦♠♠❡!0 ✜①&0 ❞✉ ❝②❝❧❡ 9 ❝❤❛=✉❡
&!❛♣❡✱ ♥♦✉0 ♦❜!❡♥♦♥0 !♦✉0 ❧❡0 ❝②❝❧❡0 ❞&0✐(&0✳
◆♦✉0 ♣(&0❡♥!♦♥0 ❞❛♥0 ❧❡ ❝❤❛♣✐!(❡ ✹✱ ❧❡0 0✉✐!❡0 ❞✬❡①❝❡♥!(✐❝✐!& ❞❡0 ❝✉❜❡0 ❞❡
❋✐❜♦♥❛❝❝✐ ❡! ▲✉❝❛0✱ =✉✐ 0♦♥! ❧❡0 ❢(✉✐!0 ❞✬✉♥ !(❛✈❛✐❧ ❡✛❡❝!✉& ❛✈❡❝ ▼✐❝❤❡❧ ▼♦❧✲
❧❛(❞✳
▲✬❡①❝❡♥%#✐❝✐%2 e(u) ❞✬✉♥ 0♦♠♠❡! u✱ ❡0! ❧❛ ♣❧✉0 ❣(❛♥❞❡ ❞✐0!❛♥❝❡ ❡♥!(❡ u ❡! !♦✉0
❧❡0 ❛✉!(❡0 0♦♠♠❡!0 v ❞❛♥0 ❧❡ ❣(❛♣❤❡✳ ◆♦!♦♥0 =✉❡ !♦✉0 ❧❡0 0♦♠♠❡!0 ❞❡ Γn ♦✉
Λn ♥✬♦♥! ♣❛0 ❧❛ ♠H♠❡ ❡①❝❡♥!(✐❝✐!& ❝♦♠♠❡ ❝✬❡0! ❧❡ ❝❛0 ❞❛♥0 Qn ♦I ✐❧ ♥✬② ❛
❛✉❝✉♥❡ (❡0!(✐❝!✐♦♥ ❞❡ ✶ ❝♦♥0&❝✉!✐❢0✳
◆♦✉0 ❞&✜♥✐00♦♥0 ❧❛ 3✉✐%❡ ❞✬❡①❝❡♥%#✐❝✐%2 ❞❡ G ❝♦♠♠❡ ❧❛ 0✉✐!❡ {ak}
diam(G)
k=0 ❞✬❡♥✲
!✐❡(0 ♣♦0✐!✐❢0✱ ♦I ak ❡0! ❧❡ ♥♦♠❜(❡ ❞❡ 0♦♠♠❡!0 ❞✬❡①❝❡♥!(✐❝✐!& k ❞❛♥0 G✳ ;❛(
❡①❡♠♣❧❡✱ ❞❛♥0 ❧❡ !❛❜❧❡❛✉ 0✉✐✈❛♥!✱ ♥♦✉0 ❞♦♥♥♦♥0 ❧❡ ♥♦♠❜(❡ ❞❡ 0♦♠♠❡!0 ❞✬❡①✲
❝❡♥!(✐❝✐!& k ❞❛♥0 Γn ❡! ❞❛♥0 Λn ♣♦✉( n = 0 ❥✉0=✉✬9 5 =✉✐ ♣❡✉! H!(❡ ❢❛❝✐❧❡♠❡♥!
❝❛❧❝✉❧& 9 ❧❛ ♠❛✐♥ ❛✈❡❝ ❧✬❛✐❞❡ ❞❡ ❧❛ ✜❣✉(❡ ✶✳✶✳
♥ ✵ ✶ ✷ ✸ ✹ ✺
❦ ✵ ✵ ✶ ✵ ✶ ✷ ✵ ✶ ✷ ✸ ✵ ✶ ✷ ✸ ✹ ✵ ✶ ✷ ✸ ✹ ✺
Γ : ✶ ✵ ✷ ✵ ✶ ✷ ✵ ✵ ✸ ✷ ✵ ✵ ✶ ✺ ✷ ✵ ✵ ✵ ✹ ✼ ✷
Λ : ✶ ✶ ✵ ✵ ✶ ✷ ✵ ✶ ✸ ✵ ✵ ✵ ✶ ✹ ✷ ✵ ✵ ✶ ✺ ✺ ✵
❚❛❜❧❡ ✶✿ ◆♦♠❜(❡ ❞❡ 0♦♠♠❡!0 ❞✬❡①❝❡♥!(✐❝✐!& k ❞❛♥0 Γn ❡! Λn✳
❉❛♥0 ❧❛ 0❡❝!✐♦♥ ✹✳✷✱ ♥♦✉0 ♠♦♥!(♦♥0 =✉✬✉♥❡ ❝❤❛N♥❡ x ❞❡ Γn ♣❡✉! H!(❡ &❝(✐!❡
❞✬✉♥❡ ♠❛♥✐O(❡ ✉♥✐=✉❡ ❝♦♠♠❡ x = 0l010l110l2 · · · 10lp ❛✈❡❝ p ≥ 0, l0, lp ≥ 0
❡! l1, · · · , lp−1 ≥ 1✳ ;✉✐0 ♥♦✉0 ❛00♦❝✐♦♥0 9 ❝❤❛=✉❡ ❝❤❛N♥❡ 0
l
✱ ✉♥ ❡♥0❡♠❜❧❡ ❞❡
❝❤❛N♥❡0 W (0l) ❞❡ ❧❛ ❢❛P♦♥ 0✉✐✈❛♥!❡ ✿
W (0l) =
{
{1(01)⌊
l−1
2
⌋} 0✐ l ❡0! ✐♠♣❛✐(✱
{(10)a(01)b/2a+ 2b = l, a, b ≥ 0} 0✐ l ❡0! ♣❛✐(✳
①✐✐✐
◆♦✉% ❝❛❧❝✉❧♦♥% ❡♥%✉✐+❡ ❧✬❡①❝❡♥+-✐❝✐+. ❞✬✉♥❡ ❝❤❛1♥❡ x ∈ Γn ❝♦♠♠❡ %✉✐+
❚❤"♦$%♠❡ ✵✳✵✳✹✳  ♦✉# ❝❤❛'✉❡ x = 0l010l110l2 · · · 10lp ❞❛♥+ Fn✱ ❛✈❡❝ p, l0, lp ≥
0; l1, · · · , lp−1 ≥ 1✱
e(x) = p+
p∑
i=0
⌊
li + 1
2
⌋
❉❡ ♣❧✉+✱ ❧❡+ ❝❤❛1♥❡+ '✉✐ ✈3#✐✜❡♥5 ❧✬❡①❝❡♥5#✐❝✐53 ❞❡ x +♦♥5 ❧❡+ ❝❤❛1♥❡+ ✿
y = w00w10 · · ·wp−10wp ♦9 wi ∈ W (0
li) ♣♦✉# i = 0, 1, · · · , p.
❉❛♥% ❧❛ %❡❝+✐♦♥ ✹✳✸✱ ♥♦✉% ❝♦♥%✐❞.-♦♥% ❧❡% %♦✉%✲❡♥%❡♠❜❧❡% F · odn,k ❡+ F
· ev
n,k ✱ :✉✐
-❡♣-.%❡♥+❡♥+ ❧✬❡♥%❡♠❜❧❡ ❞❡% ❝❤❛1♥❡% ❞❡ Γn ❛✈❡❝ ❡①❝❡♥+-✐❝✐+. k :✉✐ %❡ +❡-♠✐♥❡♥+
♣❛- ✉♥ ♥♦♠❜-❡ ✐♠♣❛✐- ❞❡ ✵ ♣♦✉- ❧❡ ♣-❡♠✐❡- %♦✉%✲❡♥%❡♠❜❧❡ ❡+ %❡ +❡-♠✐♥❡♥+
♣❛- ✉♥ ♥♦♠❜-❡ ♣❛✐- ✭.✈❡♥+✉❡❧❧❡♠❡♥+ ♥✉❧✮ ❞❡ ✵ ♣♦✉- ❧❡ %❡❝♦♥❞ %♦✉%✲❡♥%❡♠❜❧❡✳
@✉✐% ♥♦✉% ❝❛❧❝✉❧♦♥% ❧❛ ❢♦♥❝+✐♦♥ ❣.♥.-❛+-✐❝❡ ❞❡ ❧❛ %✉✐+❡ ❞✬❡①❝❡♥+-✐❝✐+. ❞❡ ❝❤❛:✉❡
%♦✉%✲❡♥%❡♠❜❧❡ ✿
❚❤"♦$%♠❡ ✵✳✵✳✺✳
f · ev(x, y) = f ev ·(x, y) =
1
1− x(x+ 1)y
,
f · od(x, y) = f od ·(x, y) =
xy
1− x(x+ 1)y
,
❛✐♥+✐ ❧❛ ❢♦♥❝5✐♦♥ ❣3♥3#❛5#✐❝❡ ❞❡ ❧❛ +✉✐5❡ ❞✬❡①❝❡♥5#✐❝✐53 ❡+5
∑
n,k≥0
fn,k x
nyk =
1 + xy
1− x(x+ 1)y
.
◆♦✉% ❝♦♥❝❧✉♦♥% ❛✈❡❝ ✉♥ ❝♦-♦❧❧❛✐-❡ :✉✐ ❞.+❡-♠✐♥❡ ❧❛ ✈❛❧❡✉- ❞❡ fn,k ✿
❈♦$♦❧❧❛✐$❡ ✵✳✵✳✶✳  ♦✉# ❝❤❛'✉❡ n, k 5❡❧ '✉❡ n ≥ k ≥ 1✱
fn,k =
(
k
n− k
)
+
(
k − 1
n− k
)
❉❡ ♣❧✉+✱ f0,0 = 1 ❡5 fn,0 = 0 ♣♦✉# n > 0✳
❉❛♥% ❧❛ %❡❝+✐♦♥ %✉✐✈❛♥+❡✱ ♥♦✉% ❝❛❧❝✉❧♦♥% ❧❛ ❢♦♥❝+✐♦♥ ❣.♥.-❛+-✐❝❡ ❞❡ ❧❛ %✉✐+❡
❞✬❡①❝❡♥+-✐❝✐+. ❞❡% ❝❤❛1♥❡% ❞✉ ❝✉❜❡ ❞❡ ▲✉❝❛%✱ ℓ(x, y)✳
❏✉%:✉✬F ♣-.%❡♥+✱ ♥♦✉% ❛✈♦♥% ✉+✐❧✐%. ❧❛ ❧❡++-❡ F ♣♦✉- ❧❡% ❡♥%❡♠❜❧❡% ❞❡ ❋✐✲
❜♦♥❛❝❝✐✳ ◆♦✉% ❞.%✐❣♥♦♥% ❧❡% ❡♥%❡♠❜❧❡% ❞❡ ▲✉❝❛% ♣❛- L✳
❈♦♥%✐❞.-♦♥% ❧❡ %♦✉%✲❡♥%❡♠❜❧❡ F · odn,k (F
od ·
n,k ) :✉✐ -❡♣-.%❡♥+❡ ❧✬❡♥%❡♠❜❧❡ ❞❡%
①✐✈ ❈❤❛♣✐'(❡ ✵✳ ■♥'(♦❞✉❝'✐♦♥ ✈❡(2✐♦♥ ❢(❛♥4❛✐2❡
❝❤❛5♥❡2 ❞❡ Γn ❛✈❡❝ ❡①❝❡♥'(✐❝✐'6 k 7✉✐ ✜♥✐22❡♥' ✭❝♦♠♠❡♥❝❡♥'✮ ♣❛( ✉♥ ♥♦♠✲
❜(❡ ✐♠♣❛✐( ❞❡ ✵✳ ❉❡ ♠?♠❡✱ F · ev
∗
n,k (F
ev∗ ·
n,k ) ❡2' ❧✬❡♥2❡♠❜❧❡ ❞❡2 ❝❤❛5♥❡2 ❞❡ Γn ❛✈❡❝
❡①❝❡♥'(✐❝✐'6 k 7✉✐ ✜♥✐22❡♥' ✭❝♦♠♠❡♥❝❡♥'✮ ♣❛( ✉♥ ♥♦♠❜(❡ ♣❛✐(✱ ♥♦♥ ♥✉❧ ❞❡ ✵✱ ❡'
F ·∅n,k(F
∅ ·
n,k) ❡2' ❧✬❡♥2❡♠❜❧❡ ❞❡2 ❝❤❛5♥❡2 ❞❡ Γn ❛✈❡❝ ❡①❝❡♥'(✐❝✐'6 k 7✉✐ ♥❡ ✜♥✐22❡♥'
✭❝♦♠♠❡♥❝❡♥'✮ ♣❛2 ♣❛( ✵✳
◆♦✉2 ♠♦♥'(♦♥2 ❛❧♦(2 7✉❡ ❧❡2 ❡♥2❡♠❜❧❡2 La bn,k ❡' F
a b
n,k 2♦♥' ❧❡2 ♠?♠❡2 ♣♦✉(
'♦✉' (a, b) ❡♥ ❡①❝❧✉❛♥' ❞❡✉① ❡♥2❡♠❜❧❡2✱ Lod od ❡' L∅∅✳ ◆♦✉2 ❝❛❧❝✉❧♦♥2 ❧❡2
✈❛❧❡✉(2 ❞❡ ℓod odn,k ❡' ℓ
∅∅
n,k ❛✐♥2✐ 7✉❡ ❧❡2 ✈❛❧❡✉(2 ❞❡ f
od od
n,k ❡' f
∅∅
n,k ✳ ❈❡2 (62✉❧'❛'2
❡' ❧❡ ❢❛✐' 7✉❡ ❧❡2 ℓn,k ♣❡✉✈❡♥' ?'(❡ ❞6❝♦♠♣♦262 ❡♥
ℓn,k = ℓ
od od
n,k +ℓ
od ev∗
n,k +ℓ
od∅
n,k +ℓ
ev∗od
n,k +ℓ
ev∗ev∗
n,k +ℓ
ev∗∅
n,k +ℓ
∅ od
n,k +ℓ
∅ ev∗
n,k +ℓ
∅∅
n,k , ✭✵✳✵✳✶✮
♥♦✉2 ❞♦♥♥❡♥' ❧✬67✉❛'✐♦♥ 2✉✐✈❛♥'❡ ✿
ℓn,k = fn,k − f
od od
n,k − f
∅∅
n,k + ℓ
od od
n,k + ℓ
∅∅
n,k .
F✉✐2 ❡♥ ❛♣♣❧✐7✉❛♥' ❧❡ (62✉❧'❛' ❞✉ '❤6♦(G♠❡ ♣(6❝6❞❡♥'✱ ❧❛ 2✉✐'❡ ❞✬❡①❝❡♥'(✐❝✐'6
❡2' ❞6'❡(♠✐♥6❡ ❝♦♠♠❡ 2✉✐'
❚❤"♦$%♠❡ ✵✳✵✳✻✳ ▲❛ ❢♦♥❝&✐♦♥ ❣)♥)*❛&*✐❝❡ ❞❡ ❧❛ .✉✐&❡ ❞✬❡①❝❡♥&*✐❝✐&) ❞✉ ❝✉❜❡
❞❡ ▲✉❝❛. ❡.&
ℓ(x, y) =
∑
n,k≥0
ℓn,kx
nyk =
1 + x2y
1− xy − x2y
+
1
1 + xy
−
1− x
1− x2y
.
❈♦♠♠❡ ❝♦(♦❧❧❛✐(❡✱ ♦♥ ♦❜'✐❡♥' ❧❛ ✈❛❧❡✉( ❞❡ ℓn,k ✿
❈♦$♦❧❧❛✐$❡ ✵✳✵✳✷✳ 3♦✉* &♦✉& n, k ❛✈❡❝ n > k ≥ 1✱
ℓn,k =
(
k
n− k
)
+
(
k − 1
n− k − 1
)
+ εn,k
♦6
εn,k =


−1 .✐ n = 2k,
1 .✐ n = 2k + 1,
0 .✐♥♦♥✳
❉❡ ♣❧✉.✱ ℓ0,0 = ℓ1,0 = 1, ℓn,0 = 0 ♣♦✉* n > 1 ❡&
ℓn,n =
{
2 .✐ n ❡.& ♣❛✐* (n ≥ 2)✱
0 .✐ n ✐. ✐♠♣❛✐*✳
▲❛ ❞❡(♥✐G(❡ 2❡❝'✐♦♥ ❞❡ ❝❡ ❝❤❛♣✐'(❡ ❞♦♥♥❡ ✉♥❡ ❛✉'(❡ ♣(❡✉✈❡ ❞✉ '❤6♦(G♠❡
✵✳✵✳✻ J ♣❛('✐( ❞❡ ❧✬♦❜'❡♥'✐♦♥ ❞❡ ❧❛ ❢♦♥❝'✐♦♥ ❣6♥6(❛'(✐❝❡ ❞❡ ❧❛ 2✉✐'❡ ❞✬❡①❝❡♥'(✐❝✐'6
❞❡2 ❝❤❛5♥❡2 ❞✉ ❝✉❜❡ ❞❡ ▲✉❝❛2 ❛✈❡❝ ✉♥❡ ❛♣♣(♦❝❤❡ ❞✐(❡❝'❡✳ ❈✬❡2'✲J✲❞✐(❡ 7✉❡ ♥♦✉2
❝❛❧❝✉❧♦♥2 '♦✉'❡2 ❧❡2 ❢♦♥❝'✐♦♥2 ❣6♥6(❛'(✐❝❡2 ❞❡ ❧✬67✉❛'✐♦♥ ✵✳✵✳✶✳
①✈
❊♥✜♥✱ ❧❡ ❝❤❛♣✐-.❡ ✺ ♣.01❡♥-❡ ✉♥❡ 0-✉❞❡ ❞✉ ♣.♦❜❧6♠❡ ❞❡ ❧❛ ❞♦♠✐♥❛-✐♦♥ ❡-
✷✲♣❛❝❦✐♥❣ ♣♦✉. ❧❡1 ❝✉❜❡1 ❞❡ ❋✐❜♦♥❛❝❝✐ ❡- ▲✉❝❛1✳ ▲❡1 .01✉❧-❛-1 ♣.01❡♥-01 ✐❝✐ 1♦♥-
❧❡ ♣.♦❞✉✐- ❞✉ -.❛✈❛✐❧ ❡✛❡❝-✉0 ❛✈❡❝ ❙❛♥❞✐ ❑❧❛✈➸❛.✱ ▼✐❝❤❡❧ ▼♦❧❧❛.❞ ❡- ❨♦♦♠✐
❘❤♦✳ ❉❛♥1 ❧❛ 1❡❝-✐♦♥ ✺✳✶✱ ♦♥ ♠♦♥-.❡ ❧❡1 -❤0♦.6♠❡1 1✉✐✈❛♥-1✱ H✉✐ ❞♦♥♥❡♥- ❧❡1
❣.♦✉♣❡1 ❞✬❛✉-♦♠♦.♣❤✐1♠❡1 ❞❡1 ❝✉❜❡1 ❞❡ ❋✐❜♦♥❛❝❝✐ ❡- ▲✉❝❛1✳
❚❤"♦$%♠❡ ✵✳✵✳✼✳  ♦✉# $♦✉$ n ≥ 1✱ Aut(Γn) ≃ Z2✳
❚❤"♦$%♠❡ ✵✳✵✳✽✳  ♦✉# $♦✉$ n ≥ 3✱ Aut(Λn) ≃ D2n✳
❉❛♥1 ❧❛ 1❡❝-✐♦♥ ✺✳✷✱ ♦♥ ❝♦♥1✐❞6.❡ ❧❡ ♥♦♠❜.❡ ❞❡ ❞♦♠✐♥❛-✐♦♥ ❞❡1 ❝✉❜❡1 ❞❡
❋✐❜♦♥❛❝❝✐ ❡- ▲✉❝❛1✳ ❯♥❡ .❡❧❛-✐♦♥ ❡♥-.❡ ❧❡1 ♥♦♠❜.❡1 ❞❡ ❞♦♠✐♥❛-✐♦♥ ❞❡1 ❞❡✉①
❝✉❜❡1 ❡1- ♠♦♥-.0❡ ✿
,$♦♣♦.✐0✐♦♥ ✵✳✵✳✸✳ ❙♦✐$ n ≥ 4✱ ❛❧♦#+
✭✐✮ γ(Λn) ≤ γ(Γn−1) + γ(Γn−3) ,
✭✐✐✮ γ(Λn) ≤ γ(Γn) ≤ γ(Λn) + γ(Γn−4) .
❊♥1✉✐-❡✱ ♥♦✉1 ❞✐1❝✉-♦♥1 ❞❡1 ♥♦♠❜.❡1 ❞❡ ❞♦♠✐♥❛-✐♦♥ ❡①❛❝-1 ♣♦✉. ❧❡1 ♣❡-✐-❡1
❞✐♠❡♥1✐♦♥1 ❞✬❛♣.61 ❬M❩✶✷❪ ♦P ❧❡1 ❡♥1❡♠❜❧❡1 ♠✐♥✐♠❛✉① ❞♦♠✐♥❛♥-1 ❞❡ Γ8 1♦♥-
❞❡-❡.♠✐♥0❡1✱ ♥♦✉1 ❝❛❧❝✉❧♦♥1 ❧❡1 ♥♦♠❜.❡1 ❞❡ ❞♦♠✐♥❛-✐♦♥ ♣♦✉. Γ9 ❡- Λ9✳
❆❧♦.1 H✉❡ ♥♦✉1 ❝♦♥❥❡❝-✉.♦♥1 H✉❡ γ(Γ9) = 17 ❡- γ(Λ9) = 16✱ ■❧✐➣ ❡- ▼✐❧♦➨❡✲
✈✐➣ ❧✬♦♥- ❝♦♥✜.♠0 ♣❧✉1 -❛.❞ ❞❛♥1 ❬■▼❪✳
▲❛ 1❡❝-✐♦♥ 1❡ -❡.♠✐♥❡ ❛✈❡❝ ✉♥❡ ❜♦.♥❡ ✐♥❢0.✐❡✉.❡ ♣♦✉. ❧❡ ♥♦♠❜.❡ ❞❡ ❞♦♠✐✲
♥❛-✐♦♥ ❞❡1 ❝✉❜❡1 ❞❡ ▲✉❝❛1 ✿
❚❤"♦$%♠❡ ✵✳✵✳✾✳  ♦✉# $♦✉$ n ≥ 7✱ γ(Λn) ≥
⌈
Ln − 2n
n− 3
⌉
✳
▲❛ ❞❡.♥✐6.❡ 1❡❝-✐♦♥ ❡1- ❞0❞✐0❡ ❛✉ ✷✲♣❛❝❦✐♥❣✳ ❖♥ ♣.♦✉✈❡ ❧❛ ❜♦.♥❡ ✐♥❢0.✐❡✉.❡
1✉✐✈❛♥-❡ ✿
❚❤"♦$%♠❡ ✵✳✵✳✶✵✳  ♦✉# $♦✉$ n ≥ 8✱ ρ(Γn) ≥ ρ(Λn) ≥ 2
2
⌊lgn⌋
2 −1
✳
◆♦✉1 ♣.01❡♥-♦♥1 ❡♥1✉✐-❡ ❧❡1 ♥♦♠❜.❡1 ❞❡ ✷✲♣❛❝❦✐♥❣ ❞❡ Γn ❡- ❞❡ Λn ♣♦✉.
n ≤ 10 H✉✐ ♦♥- 0-0 -.♦✉✈01 ❡♥ ✉-✐❧✐1❛♥- ❧✬♦.❞✐♥❛-❡✉.✳
◆♦✉1 ❝♦♥❝❧✉♦♥1 ❧❡ ❝❤❛♣✐-.❡ ❛✈❡❝ H✉❡❧H✉❡1 ❝♦♥❥❡❝-✉.❡1 H✉✐ ♠❡--❡♥- ❡♥ ❝♦.✲
.0❧❛-✐♦♥ ❧❡1 ♥♦♠❜.❡1 ❞❡ ❞♦♠✐♥❛-✐♦♥ ❡- ❞❡ ✷✲♣❛❝❦✐♥❣ ❞❡1 ❞❡✉① ❝✉❜❡1✳
①✈✐ ❈❤❛♣✐'(❡ ✵✳ ■♥'(♦❞✉❝'✐♦♥ ✈❡(2✐♦♥ ❢(❛♥4❛✐2❡
♥ ✵ ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵
γ(Γn) ✶ ✶ ✶ ✷ ✸ ✹ ✺ ✽ ✶✷ ≤17 ✲
ρ(Γn) ✶ ✶ ✶ ✷ ✷ ✸ ✺ ✻ ✾ ✶✹ ✷✵
γ(Λn) ✶ ✶ ✶ ✶ ✸ ✹ ✺ ✼ ✶✶ ≤16 ✲
ρ(Λn) ✶ ✶ ✶ ✶ ✷ ✸ ✺ ✻ ✽ ✶✸ ✶✽
❚❛❜❧❡ ✷✿ ◆♦♠❜(❡2 ❞❡ ❞♦♠✐♥❛'✐♦♥ ❡' ❞✉ ✷✲♣❛❝❦✐♥❣ ♣♦✉( ❞❡2 ❝✉❜❡2 ❞❡ ♣❡'✐'❡
'❛✐❧❧❡
❈♦♥#❡♥#%
■♥"#♦❞✉❝"✐♦♥ ✈❡#+✐♦♥ ❢#❛♥.❛✐+❡ ✈
✶ ■♥"#♦❞✉❝"✐♦♥ ✶
✷ ❋✐❜♦♥❛❝❝✐ ❈✉❜❡ ✼
✷✳✶ ▼♦%✐✈❛%✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼
✷✳✷ +,❡❧✐♠✐♥❛,✐❡0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
✷✳✸ ❘❡❝✉,0✐✈❡ ❞❡❝♦♠♣♦0✐%✐♦♥0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶
✷✳✸✳✶ ◗✉♦%✐❡♥% ❋✐❜♦♥❛❝❝✐ ❈✉❜❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✷✳✹ ❖%❤❡, 0%,✉❝%✉,❛❧ ,❡0✉❧%0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼
✷✳✺ ❘❡❧❛%❡❞ ●,❛♣❤0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵
✷✳✺✳✶ ▲✉❝❛0 ❝✉❜❡0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵
✷✳✺✳✷ ❋✐❜♦♥❛❝❝✐ ✭♣✱,✮✲❝✉❜❡0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
✷✳✺✳✸ ●❡♥❡,❛❧✐③❡❞ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷
✸ ❍❛♠✐❧"♦♥✐❝✐"② ✷✺
✸✳✶ ❍❛♠✐❧%♦♥✐❝✐%② ✐♥ %❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺
✸✳✷ ❍❛♠✐❧%♦♥✐❝✐%② ✐♥ %❤❡ ▲✉❝❛0 ❝✉❜❡0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
✹ ❊❝❝❡♥"#✐❝✐"② ❙❡>✉❡♥❝❡+ ♦❢ "❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ ▲✉❝❛+ ❝✉❜❡+ ✻✶
✹✳✶ ◆♦%❛%✐♦♥ ♦❢ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
✹✳✷ ❊❝❝❡♥%,✐❝✐%② ♦❢ ❛ ✈❡,%❡① ♦❢ Γn ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
✹✳✸ ❊❝❝❡♥%,✐❝✐%② 0❡O✉❡♥❝❡ ♦❢ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻
✹✳✹ ❊❝❝❡♥%,✐❝✐%② 0❡O✉❡♥❝❡ ♦❢ ▲✉❝❛0 ❝✉❜❡0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵
✹✳✺ ❊❝❝❡♥%,✐❝✐%② 0❡O✉❡♥❝❡ ♦❢ ▲✉❝❛0 ❝✉❜❡0 ❙❡❝♦♥❞ ✈❡,0✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶
✺ ❉♦♠✐♥❛"✐♦♥ ♥✉♠❜❡# ❛♥❞ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡# ✽✺
✺✳✶ ❆✉%♦♠♦,♣❤✐0♠ ❣,♦✉♣0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼
✺✳✷ ❚❤❡ ❞♦♠✐♥❛%✐♦♥ ♥✉♠❜❡, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽
✺✳✸ ❚❤❡ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡, ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷
✻ ❈♦♥❝❧✉+✐♦♥+ ✾✺
❆ ❉❡✜♥✐"✐♦♥+ ✾✼
❇✐❜❧✐♦❣#❛♣❤② ✾✾
①✈✐✐

❈❤❛♣$❡& ✶
■♥"#♦❞✉❝"✐♦♥
❚❤❡ ♣$♦❜❧❡♠) )*✉❞✐❡❞ *❤$♦✉❣❤♦✉* *❤✐) *❤❡)✐) ❞❡❛❧ ✇✐*❤ *❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡
❛♥❞ ♦♥❡ ♦❢ ✐*) ❣❡♥❡$❛❧✐③❛*✐♦♥)✿ *❤❡ ▲✉❝❛) ❝✉❜❡✳ ❚❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ Γn ✐) ❛♥
✐)♦♠❡*$✐❝ )✉❜❣$❛♣❤ ♦❢ *❤❡ ❤②♣❡$❝✉❜❡✱ ❜✉* ✇✐*❤ ❛ ❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡$ ♦❢ ✈❡$✲
*✐❝❡)✳ ■* ✇❛) ♦$✐❣✐♥❛❧❧② ♣$♦♣♦)❡❞ ❜② ❲✲❏✳ ❍)✉ ✐♥ ❬❍)✉✾✸❪ ❛) ❛♥ ✐♥*❡$❝♦♥♥❡❝*✐♦♥
♥❡*✇♦$❦✳
❆♥ ■♥"❡$❝♦♥♥❡❝"✐♦♥ ♥❡"✇♦$❦ ❝❛♥ ❜❡ $❡♣$❡)❡♥*❡❞ ❜② ❛ ❣$❛♣❤ G = (V,E)✱
✇❤❡$❡ V ❞❡♥♦*❡) ♣$♦❝❡))♦$) ❛♥❞ E *❤❡ ❝♦♠♠✉♥✐❝❛*✐♦♥ ❧✐♥❦) ❢♦$ ❞❛*❛ ❡①❝❤❛♥❣❡
❛♠♦♥❣ *❤❡ ♣$♦❝❡))♦$)✳
❆❝❝♦$❞✐♥❣ *♦ ❇❡$*)❡❦❛) ❛♥❞ ❚)✐*)✐❦❧✐) ❝❢✳❬❇❚✾✼❪✱ *❤❡ ✐♥*❡$❝♦♥♥❡❝*✐♦♥ ♥❡*✲
✇♦$❦) ❛$❡ ✉)✉❛❧❧② ❡✈❛❧✉❛*❡❞ ✐♥ *❡$♠) ♦❢ *❤❡✐$ )✉✐*❛❜✐❧✐*② ❢♦$ )♦♠❡ )*❛♥❞❛$❞ ❝♦♠✲
♠✉♥✐❝❛*✐♦♥ *❛)❦)✳ ❙♦♠❡ *②♣✐❝❛❧ ❝$✐*❡$✐❛ ✐♥❝❧✉❞❡ *❤❡ ❞✐❛♠❡*❡$ ♦❢ *❤❡ ♥❡*✇♦$❦
✇❤✐❝❤ ✐) *❤❡ ♠❛①✐♠✉♠ ❞✐)*❛♥❝❡ ❜❡*✇❡❡♥ ❛♥② ♣❛✐$ ♦❢ ✈❡$*✐❝❡)❀ *❤❡ ❝♦♥♥❡❝*✐✈✐*②
♦❢ *❤❡ ♥❡*✇♦$❦ ✇❤✐❝❤ ♣$♦✈✐❞❡) ❛ ♠❡❛)✉$❡ ♦❢ *❤❡ ♥✉♠❜❡$ ♦❢ ✐♥❞❡♣❡♥❞❡♥* ♣❛*❤)
❜❡*✇❡❡♥ ❛♥② ♣❛✐$ ♦❢ ✈❡$*✐❝❡) ❛♥❞ *❤❡ ✢❡①✐❜✐❧✐*② ❣✐✈❡♥ ❜② $✉♥♥✐♥❣ ❡✣❝✐❡♥*❧②
❛ ✇✐❞❡ ✈❛$✐❡*② ♦❢ ❛❧❣♦$✐*❤♠)✳ ❚❤✐) *$❛♥)❧❛*❡) ✐♥ *❤❡ )*✉❞② ♦❢ *❤❡ ❡♠❜❡❞❞✐♥❣
♣$♦❜❧❡♠ ✇❤✐❝❤ ❛)❦) ✐❢ ❛ ❣✉❡)* ❣$❛♣❤ ✐) ❛ )✉❜❣$❛♣❤ ♦❢ ❛ ❤♦)* ❣$❛♣❤✳ ❚❤❡$❡❢♦$❡
✐❢ ❛ ❣$❛♣❤ ❡♠❜❡❞❞✐♥❣ ❡①✐)*)✱ ✇❡ ❝❛♥ ❛♣♣❧② ❛❧❣♦$✐*❤♠) ❞❡)✐❣♥❡❞ *♦ ✇♦$❦ ❡✣✲
❝✐❡♥*❧② ❢♦$ ❣✉❡)* ❣$❛♣❤) *♦ ❤♦)* ❣$❛♣❤)✳
❚❤❡ ❤②♣❡$❝✉❜❡ ✐) ❛ ♣♦♣✉❧❛$ ✐♥*❡$❝♦♥♥❡❝*✐♦♥ ♥❡*✇♦$❦ ♦❢ 2n ✈❡$*✐❝❡) ✇❤✐❝❤
$❡♣$❡)❡♥*) ❛✉*♦♥♦♠♦✉) ♣$♦❝❡))♦$) ❝♦♥♥❡❝*❡❞ ✇✐*❤ n ♥❡✐❣❤❜♦$)✳ ❚❤❡ ❤②♣❡$❝✉❜❡
$❡♣$❡)❡♥* ❛♥ ✐♠♣♦$*❛♥* ❝❧❛)) ✐♥ ❣$❛♣❤ *❤❡♦$② ♠❛✐♥❧② ❜❡❝❛✉)❡ ♦❢ ✐*) )*$✉❝*✉$❛❧
♣$♦♣❡$*✐❡)✳
❆) ❛♥ ✐♥*❡$❝♦♥♥❡❝*✐♦♥ ♥❡*✇♦$❦✱ *❤❡ ❤②♣❡$❝✉❜❡ ❤❛) ✈❡$② ❛**$❛❝*✐✈❡ ♣$♦♣❡$✲
*✐❡) )✉❝❤ ❛) $❡❝✉$$❡♥❝②✱ )②♠♠❡*$② ❛♥❞ ❝♦♥♥❡❝*✐✈✐*②✳ ❆❧)♦✱ ♠❛♥② *♦♣♦❧♦❣✐❝❛❧
)*$✉❝*✉$❡) *❤❛* ❛$✐)❡ ✇❤✐❧❡ ♣❛$❛❧❧❡❧✐③✐♥❣ ❛♥ ❛❧❣♦$✐*❤♠ ❝❛♥ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥*♦
*❤❡ ❤②♣❡$❝✉❜❡✳ ❖♥ *❤❡ ❝♦♥*$❛$②✱ ✇❤❡♥ ❛ ♣❛$❛❧❧❡❧ ❝♦♠♣✉*❡$ )②)*❡♠ ✐) ❜❡✐♥❣
✐♠♣❧❡♠❡♥*❡❞ ✉♥❞❡$ *❤✐) ❛$❝❤✐*❡❝*✉$❡✱ *❤❡ ♥✉♠❜❡$ ♦❢ ♣$♦❝❡))♦$) ✐) $❡)*$✐❝*❡❞
*♦ ❜❡ ❛ ♣♦✇❡$ ♦❢ *✇♦ ✇❤✐❝❤ ❜❡❝♦♠❡) ✐♠♣$❛❝*✐❝❛❧ ❛) *❤❡ ♥❡*✇♦$❦✬) )✐③❡ ❣$♦✇)✳
❚❤✐) ❝❛♥ ❜❡ )❛✈❡❞ ✉)✐♥❣ ❛ ♥❡*✇♦$❦ ✇✐*❤ ❧❡)) ✈❡$*✐❝❡)✳ ❚❤❡$❡❢♦$❡✱ ❛♠♦♥❣ ♦*❤❡$
❛❧*❡$♥❛*✐✈❡ ♠♦❞❡❧)✱ *❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡✱ ✇❤✐❝❤ ✐) ✐♥)♣✐$❡❞ ✐♥ *❤❡ ❋✐❜♦♥❛❝❝✐
♥✉♠❜❡$)✱ ❛$✐)❡ ❛) ❛♥ ❛♣♣❡❛❧✐♥❣ ✐♥*❡$❝♦♥♥❡❝*✐♦♥ ♥❡*✇♦$❦ ❞✉❡ *♦ ✐*) *♦♣♦❧♦❣✐❝❛❧
)*$✉❝*✉$❡ ❛♥❞ ✐*) ♠♦$❡ ♠♦❞❡$❛*❡❞ ❣$♦✇*❤✳
■♥ ❝❤❛♣*❡$ ✷✱ ✇❡ ♣$❡)❡♥* )♦♠❡ ♣$❡❧✐♠✐♥❛$✐❡) $❡❧❛*❡❞ *♦ *❤❡ ❋✐❜♦♥❛❝❝✐ ♥✉♠✲
✶
✷ ❈❤❛♣%❡' ✶✳ ■♥%'♦❞✉❝%✐♦♥
❜❡'2✳ ❆2 ❩❡❝❦❡♥❞♦'❢ ♣'♦✈❡❞ ❝❢✳ ❬❩❡❝✼✷❪✱ ❡❛❝❤ ♣♦2✐%✐✈❡ ✐♥%❡❣❡' ❤❛2 ❛ ✉♥✐=✉❡
'❡♣'❡2❡♥%❛%✐♦♥ ❛2 ❛ 2✉♠ ♦❢ ♥♦♥❝♦♥2❡❝✉%✐✈❡ ❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡'2✳ ❚❤❡ '❡2✉❧% ✐2
❛ ❜✐♥❛'② '❡♣'❡2❡♥%❛%✐♦♥ ♦❢ %❤❡ ✐♥%❡❣❡' ✇✐%❤ ♥♦ ❝♦♥2❡❝✉%✐✈❡ ✶✬2✳ ◆♦%✐❝❡ %❤❛% ❛
♥✉♠❜❡' ❜❡%✇❡❡♥ 0 ❛♥❞ Fn − 1 '❡=✉✐'❡2 (n− 2) ♣♦2✐%✐♦♥2 %♦ ❜❡ '❡♣'❡2❡♥%❡❞✳
❲❡ ✇✐❧❧ ❞❡✜♥❡ ❛ 2%'✐♥❣ (b1 b2 · · · bn) ✇❤❡'❡ bj ∈ {0, 1} ❛♥❞ bj · bj+1 = 0 ❛2 ❛
❋✐❜♦♥❛❝❝✐ '()✐♥❣ ♦❢ ❧❡♥❣(❤ ♥✳
❚❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡✱ Γn ✐2 %❤❡ 2✉❜❣'❛♣❤ ♦❢ Qn ✐♥❞✉❝❡❞ ❜② %❤❡ ❋✐❜♦♥❛❝❝✐
2%'✐♥❣2 ♦❢ ❧❡♥❣%❤ n ✇❤❡'❡ ❛❞❥❛❝❡♥% ✈❡'%✐❝❡2 ♦❢ Γn ❞✐✛❡' ✐♥ ♦♥❡ ♣♦2✐%✐♦♥ ❛♥❞ %❤❡
♥✉♠❜❡' ♦❢ ✈❡'%✐❝❡2 ✐♥ Γn ✐2 Fn+2✳ ❙❡❡ ✜❣✉'❡ ✶✳✶✳
001
000
010
101
100
Γ3
0001
0000
0010
0101
0100
1001
1000
1010
Γ4
00001
00000
00010
00101
00100
01001
01000
01010
10001
10000
10010
10101
10100
Γ5
❋✐❣✉'❡ ✶✳✶✿ Γ3✱ Γ4 ❛♥❞ Γ5
❲❡ ❞✐2❝✉22 ♥❡①%✱ ❞✐✛❡'❡♥% '❡❝✉'2✐✈❡ ❞❡❝♦♠♣♦2✐%✐♦♥2 ♦❢ %❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡✳
▼❛✐♥❧②✱ %❤❡ ❢✉♥❞❛♠❡♥(❛❧ ❞❡❝♦♠♣♦'✐(✐♦♥ ♦❢ Γn ✇❤✐❝❤ 2%❛%❡2 %❤❛% %❤❡ ❋✐❜♦♥❛❝❝✐
❝✉❜❡ Γn ❝♦♥%❛✐♥2 %✇♦ ❞✐2❥♦✐♥% 2✉❜❣'❛♣❤2 %❤❛% ❛'❡ ✐2♦♠♦'♣❤✐❝ %♦ Γn−1 ❛♥❞ Γn−2✳
❋✉'%❤❡'♠♦'❡✱ ❡❛❝❤ ✈❡'%❡① ✐♥ %❤❡ 2✉❜❣'❛♣❤ ✐2♦♠♦'♣❤✐❝ %♦ Γn−2 ❤❛2 ❡①❛❝%❧② ♦♥❡
♥❡✐❣❤❜♦' ✐♥ %❤❡ 2✉❜❣'❛♣❤ ✐2♦♠♦'♣❤✐❝ %♦ Γn−1✳
❚❤❡ ❢✉♥❞❛♠❡♥%❛❧ ❞❡❝♦♠♣♦2✐%✐♦♥ ♦❢ Γn ❝❛♥ ❜❡ '❡❝✉'2✐✈❡❧② ❛♣♣❧✐❡❞ %♦ ✐%2 2✉❜✲
❣'❛♣❤2 Γn−1 ❛♥❞✴♦' Γn−2✳ ❚❤'♦✉❣❤♦✉% %❤✐2 ❞♦❝✉♠❡♥%✱ ♠❛♥② ✐♠♣♦'%❛♥% ♣'♦♣✲
❡'%✐❡2 ✇✐❧❧ ❜❡ ❞❡❞✉❝❡❞ ❢'♦♠ %❤✐2 ❞❡❝♦♠♣♦2✐%✐♦♥✳
❲❡ ✇✐❧❧ ❛❧2♦ ♠❡♥%✐♦♥ ✐♥ %❤✐2 ❝❤❛♣%❡' ♦%❤❡' 2%'✉❝%✉'❛❧ '❡2✉❧%2 ♦❢ %❤❡ ❋✐❜♦♥❛❝❝✐
❝✉❜❡✳ ❆♠♦♥❣ %❤❡2❡✱ %❤❡ '❡2✉❧% ❞✉❡ %♦ ❑❧❛✈➸❛'✱ ❝❢✳ ❬❑❧❛✵✺❪✱ %❤❛% 2%❛%❡2 %❤❛% %❤❡
✸❋✐❜♦♥❛❝❝✐ ❝✉❜❡ ✐* ❛ ♠❡❞✐❛♥ ❣.❛♣❤✳ ❖3❤❡. .❡*✉❧3* ❝♦♥❝❡.♥✐♥❣ 3❤❡ ♥✉♠❜❡. ♦❢
❡❞❣❡* ♦❢ Γn ❛.❡ ♣.❡*❡♥3❡❞ ❛* ✇❡❧❧ ❛* ♦3❤❡. ❡♥✉♠❡.❛3✐✈❡ .❡*✉❧3*✳ ❋✐♥❛❧❧②✱ *❡❝3✐♦♥
✷✳✺ ♣.❡*❡♥3* ❛ ✈❛.✐❛♥3 ❛♥❞ 3✇♦ ❣❡♥❡.❛❧✐③❛3✐♦♥* ♦❢ 3❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡✳ ❚❤❡ ❢♦.✲
♠❡.✱ ♥❛♠❡❞ 3❤❡ ▲✉❝❛* ❝✉❜❡ ✐* ♦❜3❛✐♥❡❞ ❜② .❡♠♦✈✐♥❣ ❛❧❧ 3❤❡ *3.✐♥❣* 3❤❛3 ❜❡❣✐♥
❛♥❞ ❡♥❞ ✇✐3❤ 1 ❢.♦♠ 3❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡✳
❚❤❡ ▲✉❝❛* ❝✉❜❡ Λn ✇❛* ✐♥3.♦❞✉❝❡❞ ❜② ❊✳ ▼✉♥❛.✐♥✐✱ ❈✳❈✐♣♣♦ ❛♥❞ ◆✳ ❩❛✲
❣❛❣❧✐❛ ❙❛❧✈✐ ✐♥ ❬▼❈❙✵✶❪ ❛* ❛ *✉❜❣.❛♣❤ ♦❢ 3❤❡ n✲❝✉❜❡ 3❤❛3 ❤❛* ❛❧*♦ ❛33.❛❝3✐✈❡
♣.♦♣❡.3✐❡* ❛* ✐3* .❡❝✉.*✐✈❡ ❞❡❝♦♠♣♦*✐3✐♦♥* ✐♥3♦ 3✇♦ ❞✐*❥♦✐♥3 *✉❜❣.❛♣❤* ✇❤✐❝❤
❛.❡ ✐*♦♠♦.♣❤✐❝ 3♦ Γn−1 ❛♥❞ Γn−3✳ ❲❡ ✇✐❧❧ ❛❧*♦ *3✉❞② 3❤❡*❡ ❣.❛♣❤* ✐♥ ❛❧❧ 3❤❡
❝❤❛♣3❡.* 3❤❛3 ✇✐❧❧ ❢♦❧❧♦✇✳
❙✐♥❝❡ *♦♠❡ ♣❛.❛❧❧❡❧ ❛♣♣❧✐❝❛3✐♦♥* *✉❝❤ ❛* 3❤♦*❡ ✐♥ ✐♠❛❣❡ ❛♥❞ *✐❣♥❛❧ ♣.♦❝❡**✲
✐♥❣ ❛.❡ ♦.✐❣✐♥❛❧❧② ❞❡*✐❣♥❛3❡❞ ♦♥ ❛ ❝②❝❧❡ ❛.❝❤✐3❡❝3✉.❡✱ ✐3 ✐* ✐♠♣♦.3❛♥3 3♦ ❤❛✈❡
❛♥ ❡✛❡❝3✐✈❡ ❝②❝❧❡ ❡♠❜❡❞❞✐♥❣ ✐♥ ❛ ♥❡3✇♦.❦✳ ✭❙❡❡ ❬❳✉✵✶❪✮✳
■♥ ❝❤❛♣3❡. ✸✱ ✇❡ ❞✐*❝✉** 3❤❡ ❍❛♠✐❧3♦♥✐❝✐3② ✐♥ 3❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ 3❤❡ ▲✉❝❛*
❝✉❜❡*✳ ❇❡❝❛✉*❡ Γn ✐* ❜✐♣❛.3✐3❡✱ ✐3 ❝❛♥ ❤❛✈❡ ❛ ❍❛♠✐❧3♦♥✐❛♥ ❝②❝❧❡ ♦♥❧② ✐❢ ✐3 ❤❛*
❛♥ ❡✈❡♥ ♥✉♠❜❡. ♦❢ ✈❡.3✐❝❡*✳ ■♥ ♦3❤❡. ✇♦.❞*✱ Γn ❝❛♥ ❤❛✈❡ ❛ ❍❛♠✐❧3♦♥✐❛♥ ❝②❝❧❡
✐❢ ❛♥❞ ♦♥❧② ✐❢ n ≡ 1(mod 3)✳
❇❛*❡❞ ♦♥ 3❤❡ ❢✉♥❞❛♠❡♥3❛❧ ❞❡❝♦♠♣♦*✐3✐♦♥✱ ❏✳ ▲✐✉✱ ❲✳ ❏✳ ❍*✉ ❛♥❞ ▼✳ ❏✳ ❈❤✉♥❣
♣.♦✈❡❞ ✐♥ ❬▲❍❈✾✹❪ 3❤❛3 3❤❡ ❋✐❜♦♥❛❝✐ ❝✉❜❡ ❝♦♥3❛✐♥* ❛ ❍❛♠✐❧3♦♥✐❛♥ ♣❛3❤ Pn✳
❋✉.3❤❡.♠♦.❡✱ 3❤❡ ❛✉3❤♦.* ❝♦♥*3.✉❝3❡❞ ❝②❝❧❡* ♦❢ ❡✈❡.② ❡✈❡♥ ❧❡♥❣3❤ ❢.♦♠ 4 3♦
|V (Γn)| ✐❢ ❛♥❞ ♦♥❧② ✐❢ n ≡ 1(mod 3)✳ ❖3❤❡.✇✐*❡ 3❤❡ ❝♦♥*3.✉❝3❡❞ ❝②❝❧❡* ❤❛✈❡
❡✈❡.② ❡✈❡♥ ❧❡♥❣3❤ ❢.♦♠ 4 3♦|V (Γn)| − 1 ✈❡.3✐❝❡*✳
■♥ 3❤❡ *✉.✈❡② ♣❛♣❡. ❬❑❧❛❪✱ ❑❧❛✈➸❛. ♣.♦♣♦*❡❞ 3❤❡ ♣.♦❜❧❡♠ ♦❢ ❝❤❛.❛❝3❡.✐③✐♥❣
3❤❡ ✈❡.3✐❝❡* v ♦❢ V (Γn) ❢♦. ✇❤✐❝❤ 3❤❡ ❣.❛♣❤ Γn − v ❝♦♥3❛✐♥* ❛ ❍❛♠✐❧3♦♥✐❛♥
❝②❝❧❡ ❣✐✈❡♥ 3❤❛3 n 6≡ 1(mod 3)✳
■♥*♣✐.❡❞ ❜② 3❤✐* ❧❛*3 ♣.♦❜❧❡♠ ❛♥❞ 3❤❡ ♣.❡✈✐♦✉* .❡*✉❧3*✱ ✇❡ ❝❤❛.❛❝3❡.✐③❡ 3❤❡*❡
✈❡.3✐❝❡* ✇❤✐❝❤ ✇❡ ❞❡♥♦3❡ ❜② V P (Γn) ❛♥❞ ❝♦♥3✐♥✉❡ 3♦ *3✉❞② 3❤❡ ❍❛♠✐❧3♦♥✐❝✐3②
✐♥ 3❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡*✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ♣.♦✈❡ 3❤❡ ❢♦❧❧♦✇✐♥❣
❚❤❡♦$❡♠ ✶✳✵✳✹✳ ❋♦" n 6≡ 1 (mod 3), n ≥ 5❀ ❧❡& v ∈ V P (Γn)✳ ❚❤❡♥ Γn − v
❝♦♥&❛✐♥. ❛ ❍❛♠✐❧&♦♥✐❛♥ ❝②❝❧❡✳ ▼♦"❡♦✈❡"✱ Γ3 − (010) ❝♦♥&❛✐♥. ❛ ❍❛♠✐❧&♦♥✐❛♥
❝②❝❧❡✳
❋✉"&❤❡"♠♦"❡✱ ✐❢ v /∈ V P (Γn)✱ &❤❡♥ Γn − v ❞♦❡. ♥♦& ❝♦♥&❛✐♥ ❛ ❍❛♠✐❧&♦♥✐❛♥
❝②❝❧❡✳
❚❤❡ *❡❝♦♥❞ ♣❛.3 ♦❢ 3❤✐* ❝❤❛♣3❡. ✐* ❝♦♥*❛❝.❛3❡❞ 3♦ ❝♦♥*3.✉❝3 ❛❧♠♦*3 ❍❛♠✐❧✲
3♦♥✐❛♥ ❝②❝❧❡* ❢♦. 3❤❡ ▲✉❝❛* ❝✉❜❡* ✐♥ 3❤❡ *❛♠❡ ✇❛② ❛* ✇❡ ❞✐❞ ❢♦. 3❤❡ ❋✐❜♦♥❛❝❝✐
❝✉❜❡*✳
❲❡ ❣✐✈❡ ✐♥ ❝❤❛♣3❡. ✹✱ 3❤❡ ❡❝❝❡♥3.✐❝✐3② *❡Z✉❡♥❝❡* ♦❢ 3❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ 3❤❡
▲✉❝❛* ❝✉❜❡* ✇❤✐❝❤ ❛.❡ 3❤❡ ❢.✉✐3* ♦❢ ❛ ✇♦.❦ ❞♦♥❡ ✇✐3❤ ▼✐❝❤❡❧ ▼♦❧❧❛.❞ ❝❢✳
✹ ❈❤❛♣%❡' ✶✳ ■♥%'♦❞✉❝%✐♦♥
❬❈▼✶✷❪✳ ❚❤❡ ❡❝❝❡♥#$✐❝✐#② e(u) ♦❢ ❛ ✈❡'%❡① u✱ ✐: %❤❡ ❣'❡❛%❡:% ❞✐:%❛♥❝❡ ❜❡%✇❡❡♥
u ❛♥❞ ❛♥② ♦%❤❡' ✈❡'%❡① v ✐♥ %❤❡ ❣'❛♣❤✳ ◆♦%✐❝❡ %❤❛% ♥♦% ❛❧❧ %❤❡ ✈❡'%✐❝❡: ♦❢
Γn ♦' Λn ❤❛✈❡ %❤❡ :❛♠❡ ❡❝❝❡♥%'✐❝✐%② ❛: ✐% ❤❛♣♣❡♥: ✐♥ Qn ✇❤❡'❡ %❤❡'❡ ❛'❡ ♥♦
'❡:%'✐❝%✐♦♥: ♦❢ ❝♦♥:❡❝✉%✐✈❡ ✶✬:✳
❲❡ ❞❡✜♥❡ %❤❡ ❡❝❝❡♥#$✐❝✐#② '❡(✉❡♥❝❡ ♦❢ G ❛: %❤❡ :❡E✉❡♥❝❡ {ak}
diam(G)
k=0 ♦❢ ♥♦♥✲
♥❡❣❛%✐✈❡ ✐♥%❡❣❡':✱ ✇❤❡'❡ ak ✐: %❤❡ ♥✉♠❜❡' ♦❢ ✈❡'%✐❝❡: ♦❢ ❡❝❝❡♥%'✐❝✐%② k ✐♥ G✳
❋♦' ❡①❛♠♣❧❡✱ ✐♥ %❤❡ ♥❡①% %❛❜❧❡ ✇❡ :❤♦✇ %❤❡ ♥✉♠❜❡' ♦❢ ✈❡'%✐❝❡: ♦❢ ❡❝❝❡♥%'✐❝✐%②
k ✐♥ Γn ❛♥❞ ✐♥ Λn ❢♦' n = 0 %♦ 5 ✇❤✐❝❤ ❝❛♥ ❜❡ ❡❛:✐❧② ❝♦♠♣✉%❡❞ ❜② ❤❛♥❞ ✇✐%❤
❤❡❧♣ ♦❢ ✜❣✉'❡ ✶✳✶✳
♥ ✵ ✶ ✷ ✸ ✹ ✺
❦ ✵ ✵ ✶ ✵ ✶ ✷ ✵ ✶ ✷ ✸ ✵ ✶ ✷ ✸ ✹ ✵ ✶ ✷ ✸ ✹ ✺
Γ : ✶ ✵ ✷ ✵ ✶ ✷ ✵ ✵ ✸ ✷ ✵ ✵ ✶ ✺ ✷ ✵ ✵ ✵ ✹ ✼ ✷
Λ : ✶ ✶ ✵ ✵ ✶ ✷ ✵ ✶ ✸ ✵ ✵ ✵ ✶ ✹ ✷ ✵ ✵ ✶ ✺ ✺ ✵
❚❛❜❧❡ ✶✳✶✿ ◆✉♠❜❡' ♦❢ ✈❡'%✐❝❡: ♦❢ ❡❝❝❡♥%'✐❝✐%② k ✐♥ Γn ❛♥❞ Λn✳
❲❡ ♣'♦❝❡❡❞ %♦ ♣'♦✈❡ ✐♥ :❡❝%✐♦♥ ✹✳✷ %❤❛% ❛ ✈❡'%❡① x ✐♥ Γn ❝❛♥ ❜❡ ✇'✐%%❡♥
✉♥✐E✉❡❧② ❛: %❤❡ ❝♦♥❝❛%❡♥❛%✐♦♥ ♦❢ ♣❛'%✐❝✉❧❛' :%'✐♥❣:✳ ❲❡ ❣✐✈❡ :♦♠❡ '❡:✉❧%: ❝♦♥✲
❝❡'♥✐♥❣ %❤❡ ❡❝❝❡♥%'✐❝✐%② ♦❢ %❤❡:❡ :✉❜:%'✐♥❣: ✇❤✐❝❤ ❧❡❛❞ ✉: %♦ ❝♦♠♣✉%❡ e(x) ❛♥❞
%♦ ❝❤❛'❛❝%❡'✐③❡ %❤❡ ✈❡'%✐❝❡: y ✐♥ Γn %❤❛% :❛%✐:❢② e(x)✳ ■♥ %❤❡ :❡❝%✐♦♥ ✹✳✸✱ ✇❡
❝♦♥:✐❞❡' %❤❡ :✉❜:❡%: F · odn,k ❛♥❞ F
· ev
n,k ✱ ✇❤✐❝❤ '❡♣'❡:❡♥% %❤❡ :❡% ♦❢ :%'✐♥❣: ♦❢ Γn
✇✐%❤ ❡❝❝❡♥%'✐❝✐%② k %❤❛% ❡♥❞ ✇✐%❤ ❛♥ ♦❞❞ ♥✉♠❜❡' ♦❢ ✵✬: ❢♦' %❤❡ ✜':% :✉❜:❡%
❛♥❞ %❤❛% ❡♥❞ ✇✐%❤ ❛♥ ❡✈❡♥ ✭❡✈❡♥%✉❛❧❧② ♥✉❧❧✮ ♥✉♠❜❡' ♦❢ ✵✬: ❢♦' %❤❡ :❡❝♦♥❞ :✉❜✲
:❡%✳ ❚❤❡♥ ✇❡ ❝♦♠♣✉%❡ %❤❡ ❣❡♥❡'❛%✐♥❣ ❢✉♥❝%✐♦♥ ♦❢ %❤❡ ❡❝❝❡♥%'✐❝✐%② :❡E✉❡♥❝❡ ♦❢
❡❛❝❤ :✉❜:❡% %♦ ❝♦♥❝❧✉❞❡ ✇✐%❤ ❛ ❝♦'♦❧❧❛'② %❤❛% ❞❡%❡'♠✐♥❡: %❤❡ ✈❛❧✉❡ ♦❢ fn,k✱ %❤❡
♥✉♠❜❡' ♦❢ ✈❡'%✐❝❡: ♦❢ ❡❝❝❡♥%'✐❝✐%② k ✐♥ Γn✿
❈♦"♦❧❧❛"② ✶✳✵✳✺✳ ❋♦$ ❛❧❧ n, k '✉❝❤ #❤❛# n ≥ k ≥ 1✱
fn,k =
(
k
n− k
)
+
(
k − 1
n− k
)
❋✉$#❤❡$♠♦$❡✱ f0,0 = 1 ❛♥❞ fn,0 = 0 ❢♦$ n > 0✳
❚❤❡ '❡:✉❧%: ♦❢ %❤❡ ♣'❡✈✐♦✉: :❡❝%✐♦♥ ❛♥❞ :♦♠❡ ♦❜:❡'✈❛%✐♦♥: %❤❛% '❡❧❛%❡ :♦♠❡
:❡%: ♦❢ :%'✐♥❣: ♦❢ %❤❡ ▲✉❝❛: ❛♥❞ %❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡:✱ ❣✐✈❡ ✉: %❤❡ ❡❝❝❡♥%'✐❝✐%②
:❡E✉❡♥❝❡ ♦❢ %❤❡ ▲✉❝❛: ❝✉❜❡✬: :%'✐♥❣:✱ ℓ(x, y)✳ ❆: ❛ ❝♦'♦❧❧❛'② ✇❡ ♦❜%❛✐♥ %❤❡
✈❛❧✉❡ ♦❢ ℓn,k✱ %❤❡ ♥✉♠❜❡' ♦❢ ✈❡'%✐❝❡: ✐♥ Λn ✇✐%❤ ❡❝❝❡♥%'✐❝✐%② k✳
❚❤❡ ❧❛:% :❡❝%✐♦♥ ♦❢ %❤✐: ❝❤❛♣%❡' :❤♦✇: ❛♥ ❛❧%❡'♥❛%✐✈❡ ♣'♦♦❢ ❢♦' ♦❜%❛✐♥✐♥❣
%❤❡ ❣❡♥❡'❛%✐♥❣ ❢✉♥❝%✐♦♥ ♦❢ %❤❡ ❡❝❝❡♥%'✐❝✐%② :❡E✉❡♥❝❡ ♦❢ %❤❡ ▲✉❝❛: ❝✉❜❡✬: :%'✐♥❣:
✇✐%❤ ❛ ❞✐'❡❝% ❛♣♣'♦❛❝❤✳
✺❋✐♥❛❧❧②✱ ❝❤❛♣*❡, ✺✱ ♣,❡.❡♥*. ❛ .*✉❞② ♦❢ *❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ *❤❡ ▲✉❝❛. ❝✉❜❡.
❢,♦♠ *❤❡ ❞♦♠✐♥❛*✐♦♥ ✭γ(G)✮ ❛♥❞ *❤❡ ✷✲♣❛❝❦✐♥❣ ✭ρ(G)✮ ♣♦✐♥*. ♦❢ ✈✐❡✇✳ ❚❤❡
,❡.✉❧*. ♣,❡.❡♥*❡❞ ❤❡,❡ ❛,❡ *❤❡ ♣,♦❞✉❝* ♦❢ *❤❡ ✇♦,❦ ❞♦♥❡ ✇✐*❤ ❙❛♥❞✐ ❑❧❛✈➸❛,✱
▼✐❝❤❡❧ ▼♦❧❧❛,❞ ❛♥❞ ❨♦♦♠✐ ❘❤♦ ❝❢✳ ❬❈❑▼❘✶✶❪✳ ■♥ *❤❡ ✜,.* .❡❝*✐♦♥ ♦❢ *❤✐.
❝❤❛♣*❡,✱ *❤❡ ❛✉*♦♠♦,♣❤✐.♠ ❣,♦✉♣. ♦❢ *❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ *❤❡ ▲✉❝❛. ❝✉❜❡. ❛,❡
❞❡*❡,♠✐♥❡❞ ✐♥ *❤❡ ❢♦❧❧♦✇✐♥❣ *❤❡♦,❡♠.✳
❚❤❡♦$❡♠ ✶✳✵✳✻✳ ❋♦" ❛♥② n ≥ 1✱ Aut(Γn) ≃ Z2✳
❚❤❡♦$❡♠ ✶✳✵✳✼✳ ❋♦" ❛♥② n ≥ 3✱ Aut(Λn) ≃ D2n✳
❙❡❝*✐♦♥ ✺✳✷ ❝♦♥.✐❞❡,. *❤❡ ❞♦♠✐♥❛*✐♦♥ ♥✉♠❜❡, ♦❢ ❋✐❜♦♥❛❝✐ ❛♥❞ ▲✉❝❛. ❝✉❜❡.
✇❤❡,❡ ❛ ,❡❧❛*✐♦♥ ❜❡*✇❡❡♥ *❤❡ ❞♦♠✐♥❛*✐♦♥ ♥✉♠❜❡,. ♦❢ ❜♦*❤ ❝✉❜❡. ✐. .❤♦✇♥✳
❚❤❡♥ ✇❡ ❞✐.❝✉.. ❡①❛❝* ❞♦♠✐♥❛*✐♦♥ ♥✉♠❜❡,. ❢♦, .♠❛❧❧ ❞✐♠❡♥.✐♦♥. ❢♦❧❧♦✇✐♥❣
M✐❦❡ ❛♥❞ ❩♦✉ ✭❬M❩✶✷❪✮ ✇❤♦ ❞❡*❡,♠✐♥❡❞ *❤❡ ♠✐♥✐♠✉♠ ❞♦♠✐♥❛*✐♥❣ .❡*. ♦❢ Γ8✳
❚❤✉. ✇❡ ❝♦♠♣✉*❡ *❤❡ ❞♦♠✐♥❛*✐♦♥ ♥✉♠❜❡,. ❢♦, Γ9 ❛♥❞ Λ9 ❛♥❞ ❝♦♥❥❡❝*✉,❡ *❤❛*
γ(Γ9) = 17 ❛♥❞ γ(Λ9) = 16✱ ❤♦❧❞✳ ✭❈♦♥❥❡❝*✉,❡ *❤❛* ✇❛. ❧❛*❡, ❝♦♥✜,♠❡❞ ❜②
■❧✐➣ ❛♥❞ ▼✐❧♦➨❡✈✐➣ ✐♥ ❬■▼❪✮✳
❚❤❡ .❡❝*✐♦♥ ❝♦♥❝❧✉❞❡. ✇✐*❤ ❛ ❧♦✇❡, ❜♦✉♥❞ ❢♦, *❤❡ ❞♦♠✐♥❛*✐♦♥ ♥✉♠❜❡, ♦❢ *❤❡
▲✉❝❛. ❝✉❜❡.✿
❚❤❡♦$❡♠ ✶✳✵✳✽✳ ❋♦" ❛♥② n ≥ 7✱ γ(Λn) ≥
⌈
Ln − 2n
n− 3
⌉
✳
❚❤❡ ❧❛.* .❡❝*✐♦♥✱ ✺✳✸✱ ✐. ❞❡❞✐❝❛*❡❞ *♦ *❤❡ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡, ✇❤❡,❡ ✐* ✐.
♣,♦✈❡♥ *❤❡ ♥❡①* ❧♦✇❡, ❜♦✉♥❞✿
❚❤❡♦$❡♠ ✶✳✵✳✾✳ ❋♦" ❛♥② n ≥ 8✱ ρ(Γn) ≥ ρ(Λn) ≥ 2
2
⌊lgn⌋
2 −1
✳
❲❡ ♣,❡.❡♥* ♥❡①* *❤❡ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡,. ♦❢ ♦❢ Γn ❛♥❞ Λn ❢♦, n ≤ 10 ❢♦✉♥❞
✉.✐♥❣ ❝♦♠♣✉*❡,✿
♥ ✵ ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵
γ(Γn) ✶ ✶ ✶ ✷ ✸ ✹ ✺ ✽ ✶✷ ≤17 ✲
ρ(Γn) ✶ ✶ ✶ ✷ ✷ ✸ ✺ ✻ ✾ ✶✹ ✷✵
γ(Λn) ✶ ✶ ✶ ✶ ✸ ✹ ✺ ✼ ✶✶ ≤16 ✲
ρ(Λn) ✶ ✶ ✶ ✶ ✷ ✸ ✺ ✻ ✽ ✶✸ ✶✽
❚❛❜❧❡ ✶✳✷✿ ❉♦♠✐♥❛*✐♦♥ ♥✉♠❜❡,. ❛♥❞ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡,. ♦❢ .♠❛❧❧ ❝✉❜❡.
❲❡ ❝♦♥❝❧✉❞❡ *❤❡ ❝❤❛♣*❡, ✇✐*❤ .♦♠❡ ❝♦♥❥❡❝*✉,❡. *❤❛* ✐♥*❡,,❡❧❛*❡ *❤❡ ❞♦♠✐✲
♥❛*✐♦♥ ❛♥❞ *❤❡ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡,. ♦❢ ❜♦*❤ *❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ *❤❡ ▲✉❝❛. ❝✉❜❡.✳

❈❤❛♣$❡& ✷
❋✐❜♦♥❛❝❝✐ ❈✉❜❡
✷✳✶ ▼♦%✐✈❛%✐♦♥
❋♦❧❧♦✇✐♥❣ ❏✳ ❳✉ ❬❳✉✵✶❪✱ ❛ ❈♦♠♣✉%❡' ♥❡%✇♦'❦ ✐1 ❛ 1②13❡♠ ✇❤♦1❡ ❝♦♠♣♦✲
♥❡♥31 ❛:❡ ❛✉3♦♥♦♠✉1 ❝♦♠♣✉3❡:1 ❛♥❞ ♦3❤❡: ❞❡✈✐❝❡1 3❤❛3 ❛:❡ ❝♦♥♥❡❝3❡❞ 3♦❣❡3❤❡:
✉1✉❛❧❧② ♦✈❡: ❧♦♥❣ ♣❤②1✐❝❛❧ ❞✐13❛♥❝❡ ✐♥ ♦:❞❡: 3♦ 3:❛♥1❢❡: ✐♥❢♦:♠❛3✐♦♥ ❛❝❝♦:❞✐♥❣
3♦ 1♦♠❡ ♣❛33❡:♥✳ ❆ ❝♦♥♥❡❝3✐♦♥ ♣❛33❡:♥ ♦❢ 3❤❡ ❝♦♠♣♦♥❡♥31 ✐1 ❝❛❧❧❡❞ ❛♥ ■♥%❡'✲
❝♦♥♥❡❝%✐♦♥ ♥❡%✇♦'❦✳ ■♥ ♦3❤❡: ✇♦:❞1✱ ❛♥ ✐♥3❡:❝♦♥♥❡❝3✐♦♥ ♥❡3✇♦:❦ ♣:♦✈✐❞❡1 ❛
1♣❡❝✐✜❝ ✇❛② ✐♥ ✇❤✐❝❤ 3❤❡ ❝♦♠♣♦♥❡♥31 ✐♥3❡:❛❝3✳ ❆♥ ✐♥3❡:❝♦♥♥❡❝3✐♦♥ ♥❡3✇♦:❦
❝❛♥ ❜❡ :❡♣:❡1❡♥3❡❞ ❜② ❛ ❣:❛♣❤ G = (V,E)✱ ✇❤❡:❡ V ❞❡♥♦3❡1 3❤❡ ♣:♦❝❡11♦:1
❛♥❞ E 3❤❡ ❝♦♠♠✉♥✐❝❛3✐♦♥ ❧✐♥❦1 ❢♦: ❞❛3❛ ❡①❝❤❛♥❣❡ ❛♠♦♥❣ 3❤❡ ♣:♦❝❡11♦:1✳ ❙✉❝❤
❣:❛♣❤ ✐1 ❝❛❧❧❡❞ 3❤❡ ❚♦♣♦❧♦❣✐❝❛❧ 3%'✉❝%✉'❡ ♦❢ 3❤❡ ✐♥3❡:❝♦♥♥❡❝3✐♦♥ ♥❡3✇♦:❦✳
❚❤❡ ❤②♣❡:❝✉❜❡ ♦❢ ❞✐♠❡♥1✐♦♥ n✱ ❛❧1♦ ❦♥♦✇♥ ❛1 3❤❡ ♥✲❝✉❜❡ ✐1 ❛ ♣♦♣✉❧❛: ✐♥✲
3❡:❝♦♥♥❡❝3✐♦♥ ♥❡3✇♦:❦ ❝♦♥1✐13✐♥❣ ✐♥ 2n ♣❛:❛❧❧❡❧ ♣:♦❝❡11♦:1✱ ❡❛❝❤ ♦♥❡ ♣:♦✈✐❞❡❞
✇✐3❤ ✐31 ♦✇♥ ♠❡♠♦:② ❛♥❞ ❝♦♥♥❡❝3❡❞ ✇✐3❤ n ♥❡✐❣❤❜♦:1✳ ❚❤❡ ✐♥3❡:❝♦♥♥❡❝3✐♦♥ ✐1
❛❝❤✐❡✈❡❞ ❜② 1❡♥❞✐♥❣ ❛ ♠❡11❛❣❡ ❢:♦♠ ♦♥❡ ♣:♦❝❡11♦: 3♦ ❛♥♦3❤❡: ♣:♦❝❡11♦:✳ ❚❤✐1
♠❡11❛❣❡ ✭♦: ❞❛3❛✮ 3:❛✈❡❧1 3❤:♦✉❣❤ ❛ 1❡H✉❡♥❝❡ ♦❢ ♥❡❛:❡131 ♥❡✐❣❤❜♦:1✳
❚❤❡ 13:✉❝3✉:❛❧ ♣:♦♣❡:3✐❡1 ♦❢ 3❤❡ ❤②♣❡:❝✉❜❡ 1✉❝❤ ❛1 :❡❝✉::❡♥❝② ✭❛♥ ❤②♣❡:✲
❝✉❜❡ Qn ❝❛♥ ❜❡ ❞❡❝♦♠♣♦1❡❞ ✐♥3♦ 3✇♦ Qn−1 ❤②♣❡:❝✉❜❡1✮✱ 1②♠♠❡3:②✱ ✈❡:3❡①
❞❡❣:❡❡✱ ❞✐❛♠❡3❡: ♦: ❝♦♥♥❡❝3✐✈✐3② ❛:❡ ✇❡❧❧✲❛♣♣:❡❝✐❛3❡❞ ❝❤❛:❛❝3❡:✐13✐❝1 ✇❤✐3❤✐♥
❛♥ ✐♥3❡:❝♦♥♥❡❝3✐♦♥ ♥❡3✇♦:❦✳ ❊♠❜❡❞❞✐♥❣ ♣:♦❜❧❡♠1 ❛:❡ ❝♦♥❝❡:♥❡❞ ✇✐3❤ ✜♥❞✐♥❣
♠❛♣♣✐♥❣1 ❜❡3✇❡❡♥ 3✇♦ ❣:❛♣❤1 3❤❛3 ♣:❡1❡:✈❡ ❝❡:3❛✐♥ 3♦♣♦❧♦❣✐❝❛❧ ♣:♦♣❡:3✐❡1✳
▼❛♥② ♣❛:3✐❝✉❧❛: 3♦♣♦❧♦❣✐❝❛❧ 13:✉❝3✉:❡1 3❤❛3 ❛:✐1❡ ✇❤✐❧❡ ♣❛:❛❧❧❡❧✐③✐♥❣ ❛♥ ❛❧❣♦✲
:✐3❤♠ ❝❛♥ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥3♦ Qn✳
❆❧❧ ♦❢ 3❤✐1 ♠❛❦❡ 3❤✐1 ❣:❛♣❤ ✈❡:② ❛♣♣❡❛❧✐♥❣ ❢♦: ✐31 ✐♠♣❧❡♠❡♥3❛3✐♦♥ ❛1 ❛♥
✐♥3❡:❝♦♥♥❡❝3✐♦♥ ♥❡3✇♦:❦✳ ❙❡❡ ❬❍❍❲✽✽❪ ❢♦: ❛ 1✉:✈❡② ♦❢ 13:✉❝3✉:❛❧ ♣:♦♣❡:3✐❡1
♦❢ 3❤❡ ❤②♣❡:❝✉❜❡ ✐♥❝❧✉❞✐♥❣ ❤❛♠✐❧3♦♥✐♥❛♥ ❝②❝❧❡1 ❛♥❞ ❡♠❜❡❞❞✐♥❣1✳ ❲❡ :❡❢❡: 3♦
❬❙❙✽✽❪ ❛1 ✇❡❧❧✱ ❢♦: ❛ ✇✐❞❡ ❡①❛♠✐♥❛3✐♦♥ ♦❢ 3❤❡ ❤②♣❡:❝✉❜❡ ♣:♦♣❡:3✐❡1 3❤❛3 ♠❛❦❡
3❤✐1 ❣:❛♣❤ 1♦ ❛33:❛❝3✐✈❡✳
■♥ 3❤❡ ♦3❤❡: ❤❛♥❞✱ ✇❤✐❧❡ ✐♠♣❧❡♠❡♥3✐♥❣ ❛ ♣❛:❛❧❧❡❧ ❝♦♠♣✉3❡: 1②13❡♠✱ ♠♦:❡
♣:♦❝❡11♦:1 ❛♥❞ ♠❡♠♦:✐❡1 ♠❛② ❜❡ ❛❞❞❡❞ ❛1 3❤❡ ❜✉❞❣❡3 ♣❡:♠✐31 ✐3✳ ■♥ 3❤❡ ❝❛1❡
♦❢ 3❤❡ ❤②♣❡:❝✉❜❡✱ 3❤❡ ♥✉♠❜❡: ♦❢ ♣:♦❝❡11♦:1 ♠✉13 ❜❡ ❛ ♣♦✇❡: ♦❢ ✷✳ ❲❤❡♥ 3❤❡
♥❡3✇♦:❦ ✐1 ✐♠♣❧❡♠❡♥3❡❞ ✇✐3❤ ❛ 1♠❛❧❧❡: ♥✉♠❜❡: ♦❢ ♣:♦❝❡11♦:1✱ ♠❛♥② ❝♦♠♠✉✲
✼
✽ ❈❤❛♣%❡' ✷✳ ❋✐❜♦♥❛❝❝✐ ❈✉❜❡
♥✐❝❛%✐♦♥1 ❧✐♥❦1 ♠❛② ❜❡ ✉♥✉1❡❞✳ ❚❤✉1✱ ♦%❤❡' %♦♣♦❧♦❣✐❝❛❧ 1%'✉❝%✉'❡1 ❛'❡ ♥❡❡❞❡❞
✐♥ ♦'❞❡' %♦ ❛❧❧♦✇ %❤❡ ❛❞❞✐%✐♦♥ ♦❢ ❛ 1♠❛❧❧ ♥✉♠❜❡' ♦❢ ♥♦❞❡1 ✇❤✐❧❡ ♠✐♥✐♠✐③✐♥❣
%❤❡ '❡1♦✉'❝❡✬1 ✇❛1%✐♥❣✳ ❬❉❨◆✵✸❪
❚❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ ✇❛1 ✐♥%'♦❞✉❝❡❞ ❜② ❲✲❏✳ ❍1✉ ✐♥ ❬❍1✉✾✸❪ ❛1 ❛ ♥❡✇ ✐♥%❡'✲
❝♦♥♥❡❝%✐♦♥ ♥❡%✇♦'❦✳ ❚❤✐1 ❣'❛♣❤ ✐1 ❛♥ ✐!♦♠❡%&✐❝ !✉❜❣&❛♣❤ ♦❢ %❤❡ ❤②♣❡'❝✉❜❡✳ ■♥
♦%❤❡' ✇♦'❞1✱ %❤❡ 1❡% ♦❢ ✈❡'%✐❝❡1 ♦❢ %❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ ✐1 ❛ 1✉❜1❡% ♦❢ %❤❡ ✈❡'%✐❝❡1
♦❢ %❤❡ ❤②♣❡'❝✉❜❡ ❛♥❞ ❢♦' ❡✈❡'② u, v ∈ V (FibCube), dFibCube(u, v) = dQn(u, v)✳
❚❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡✱ ✇❤✐❝❤ ✐1 ✐♥1♣✐'❡❞ ✐♥ %❤❡ ❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡'1 ❤❛1 ❛❧1♦
❛%%'❛❝%✐✈❡ '❡❝✉''❡♥% 1%'✉❝%✉'❡1 1✉❝❤ ❛1 ✐%1 ❞❡❝♦♠♣♦1✐%✐♦♥ ✐♥%♦ ❞✐1❥♦✐♥% 1✉❜✲
❣'❛♣❤1 %❤❛% ❛'❡ ❛❧1♦ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡1 ❜② %❤❡♠1❡❧✈❡1✳
■♥ %❤❡ ♥❡①% 1❡❝%✐♦♥✱ ✇❡ ✇✐❧❧ ❞❡✜♥❡ %❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ ❛♥❞ ❞❡1❝'✐❜❡ ✐♥ ♠♦'❡
❞❡%❛✐❧ ✐%1 !❡❧❢✲!✐♠✐❧❛& 1%'✉❝%✉'❡✳
✷✳✷ "#❡❧✐♠✐♥❛#✐❡*
▼♦'❡ %❤❛♥ ❡✐❣❤% ❤✉♥❞'❡❞ ②❡❛'1 ❛❣♦✱ ▲❡♦♥❛'❞♦ ♦❢ Q✐1❛✱ ❜❡%%❡' ❦♥♦✇♥ ❛1
❋✐❜♦♥❛❝❝✐✱ ✐♥%'♦❞✉❝❡❞ %❤❡ ♥✉♠❜❡'1 %❤❛% ❛'❡ ❦♥♦✇♥ %♦❞❛② ❛1 %❤❡ ❋✐❜♦♥❛❝❝✐
♥✉♠❜❡'1✳ ❚❤❡1❡ ♥✉♠❜❡'1 ✇❡'❡ ✉1❡❞ %♦ 1♦❧✈❡ %❤❡ ♣'♦❜❧❡♠ ♦❢ ❤♦✇ ♠❛♥② '❛❜❜✐%1
❝❛♥ ❜❡ ♣'♦❞✉❝❡❞ ❢'♦♠ ❛♥ ♦'✐❣✐♥❛❧ ♣❛✐' %❤'♦✉❣❤ ❛ ②❡❛'✱ 1✉♣♣♦1✐♥❣ %❤❛% ❡❛❝❤
♣❛✐' ♦❢ '❛❜❜✐%1 ✇✐❧❧ ❧❛1% ❛❧❧ %❤❡ ②❡❛' ❣✐✈✐♥❣ ❜✐'%❤ %♦ ❛ ♥❡✇ ♣❛✐' ❡❛❝❤ ♠♦♥%❤ ❛♥❞
1✉♣♣♦1✐♥❣ ❛❧1♦ %❤❛% %❤❡② ❜❡❝♦♠❡ ❢❡'%✐❧❡ ❛ ♠♦♥%❤ ❛❢%❡' %❤❡② ✇❡'❡ ❜♦'♥✳
■% ✐1 ♥♦% ❝❧❡❛' %❤♦✉❣❤ ✐❢ ❋✐❜♦♥❛❝❝✐ ✐♥✈❡♥%❡❞ %❤❡ 1❡'✐❡1 ♦❢ ♥✉♠❜❡'1 %❤❛% ❤♦❧❞
❤✐1 ♥❛♠❡✳ Q❛'♠❛♥❛♥❞ ❙✐♥❣❤ ✇'♦%❡ ✐♥ ❬❙✐♥✽✺❪ %❤❛% %❤❡ 1❛♠❡ 1❡T✉❡♥❝❡ ❤❛❞ ❜❡❡♥
1%✉❞✐❡❞ ❛♥❞ ✉1❡❞ ❜② ■♥❞✐❛♥ 1❝❤♦❧❛'1 %♦ ✇'✐%❡ ♣'♦1♦❞② ✐♥ ❙❛♥1❦'✐% ❛♥❞ Q'❛❦'✐%
❧❛♥❣✉❛❣❡1 ❧♦♥❣ %✐♠❡ ❜❡❢♦'❡ ❋✐❜♦♥❛❝❝✐ ✇'♦%❡ ❤✐1 ❜♦♦❦ ▲✐❜❡& ❆❜❛❝✐ ✇❤❡'❡ ❤❡
♣'❡1❡♥%❡❞ %❤❡ 1❡T✉❡♥❝❡✳ ❆❝❝♦'❞✐♥❣ %♦ ❙✐♥❣❤✱ ❛✉%❤♦'✐%✐❡1 ♦♥ ♠❡%'✐❝❛❧ 1❝✐❡♥❝❡1
❣❛✈❡ %❤❡ '✉❧❡ ❢♦' %❤❡ ❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡'1 ❡①♣❧✐❝✐%❧② ♣'✐♦' %♦ ✶✷✵✵✳
❚❤❡ ❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡'1 ❛'❡ ♦❢%❡♥ ❢♦✉♥❞ ✐♥ %❤❡ ♥❛%✉'❡✱ ❢♦' ❡①❛♠♣❧❡ ✐♥ %❤❡
❛''❛♥❣❡♠❡♥% ♦❢ %❤❡ ❧❡❛✈❡1 ❛'♦✉♥❞ ❛ ♣❧❛♥% 1%❡♠ ♦' %❤❡ ♥✉♠❜❡' ❛♥❞ ❛''❛♥❣❡✲
♠❡♥% ♦❢ ♣❡%❛❧1 ✐♥ ✢♦✇❡'1 ❛1 ❞❛✐1✐❡1 ❛♥❞ 1✉♥✢♦✇❡'1 ♦' ✐♥ ♣✐♥❡ ❝♦♥❡1✳ ❚❤❡1❡
❛11♦❝✐❛%✐♦♥1 ❜❡%✇❡❡♥ ♥❛%✉'❡ ❛♥❞ ❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡'1 ❛'❡ ❢'❡T✉❡♥%❧② '❡❧❛%❡❞✱ ❛1
❢♦' %❤❡ ♦'✐❣✐♥❛❧ '❛❜❜✐%1 ♣'♦❜❧❡♠✱ %♦ ❝♦✉♥%✐♥❣ ♣'♦❜❧❡♠1✳
❚❤❡ nth ❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡&✱ n ≥ 2✱ ✐1 ❞❡%❡'♠✐♥❡❞ ❜② %❤❡ ❢♦❧❧♦✇✐♥❣ '❡❝✉''❡♥❝❡
'❡❧❛%✐♦♥✿
Fn = Fn−1 + Fn−2
✇✐%❤ %❤❡ ✐♥✐%✐❛❧ ✈❛❧✉❡1
F0 = 0, F1 = 1.
✷✳✷✳ "#❡❧✐♠✐♥❛#✐❡* ✾
■♥ ♦.❤❡# ✇♦#❞*✱ ❡❛❝❤ ♥✉♠❜❡# ✐♥ .❤❡ *❡6✉❡♥❝❡ ✐* .❤❡ *✉♠ ♦❢ .❤❡ .✇♦ ♣#❡❝❡❞✐♥❣
♥✉♠❜❡#*✳
❲❡ ✇✐❧❧ ❞❡♥♦.❡ ❜② g .❤❡ ❣❡♥❡#❛.✐♥❣ ❢✉♥❝.✐♦♥ ♦❢ .❤❡ ❋✐❜♦♥❛❝❝✐ *❡6✉❡♥❝❡✱
g(x) =
∑
n≥0
Fn x
n.
 !♦♣♦$✐&✐♦♥ ✷✳✷✳✶✳
g(x) =
x
1− x− x2
.
 !♦♦❢✳
g(x) =
∑
n≥0
Fn x
n = F0 + F1 x+
∑
n≥2
(Fn−1 + Fn−2) x
n
= x+
∑
n≥2
Fn−1 x
n +
∑
n≥2
Fn−2 x
n
= x+
∑
n≥2
(Fn−1 x
n−1)x+
∑
n≥2
(Fn−2 x
n−2)x2
= x+
∑
n≥1
(Fn−1 x
n−1)x+
∑
n≥2
(Fn−2 x
n−2)x2
= x+ xg(x) + x2g(x).

❆* .✐♠❡ ♣❛**❡❞ ❜②✱ ♠❛.❤❡♠❛.✐❝✐❛♥* ❝♦♥.✐♥✉❡❞ .♦ ❛**♦❝✐❛.❡ .❤❡ ❋✐❜♦♥❛❝❝✐
*❡6✉❡♥❝❡ .♦ ❛ ✇✐❞❡ ✈❛#✐❡.② ♦❢ ♣#♦❜❧❡♠* ❛♥❞ ❢♦✉♥❞ ❞✐✛❡#❡♥. ♣#♦♣❡#.✐❡* ❛* ✇❡❧❧✳
❆* ❊❞♦✉❛#❞ ❩❡❝❦❡♥❞♦#❢ ♦❜*❡#✈❡❞✱ *❡❡ ❬●❑"✾✹❪✱ ❡❛❝❤ ♣♦*✐.✐✈❡ ✐♥.❡❣❡# ❤❛* ❛
✉♥✐6✉❡ #❡♣#❡*❡♥.❛.✐♦♥ ❛* ❛ *✉♠ ♦❢ ♥♦♥❝♦♥*❡❝✉.✐✈❡ ❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡#*✳ ❚❤❡
#❡*✉❧. ✐* ❛ ❜✐♥❛#② #❡♣#❡*❡♥.❛.✐♦♥ ♦❢ .❤❡ ✐♥.❡❣❡# ✇✐.❤ ♥♦ ❝♦♥*❡❝✉.✐✈❡ ✶✬*✳
❚❤❡♦!❡♠ ✷✳✷✳✷ ✭❩❡❝❦❡♥❞♦#❢✮✳ ❆♥② ✐♥$❡❣❡' ✐ (✉❝❤ $❤❛$ 0 ≤ i < Fn ❝❛♥ ❜❡
✉♥✐.✉❡❧② '❡♣'❡(❡♥$❡❞ ❛(
i =
n−1∑
j=2
ajFj,
✇❤❡'❡
aj · aj+1 = 0 ❢♦' 2 ≤ j ≤ (n− 2)
✇✐$❤ Fj ✐( $❤❡ j
th
❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡' ❛♥❞ aj ∈ {0, 1}✳
 !♦♦❢✳ ▲❡. i = m − Fn ✇✐.❤ Fn ≤ m < Fn+1✳ ❇② ✐♥❞✉❝.✐✈❡ ❤②♣♦.❤❡*✐*✱ i
❤❛* ❛ ✉♥✐6✉❡ #❡♣#❡*❡♥.❛.✐♦♥ ❛* ❛ *✉♠ ♦❢ ♥♦♥❝♦♥*❡❝✉.✐✈❡ ❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡#*✱
✶✵ ❈❤❛♣&❡( ✷✳ ❋✐❜♦♥❛❝❝✐ ❈✉❜❡
i =
∑n−1
j=2 ajFj✳
❚❤✉3 m =
∑n−1
j=2 ajFj + (1 · Fn)✳ ❚❤❡ (❡♣(❡3❡♥&❛&✐♦♥ ♦❢ i ❞♦❡3 ♥♦& ❤❛✈❡ ❝♦♥✲
3❡❝✉&✐✈❡ ✶✬3 ❛♥❞ ✐❢ &❤❡ (❡♣(❡3❡♥&❛&✐♦♥ ♦❢ m ❤❛❞✱ &❤❡♥ m ≥ Fn−1 + Fn = Fn+1✳
❍❡♥❝❡✱ m ✐3 ❡①♣(❡33❡❞ ❛3 ❛ 3✉♠ ♦❢ ♥♦♥❝♦♥3❡❝✉&✐✈❡ ❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡(3✳ 
◆♦&❡ &❤❛& ❜② &❤❡ ❩❡❝❦❡♥❞♦(❢ &❤❡♦(❡♠✱ ❛ ♥✉♠❜❡( ❜❡&✇❡❡♥ 0 ❛♥❞ Fn − 1
(❡B✉✐(❡3 (n− 2) ♣♦3✐&✐♦♥3 &♦ ❜❡ (❡♣(❡3❡♥&❡❞✳
❲❡ 3❛② &❤❛& ❛ ♣♦3✐&✐✈❡ ✐♥&❡❣❡( i ✐3 ✐♥ ✐&3 ❋✐❜♦♥❛❝❝✐ '❡♣'❡*❡♥+❛+✐♦♥ ✐❢ ✐&
✐3 ❡①♣(❡33❡❞ ❛3 ❛ 3✉♠ ♦❢ &✇♦ ♦( ♠♦(❡ ♥♦♥❝♦♥3❡❝✉&✐✈❡ ❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡(3✳
❚❤❡(❡❢♦(❡✱ ✇❡ ❝❛♥ (❡♣(❡3❡♥& ✐& ❛3 (i)F = (an+1 · · · a3 a2) ✇❤❡(❡ aj ∈ {0, 1} ❛♥❞
aj · aj+1 = 0; 2 ≤ j ≤ n+ 1✳
❆ ❣(❡❡❞② ❛♣♣(♦❛❝❤ &♦ ✜♥❞ &❤❡ ❋✐❜♦♥❛❝❝✐ (❡♣(❡3❡♥&❛&✐♦♥ ♦❢ (i)F ✐3 ❞❡3❝(✐❜❡❞
✐♥ &❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿
❆33✐❣♥ ✶ &♦ aj1 ❢♦( &❤❡ ❧❛(❣❡3& Fj1 ≤ i✳ ❚❤❡♥ ❛33✐❣♥ ✶ &♦ aj2 ❢♦( &❤❡ ❧❛(❣❡3&
Fj2 ≤ i− Fj1 ❛♥❞ 3♦ ♦♥ ✉♥&✐❧ &❤❡ (❡♠✐♥❞❡( ✐3 ✵✳ ❚❤❡ ✈❛❧✉❡3 ♦❢ &❤❡ ✉♥❛33✐❣♥❡❞
aj ❛(❡ ✵✳
❯3✐♥❣ &❤✐3 ♣(❡✈✐♦✉3 ❛❧❣♦(✐&❤♠✱ ❛♥❞ ✇✐&❤ &❤❡ ❤❡❧♣ ♦❢ &❛❜❧❡ ✷✳✶✱ ✇❡ 3❤♦✇ &❤❡
✜(3& ✶✸ ♣♦3✐&✐✈❡ ✐♥&❡❣❡(3 ✐♥ &❤❡✐( ❋✐❜♦♥❛❝❝✐ (❡♣(❡3❡♥&❛&✐♦♥ ✭&❛❜❧❡ ✷✳✷✮✳
F0 F1 F2 F3 F4 F5 F6 F7 F8 F9 F10
✵ ✶ ✶ ✷ ✸ ✺ ✽ ✶✸ ✷✶ ✸✹ ✺✺
❚❛❜❧❡ ✷✳✶✿ ❋✐(3& ✶✶ ❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡(3✳
(0)F = (00000)✱ (1)F = (00001)✱ (2)F = (00010)✱ (3)F = (00100)✱
(4)F = (00101)✱ (5)F = (01000)✱ (6)F = (01001)✱ (7)F = (01010)✱
(8)F = (10000)✱ (9)F = (10001)✱ (10)F = (10010)✱ (11)F = (10100)✱
(12)F = (10101)✳
❚❛❜❧❡ ✷✳✷✿ ❋✐❜♦♥❛❝❝✐ (❡♣(❡3❡♥&❛&✐♦♥ ♦❢ &❤❡ ✜(3& ✶✸ ♣♦3✐&✐✈❡ ✐♥&❡❣❡(3✳
◆♦&✐❝❡ &❤❛& (i)F = (an+1 · · · a3 a2) ❤❛3 ❧❡♥❣&❤ n✳
❚❤❡(❡❢♦(❡✱ ❛♥② 3&(✐♥❣ (b1 b2 · · · bn) ✇❤❡(❡ bj ∈ {0, 1} ❛♥❞ bj · bj+1 = 0 ✇✐❧❧ ❜❡
❞❡✜♥❡❞ ❛3 ❛ ❋✐❜♦♥❛❝❝✐ *+'✐♥❣ ♦❢ ❧❡♥❣+❤ ♥✳
❚❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡✱ Γn ✐3 &❤❡ 3✉❜❣(❛♣❤ ♦❢ Qn ✐♥❞✉❝❡❞ ❜② &❤❡ ❋✐❜♦♥❛❝❝✐
3&(✐♥❣3 ♦❢ ❧❡♥❣&❤ n ✇❤❡(❡ ❛❞❥❛❝❡♥& ✈❡(&✐❝❡3 ♦❢ Γn ❞✐✛❡( ✐♥ ♦♥❡ ♣♦3✐&✐♦♥✳ ❚❛❦✐♥❣
✐♥&♦ ❝♦♥3✐❞❡(❛&✐♦♥ &❤❡ ❡♠♣&② 3&(✐♥❣✱ ✇❡ ❞❡✜♥❡ Γ0 = K1✳ ◆♦&✐❝❡ &❤❛& |V (Γn)| =
Fn+2✳ ❚❤✉3✱ &❤❡ ❣❡♥❡(❛&✐♥❣ ❢✉♥❝&✐♦♥ ♦❢ &❤❡ ✈❡(&✐❝❡3 ♦❢ Γn ✐3 ♦❜&❛✐♥❡❞ ✐♥ &❤❡
❢♦❧❧♦✇✐♥❣
✷✳✸✳ ❘❡❝✉'(✐✈❡ ❞❡❝♦♠♣♦(✐/✐♦♥( ✶✶
 !♦♣♦$✐&✐♦♥ ✷✳✷✳✸✳ ❚❤❡ ❣❡♥❡%❛'✐♥❣ ❢✉♥❝'✐♦♥ ♦❢ |V (Γn)| ✐-
f(x) =
∑
n≥0
|V (Γn)|x
n =
1 + x
1− x− x2
.
 !♦♦❢✳
f(x) =
∑
n≥0
Fn+2 x
n
=
1
x2
∑
n≥0
Fn+2 x
n+2
=
1
x2
(∑
n≥0
Fn x
n − F0 − F1 x
)
.
❚❤✉(✱ ❜② ♣'♦♣♦(✐/✐♦♥ ✷✳✷✳✶✱
f(x) =
1
x2
(
x
1− x− x2
− x
)
=
1 + x
1− x− x2
.

■♥ ✜❣✉'❡ ✷✳✶✱ ✇❡ (❤♦✇ Γ3,Γ4 ❛♥❞ Γ5 ❛( /❤❡ (✉❜❣'❛♣❤( ♦❢ Qn ✐♥❞✉❝❡❞ ❜②
/❤❡ ❋✐❜♦♥❛❝❝✐ (/'✐♥❣( ♦❢ ❧❡♥❣/❤ n = 3, 4 ❛♥❞ 5✳
✷✳✸ ❘❡❝✉'(✐✈❡ ❞❡❝♦♠♣♦(✐/✐♦♥(
?❛'❛❧❧❡❧ ❝♦♠♣✉/❡'( ❛'❡ ✉(✉❛❧❧② (❤❛'❡❞ ❜② (❡✈❡'❛❧ ✉(❡'( ❛/ ❛ /✐♠❡✳ ■/ ✐( ❞❡✲
(✐'❛❜❧❡ /❤❡♥✱ /❤❛/ /❤❡ ♥❡/✇♦'❦ /'❛✣❝ ♣'♦❞✉❝❡❞ ❜② ♦/❤❡' ✉(❡'( ❞♦❡( ♥♦/ ❛✛❡❝/
♦/❤❡' ❛♣♣❧✐❝❛/✐♦♥(✳ ❚❤✉(✱ ✐/ ✐( ✇❡❧❧✲❛♣♣'❡❝✐❛/❡❞ ✐❢ /❤❡ ♥❡/✇♦'❦ ❝❛♥ ❜❡ ♣❛'/✐✲
/✐♦♥❡❞ ✐♥/♦ (♠❛❧❧❡' (✉❜♥❡/✇♦'❦(✳ ❚❤✐( '❡❝✉'(✐♦♥ ♣'♦♣❡'/② ♠❛② ❛❧(♦ ❜❡ '❡D✉✐'❡❞
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❛ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ ✐♥&♦ ❛♥♦&❤❡( ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ ♦❢ ❛ 2♠❛❧❧❡( ♦(❞❡(✳ ❚❤❡ ♠❛✐♥
✐❞❡❛ ✐2 &♦ ✉2❡ ❚❤❡♦(❡♠ ✷✳✸✳✶ &♦ ❞❡❝♦♠♣♦2❡ Γn ✐♥&♦ Γn−1 ❛♥❞ Γn−2✳ ❚❤❡♥✱
♣(♦❝❡❡❞ &♦ ♠❡(❣❡ &❤❡ ❡❞❣❡2 &❤❛& ❧✐♥❦ &❤❡2❡ &✇♦ 2✉❜❣(❛♣❤2 ✐♥&♦ ❛ ✉♥✐C✉❡ ❡❞❣❡✳
✷✳✸✳ ❘❡❝✉'(✐✈❡ ❞❡❝♦♠♣♦(✐/✐♦♥( ✶✺
❚❤❡ '❡(✉❧/✐♥❣ ❣'❛♣❤ ✐( ✐(♦♠♦'♣❤✐❝ /♦ Γ1✳ ❆♣♣❧②✐♥❣ /❤✐( ♠❡/❤♦❞ ✐/❡'❛/✐✈❡❧② /♦
❡✈❡'② (✉❜❣'❛♣❤✱ ✇❡ ♦❜/❛✐♥ ❡❛❝❤ /✐♠❡✱ ❛ (✉❜❣'❛♣❤ ✐(♦♠♦'♣❤✐❝ /♦ Γk✳
▲❡/ (b1 b2 . . . bn) ∈ V (Γn) ❛♥❞ ❧❡/ (c1 c2 . . . ck) ❜❡ ❛ (/'✐♥❣ ♦❢ ❋✐❜♦♥❛❝❝✐ ♦❢
❧❡♥❣/❤ k ✇✐/❤ 1 ≤ k < n✳
▲❡/ Gn(c1 c2 . . . ck) ❜❡ /❤❡ (✉❜❣'❛♣❤ ♦❢ Γn ✐♥❞✉❝❡❞ ❜② /❤❡ (❡/ ♦❢ ✈❡'/✐❝❡(
{(b1 b2 · · · bn) | bi = ci; 1 ≤ i ≤ k}✳
❋♦' 1 ≤ k < n✱ ❧❡/ Fk ❜❡ /❤❡ (❡/ ♦❢ (/'✐♥❣( ♦❢ Γk✳
❚❤❡♥✱ Γn/k = (Vn/k, En/k)✱ ✐( ❝❛❧❧❡❞ /❤❡ ◗✉♦#✐❡♥# ❋✐❜♦♥❛❝❝✐ ❈✉❜❡✱ ✇❤❡'❡
✭✐✮ Vn/k = {Gn(c1 c2 . . . ck) ❢♦' ❡✈❡'② (c1 c2 . . . ck) ∈ Fk} ❛♥❞
✭✐✐✮ ❢♦' /✇♦ ❞✐✛❡'❡♥/ ✈❡'/✐❝❡( ♦❢ Vn/k✱ ♥❛♠❡❧② Gn(c1 c2 . . . ck) ❛♥❞ Gn(c
′
1 c
′
2
. . . c′k)✱ /❤❡ ❡❞❣❡ (Gn(c1 c2 . . . ck), Gn(c
′
1 c
′
2 . . . c
′
k)) ∈ En/k ✐❢ ❛♥❞ ♦♥❧②
✐❢ /❤❡'❡ ❡①✐(/( (v1, v2) ∈ E(Γn) (✉❝❤ /❤❛/ v1 ∈ Gn(c1 c2 . . . ck) ❛♥❞
v2 ∈ Gn(c
′
1 c
′
2 . . . c
′
k)✳
■♥ ♦/❤❡' ✇♦'❞(✱ ❛/ ❡❛❝❤ ✐/❡'❛/✐♦♥ k+1✱ ✇❡ ✇✐❧❧ ❞❡❝♦♠♣♦(❡ ❡❛❝❤ ✈❡'/❡① Gn(c1 c2
. . . ck) ✐♥/♦ /✇♦ ♥❡✇ ✈❡'/✐❝❡(✱ ✐✳❡✳ Gn(c1 c2 . . . ck 0) ❛♥❞ Gn(c1 c2 . . . ck 1) ✇❤❡♥
ck = 0✳ ❲❤❡♥❡✈❡' ck = 1✱ /❤❡♥ Gn(c1 c2 . . . ck−1 1) = Gn(c1 c2 . . . ck−1 1 0)✳
■♥ /❛❜❧❡ ✷✳✸✱ ✇❡ (❤♦✇ /❤❡ ✈❡'/✐❝❡( ♦❢ Γ5 ❞❡❝♦♠♣♦(❡❞ ✐♥/♦ /❤❡ (✉❜(❡/(
G5(c1 . . . ck) ❢♦' ❡✈❡'② (c1 . . . ck) ∈ Fk; 1 ≤ k < n ✳
k = 1 k = 2 k = 3 k = 4 V (Γ5)
G5(0)
G5(00)
G5(000)
G5(0000) (00000), (00001)
G5(0001) (00010)
G5(001) G5(0010) (00100), (00101)
G5(01) G5(010)
G5(0100) (01000), (01001)
G5(0101) (01010)
G5(1)
G5(10)
G5(100)
G5(1000) (10000), (10001)
G5(1001) (10010)
G5(101) G5(1010) (10100), (10101)
❚❛❜❧❡ ✷✳✸✿ V5/k
❋✐❣✉'❡ ✷✳✸ ✐❧❧✉(/'❛/❡( /❤❡ ◗✉♦/✐❡♥/ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ Γ5/k✳ ◆♦/❡ /❤❛/ ❢♦'
k = 1, 2, 3 ❛♥❞ 4✱ ❡❛❝❤ ◗✉♦/✐❡♥/ ❝✉❜❡ Γn/k ✐( ✐(♦♠♦'♣❤✐❝ /♦ Γk✳
❚❤❡♦$❡♠ ✷✳✸✳✹ ✭❬❍K▲✾✸❪✮✳ ❋♦, 1 ≤ k ≤ n− 1✱ #❤❡ ◗✉♦#✐❡♥# ❋✐❜♦♥❛❝❝✐ ❝✉❜❡
Γn/k ✐/ ✐/♦♠♦,♣❤✐❝ #♦ Γk✳
✶✻ ❈❤❛♣&❡( ✷✳ ❋✐❜♦♥❛❝❝✐ ❈✉❜❡
Γ4
Γ3
Γ2
Γ3
Γ3
Γ2
Γ2
Γ2
Γ1
Γ1
Γ1
Γ1
Γ1
Γ1
Γ1
Γ0
Γ0
Γ0
Γ4
Γ3
Γ3
Γ2
Γ2
Γ2
Γ5/1 ≃ Γ1 Γ5/2 ≃ Γ2 Γ5/4 ≃ Γ4Γ5/3 ≃ Γ3
❋✐❣✉(❡ ✷✳✸✿ ◗✉♦&✐❡♥& ❋✐❜♦♥❛❝❝✐ ❝✉❜❡6 Γ5/k✳
 !♦♦❢✳ ❇② ❈♦(♦❧❧❛(② ✷✳✸✳✷✱ V (Γn) = 0V (Γn−1) ⊎ 10V (Γn−2) ❈♦♥6✐❞❡( ❛❧❧ &❤❡
✈❡(&✐❝❡6 ♦❢ Γn−1 ❛6 ❛ 6✐♥❣❧❡ ♥♦❞❡ v1 ❛♥❞ &❤❡ ✈❡(&✐❝❡6 ♦❢ Γn−2 ❛6 ❛ 6✐♥❣❧❡ ♥♦❞❡
v2✳ ▲❡& &❤❡ |V (Γn−2)| ❡❞❣❡6 ❜❡&✇❡❡♥ Γn−1 ❛♥❞ Γn−2 ❜❡ ♠❡(❣❡❞ ✐♥&♦ ❛ 6✐♥❣❧❡
❡❞❣❡ (v1, v2)✳ ❚❤❡ (❡6✉❧&✐♥❣ ❣(❛♣❤ ✐6 ✐6♦♠♦(♣❤✐❝ &♦ Γn/1✳ ❲❡ ❛66✉♠❡ &❤❡♥✱ &❤❛&
Γn/K ≃ ΓK ✳
❲❡ ✇✐❧❧ ❝♦♥6✐❞❡( ΓK+1 ✇✐&❤ 2 ≤ (K + 1) ≤ (n− 1)✳
❆❣❛✐♥✱ ❜② ❈♦(♦❧❧❛(② ✷✳✸✳✷✱ V (ΓK+1) = 0V (ΓK) ⊎ 10V (ΓK−1)✳ ❇② ❤②♣♦&❤❡6✐6✱
Γn/K ≃ ΓK ❛♥❞ Γn/(K − 1) ≃ ΓK−1✳ ❚❤❡(❡❢♦(❡✱
✭✐✮ Vn/K = {Gn(c1 c2 . . . cK) ❢♦( ❡✈❡(② (c1 c2 . . . cK) ∈ FK}✱
✭✐✐✮ ❢♦( &✇♦ ❞✐✛❡(❡♥& ✈❡(&✐❝❡6 ♦❢ Vn/K✱ ♥❛♠❡❧② Gn(c1c2 . . . cK) ❛♥❞ Gn(c
′
1c
′
2
. . . c′K)✱ &❤❡ ❡❞❣❡ (Gn(c1c2 . . . cK), Gn(c
′
1c
′
2 . . . c
′
K)) ∈ En/K ✐❢ ❛♥❞ ♦♥❧②
✐❢ &❤❡(❡ ❡①✐6&6 (v1, v2) ∈ E(Γn) 6✉❝❤ &❤❛& v1 ∈ Gn(c1c2 . . . cK) ❛♥❞
v2 ∈ Gn(c
′
1c
′
2 . . . c
′
K) ❛♥❞
✭✐✬✮ Vn/(K − 1) = {Gn(c1 c2 . . . cK−1) ❢♦( ❡✈❡(② (c1 c2 . . . cK−1) ∈ FK−1}✱
✭✐✐✬✮ ❢♦( &✇♦ ❞✐✛❡(❡♥& ✈❡(&✐❝❡6 ♦❢ Vn/(K− 1)✱ ♥❛♠❡❧② Gn(c1c2 . . . cK−1) ❛♥❞
Gn(c
′
1c
′
2 . . . c
′
K−1)✱ &❤❡ ❡❞❣❡ (Gn(c1 c2 . . . cK−1), Gn(c
′
1 c
′
2 . . . c
′
K−1)) ∈ En/(K−
1) ✐❢ ❛♥❞ ♦♥❧② ✐❢ &❤❡(❡ ❡①✐6&6 (v1, v2) ∈ E(Γn) 6✉❝❤ &❤❛& v1 ∈ Gn(c1 c2 . . . cK−1)
❛♥❞ v2 ∈ Gn(c
′
1 c
′
2 . . . c
′
K−1)✳
❚❤✉6✱ Vn/K ⊎ Vn/(K−1) ❛♥❞ &❤❡ |V (ΓK−1)| ❡❞❣❡6 ❜❡&✇❡❡♥ ΓK ❛♥❞ ΓK−1
&♦❣❡&❤❡( ✇✐&❤ &❤❡ ❡❞❣❡6 ❞❡✜♥❡❞ ❜② (ii) ❛♥❞ (ii′) ❣✐✈❡ ✉6 Γn/(K + 1)✳ 
✷✳✹✳ ❖$❤❡' ($'✉❝$✉'❛❧ '❡(✉❧$( ✶✼
✷✳✹ ❖$❤❡' ($'✉❝$✉'❛❧ '❡(✉❧$(
▲❡$ G ❜❡ ❛ ❣'❛♣❤✳ ❚❤❡♥ ❛ ♠❡❞✐❛♥ ♦❢ ✈❡'$✐❝❡( u, v, w ✐( ❛ ✈❡'$❡① $❤❛$ (✐♠✉❧✲
$❛♥❡♦✉(❧② ❧✐❡( ♦♥ ❛ (❤♦'$❡($ (u, v)−♣❛$❤✱ ❛ (❤♦'$❡($ (u, w)−♣❛$❤ ❛♥❞ ❛ (❤♦'$❡($
(v, w)−♣❛$❤✳ ❆ ❝♦♥♥❡❝$❡❞ ❣'❛♣❤ ✐( ❝❛❧❧❡❞ ❛ ♠❡❞✐❛♥ ❣'❛♣❤ ✐❢ ❡✈❡'② $'✐♣❧❡$ ♦❢ ✐$(
✈❡'$✐❝❡( ❤❛( ❛ ✉♥✐@✉❡ ♠❡❞✐❛♥✳
❚❤❡♦$❡♠ ✷✳✹✳✶ ✭❬▼✉❧✼✽❪✮✳ ❆ ❣'❛♣❤ G ✐+ ❛ ♠❡❞✐❛♥ ❣'❛♣❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ G ✐+
❛ ❝♦♥♥❡❝1❡❞ ✐♥❞✉❝❡❞ +✉❜❣'❛♣❤ ♦❢ ❛♥ n−❝✉❜❡ +✉❝❤ 1❤❛1 ❛♥② 1❤'❡❡ ✈❡'1✐❝❡+ ♦❢ G✱
1❤❡✐' ♠❡❞✐❛♥ ✐♥ 1❤❡ n−❝✉❜❡ ✐+ ❛❧+♦ ❛ ✈❡'1❡① ♦❢ G✳
❆ (✉❜❣'❛♣❤ H ✐( ♠❡❞✐❛♥ ❝❧♦+❡❞ ✐❢✱ ✇✐$❤ ❛♥② $'✐♣❧❡$ ♦❢ ✈❡'$✐❝❡( ♦❢ H✱ $❤❡✐'
♠❡❞✐❛♥ ✐( ❛❧(♦ ✐♥ H✳ ❑❧❛✈➸❛' ♣'♦✈❡❞ ✐♥ ✷✵✵✺ $❤❛$ $❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ ✐( ❛
♠❡❞✐❛♥ ❝❧♦(❡❞ (✉❜❣'❛♣❤ ♦❢ $❤❡ n−❝✉❜❡✿
❚❤❡♦$❡♠ ✷✳✹✳✷ ✭❬❑❧❛✵✺❪✮✳ ❋♦' n ≥ 0✱ Γn ✐+ ❛ ♠❡❞✐❛♥ ❣'❛♣❤✳
*$♦♦❢✳ ▲❡$ u = (u1, u2, . . . un)✱ v = (v1, v2, . . . vn) ❛♥❞ w = (w1, w2, . . . wn)
❜❡ $❤'❡❡ ❛'❜✐$'❛'② ✈❡'$✐❝❡( ♦❢ Γn ❡♠❜❡❞❞❡❞ ✐♥$♦ Qn✳ ❚❤❡ ♠❡❞✐❛♥ ♦❢ ❛ $'✐♣❧❡$
✐♥ Qn ✐( ♦❜$❛✐♥❡❞ ❜② $❤❡ ♠❛❥♦'✐$② '✉❧❡✿ $❤❡ i
th
❝♦♦'❞✐♥❛$❡ ✐( ❡@✉❛❧ $♦ $❤❡
❡❧❡♠❡♥$ $❤❛$ ❛♣♣❡❛'( ❛$ ❧❡❛($ $✇✐❝❡ ❛♠♦♥❣ ui, vi ❛♥❞ wi✳ ❙✉♣♣♦(❡ $❤❛$ ❢♦'
(♦♠❡ i $❤❡ ♠❛❥♦'✐$✐❡( ♦❢ ui, vi, wi ❛♥❞ ui+1, vi+1, wi+1 ❛'❡ ❜♦$❤ 1✳ ❚❤❡♥ $❤❡'❡
❛'❡ $✇♦ ❝♦♥(❡❝✉$✐✈❡ ✶✬( ✐♥ ❛$ ❧❡❛($ ♦♥❡ ♦❢ $❤❡ ✈❡'$✐❝❡( ♦❢ u, v ♦' w✱ (❛② ui = ui+1
✇❤✐❝❤ ✐( ♥♦$ ♣♦((✐❜❧❡✳ ❚❤❡'❡❢♦'❡✱ $❤❡ ♠❡❞✐❛♥ ♦❢ u, v ❛♥❞ w ❞♦❡( ♥♦$ ❝♦♥$❛✐♥
$✇♦ ❝♦♥(❡❝✉$✐✈❡ ✶✬( ❛♥❞ ❤❡♥❝❡ ✐$ ✐( ❛ ✈❡'$❡① ♦❢ Γn✳ ❚❤✉( Γn ✐( ❛ ♠❡❞✐❛♥ ❝❧♦(❡❞
(✉❜❣'❛♣❤ ♦❢ Qn ❛♥❞ ❤❡♥❝❡ ❛ ♠❡❞✐❛♥ ❣'❛♣❤✳ 
❆❧(♦✱ ✐$ ✐( ♣'♦✈❡❞ ✐♥ ❬❑❧❛✵✺❪ $❤❡ ❢♦❧❧♦✇✐♥❣ ♣'♦♣♦(✐$✐♦♥ ❝♦♥❝❡'♥✐♥❣ $❤❡ ♥✉♠✲
❜❡' ♦❢ ❡❞❣❡( ♦❢ $❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡✿
*$♦♣♦-✐/✐♦♥ ✷✳✹✳✸✳ ❋♦' ❛♥② n ≥ 1✱
|E(Γn)| = Fn+1 +
n−2∑
i=1
FiFn+1−i.
*$♦♦❢✳ ❚❤❡ ❡@✉❛❧✐$② ❤♦❧❞( ❢♦' n = 1, 2✳ ▲❡$ n ≥ 3 ❛♥❞ ❛((✉♠❡ $❤❛$ ✐$ ❤♦❧❞( ❢♦'
❛❧❧ ✐♥❞✐❝❡( (♠❛❧❧❡' $❤❛♥ n✳ ❙✐♥❝❡ |E(Γn)| = |E(Γn−1)|+ |E(Γn−2)|+ |V (Γn−2)|
✶✽ ❈❤❛♣&❡( ✷✳ ❋✐❜♦♥❛❝❝✐ ❈✉❜❡
❛♥❞ |V (Γn−2)| = Fn✱ &❤❡♥
|E(Γn)| = (Fn +
n−3∑
i=1
FiFn−i) + (Fn−1 +
n−4∑
i=1
FiFn−1−i) + Fn
= Fn+1 +
n−4∑
i=1
Fi(Fn−i + Fn−1−i) + Fn−3F3 + Fn
= Fn+1 +
n−4∑
i=1
FiFn+1−i + 2Fn−3 + Fn−1 + Fn−2
= Fn+1 +
n−4∑
i=1
FiFn+1−i + 3Fn−3 + 2Fn−2
= Fn+1 +
n−4∑
i=1
FiFn+1−i + F4Fn−3 + F3Fn−2
= Fn+1 +
n−2∑
i=1
FiFn+1−i.

■♥ &❤❡ ♦&❤❡( ❤❛♥❞✱ ▼✉♥❛(✐♥✐✱ ❈✐♣♣♦ ❛♥❞ ❩❛❣❛❣❧✐❛ ❙❛❧✈✐ ❢♦✉♥❞ &❤❡ ♥❡①&
♣(♦♣♦=✐&✐♦♥✱ ❛❧=♦ ❝♦♥❝❡(♥✐♥❣ |E(Γn)|✿
 !♦♣♦$✐&✐♦♥ ✷✳✹✳✹ ✭❬▼❈❙✵✶❪✮✳ ❋♦" ❛♥② n ≥ 1✱
|E(Γn)| =
nFn+1 + 2(n+ 1)Fn
5
.
 !♦♦❢✳ ❚❤❡ ❡E✉❛❧✐&② ❤♦❧❞= ❢♦( n = 1, 2✳ ▲❡& n ≥ 3 ❛♥❞ ❛==✉♠❡ &❤❛& ✐& ❤♦❧❞=
✷✳✹✳ ❖$❤❡' ($'✉❝$✉'❛❧ '❡(✉❧$( ✶✾
❢♦' ❛❧❧ ✐♥❞✐❝❡( (♠❛❧❧❡' $❤❛♥ n✳ ❚❤❡♥
|E(Γn)| = |E(Γn−1)|+ |E(Γn−2)|+ |V (Γn−2)|
=
(n− 1)Fn + 2nFn−1
5
+
(n− 2)Fn−1 + 2(n− 1)Fn−2
5
+ Fn
=
(n+ 4)Fn + 2nFn−1 + (n− 2)Fn−1 + 2(n− 1)Fn−2
5
=
(n+ 4)Fn + nFn−1 + (2n− 2)Fn−1 + (2n− 2)Fn−2
5
=
(n+ 4)Fn + nFn−1 + (2n− 2)(Fn−1 + Fn−2)
5
=
(n+ 4)Fn + nFn−1 + (2n− 2)Fn
5
=
n(Fn + Fn−1) + (2n+ 2)Fn
5
=
nFn+1 + 2(n+ 1)Fn
5
.

■♥ ♠♦'❡ '❡❝❡♥$ ♣❛♣❡'(✱ ♦$❤❡' ❡♥✉♠❡'❛$✐✈❡ '❡(✉❧$( ❤❛✈❡ ❜❡❡♥ ♦❜$❛✐♥❡❞ (✉❝❤
❛( $❤❡ ❢♦❧❧♦✇✐♥❣ ❞✉❡ $♦ ❑❧❛✈➸❛'✱ ▼♦❧❧❛'❞ ❛♥❞ @❡$❦♦✈➨❡❦ ❝♦♥❝❡'♥✐♥❣ $❤❡ ♥✉♠❜❡'
♦❢ ✈❡'$✐❝❡( ♦❢ ❛ ❣✐✈❡♥ ❞❡❣'❡❡ ✐♥ ❬❑▼@✶✶❪✳
▲❡$ fn,k ❞❡♥♦$❡ $❤❡ ♥✉♠❜❡' ♦❢ ✈❡'$✐❝❡( ♦❢ Γn ❤❛✈✐♥❣ ❞❡❣'❡❡ k✳
❚❤❡♦$❡♠ ✷✳✹✳✺ ✭❬❑▼@✶✶❪✮✳ ❋♦" ❛❧❧ n ≥ k ≥ 0✱
fn,k =
k∑
i=0
(
n− 2i
k − i
)(
i+ 1
n− k − i+ 1
)
.
▲❡$ fn,k,w ❜❡ $❤❡ ♥✉♠❜❡' ♦❢ ✈❡'$✐❝❡( ✐♥ Γn ❤❛✈✐♥❣ ❞❡❣'❡❡ k ❛♥❞ ✇❡✐❣❤$ w✱
✇❤❡'❡ $❤❡ ✇❡✐❣❤+ ♦❢ ❛ ($'✐♥❣ u ✐( $❤❡ ♥✉♠❜❡' ♦❢ ✶✬( ✐♥ u✳
❚❤❡♦$❡♠ ✷✳✹✳✻ ✭❬❑▼@✶✶❪✮✳ ❋♦" ❛❧❧ ✐♥+❡❣❡"- k, n, w ✇✐+❤ k, w ≤ n✱
fn,k,w =
(
w + 1
n− w − k + 1
)(
n− 2w
k − w
)
.
■♥$'♦❞✉❝❡❞ ✐♥ ❬❇❑✈✵✸❪✱ $❤❡ ❝✉❜❡ ♣♦❧②♥♦♠✐❛❧
C(G, x) =
∑
n≥0
cn(G)x
n
♦❢ ❛ ❣'❛♣❤ G ✐( $❤❡ ❝♦✉♥$✐♥❣ ♣♦❧②♥♦♠✐❛❧ ❢♦' $❤❡ ♥✉♠❜❡' ♦❢ ✐♥❞✉❝❡❞ (✉❜❣'❛♣❤(
✐(♦♠♦'♣❤✐❝ $♦ Qn✳ ■♥ ❬❑▼✶✷❛❪✱ ❑❧❛✈➸❛' ❛♥❞ ▼♦❧❧❛'❞ (❤♦✇❡❞ $❤❡ ❢♦❧❧♦✇✐♥❣
✷✵ ❈❤❛♣&❡( ✷✳ ❋✐❜♦♥❛❝❝✐ ❈✉❜❡
❚❤❡♦$❡♠ ✷✳✹✳✼ ✭❬❑▼✶✷❛❪✮✳ ❋♦" ❛♥② n ≥ 0✱ C(Γn, x) ✐( ♦❢ ❞❡❣"❡❡ ⌊
n+1
2
⌋ ❛♥❞
C(Γn, x) =
⌊n+1
2
⌋∑
a=0
(
n− a+ 1
a
)
(1 + x)a.
❈♦$♦❧❧❛$② ✷✳✹✳✽✳ ❋♦" ❛♥② n ≥ 0✱ -❤❡ ♥✉♠❜❡" ♦❢ ✐♥❞✉❝❡❞ Qk, k ≥ 0 ✐♥ Γn ✐(
ck =
⌊n+1
2
⌋∑
i=k
(
n− i+ 1
i
)(
i
k
)
.
▼♦❧❧❛(❞ ❞❡&❡(♠✐♥❡❞ ✐♥ ❬▼♦❧✶✶❪✱ &❤❡ ♥✉♠❜❡( ♦❢ ♠❛①✐♠❛❧ ✐♥❞✉❝❡❞ ❤②♣❡(✲
❝✉❜❡@ Qk ✐♥ Γn✱ &❤❛& ✐@✱
❚❤❡♦$❡♠ ✷✳✹✳✾ ✭❬▼♦❧✶✶❪✮✳ ❋♦" ❛♥② k ≥ 1✱ !❤❡ ♥✉♠❜❡( ♦❢ ♠❛①✐♠❛❧ ❤②♣❡(❝✉❜❡2
♦❢ ❞✐♠❡♥2✐♦♥ k ✐♥ Γn ✐2 ❡4✉❛❧ !♦(
k + 1
n− 2k + 1
)
.
❋✐❜♦♥❛❝❝✐ ❝✉❜❡) ✇❡+❡ ✐♥,+♦❞✉❝❡❞ ❛) ✐♥,❡+❝♦♥♥❡❝,✐♦♥ ♥❡,✇♦+❦) ❛♥❞ ✇❡+❡
❧❛,❡+ ),✉❞✐❡❞ ❢+♦♠ ♦,❤❡+ ♣♦✐♥,) ♦❢ ✈✐❡✇✳ ■♥ ♣❛+,✐❝✉❧❛+✱ )♦♠❡ ❛♣♣❧✐❝❛,✐♦♥) ✐♥
❝❤❡♠✐),+② ❤❛✈❡ ❜❡❡♥ ❛))♦❝✐❛,❡❞ ,♦ ,❤❡)❡ ❝✉❜❡)✳ ❚❤❡ ❲✐❡♥❡( ✐♥❞❡① ♦❢ ❛ ❣+❛♣❤
✐) ❛ ✈❡+② ),✉❞✐❡❞ ✐♥✈❛+✐❛♥, ✐♥ ♠❛,❤❡♠❛,✐❝❛❧ ❝❤❡♠✐),+②✳ ❙❡❡ ❬❑❧❛❪✳ ❆♥ ❡@✉✐✈❛❧❡♥,
❛♣♣+♦❛❝❤ ✐) ,♦ ),✉❞② ,❤❡ ❛✈❡+❛❣❡ ❞✐),❛♥❝❡ ♦❢ ❛ ❣+❛♣❤✳ ❑❧❛✈➸❛+ ❛♥❞ ▼♦❧❧❛+❞
♦❜,❛✐♥❡❞ ,❤✐) ✐♥❞❡① ✐♥ ,❡+♠) ♦❢ ,❤❡ ❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡+) ✐♥ ❬❑▼✶✷❜❪✳
✷✳✺ ❘❡❧❛'❡❞ ●*❛♣❤-
❲❡ ✇✐❧❧ ♣+❡)❡♥, ❛ ✈❛+✐❛♥, ❛♥❞ ,✇♦ ❣❡♥❡+❛❧✐③❛,✐♦♥) ♦❢ ,❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡
✐♥ ,❤✐) )❡❝,✐♦♥✳ ❚❤❡ ❢♦+♠❡+✱ ♥❛♠❡❧②✱ ,❤❡ ▲✉❝❛) ❝✉❜❡ ✐) ♦❜,❛✐♥❡❞ ❜② +❡♠♦✈✐♥❣
❛❧❧ ,❤❡ ),+✐♥❣) ,❤❛, ❜❡❣✐♥ ❛♥❞ ❡♥❞ ✇✐,❤ ✶ ❢+♦♠ ,❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ ✇❤✐❝❤ ❧❡❛❞
✉) ,♦ ❛ ♠♦+❡ )②♠♠❡,+✐❝ ❣+❛♣❤✳ ❚❤❡+❡❢♦+❡✱ ,❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ ,❤❡ ▲✉❝❛) ❝✉❜❡)
❛+❡ ❢+❡@✉❡♥,❧② ),✉❞✐❡❞ ,♦❣❡,❤❡+ ❛) ✇❡ ✇✐❧❧ ❜❡ ❞♦✐♥❣ ✐♥ )♦♠❡ ♦❢ ,❤❡ ❢♦❧❧♦✇✐♥❣
❝❤❛♣,❡+)✳ ❚❤❡ ❧❛,,❡+ ♦♥❡) ✉♥✐❢② ♦,❤❡+ ✐♥,❡+❝♦♥♥❡❝,✐♦♥ ,♦♣♦❧♦❣✐❡) ❛) ,❤❡ ❍②♣❡+✲
❝✉❜❡ Qn ❛♥❞ ,❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ Γn ❛♠♦♥❣ ♦,❤❡+)✳ ❋♦+ ❢✉+,❤❡+ ✈❛+✐❛,✐♦♥) ♦❢
,❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ ♣+♦♣♦)❡❞ ✐♥ ❧✐,❡+❛,✉+❡✱ ✇❡ +❡❢❡+ ,♦ ❬❑❧❛❪✳
✷✳✺✳✶ ▲✉❝❛( ❝✉❜❡(
■♥,+♦❞✉❝❡❞ ❜② ❊✳ ▼✉♥❛+✐♥✐✱ ❈✳ M✳ ❈✐♣♣♦ ❛♥❞ ◆✳ ❩❛❣❛❣❧✐❛ ✐♥ ❬▼❈❙✵✶❪✱ ,❤❡
▲✉❝❛) ❝✉❜❡ ✐) ❛ )✉❜❣+❛♣❤ ♦❢ ,❤❡ n✲❝✉❜❡ ,❤❛, ❤❛) ❛❧)♦ ❛,,+❛❝,✐✈❡ ♣+♦♣❡+,✐❡) ❛)
✷✳✺✳ ❘❡❧❛'❡❞ ●*❛♣❤- ✷✶
✐'- *❡❝✉*-✐✈❡ ❞❡❝♦♠♣♦-✐'✐♦♥- ✐♥'♦ '✇♦ ❞✐-❥♦✐♥' -✉❜❣*❛♣❤- ✇❤✐❝❤ ❛*❡ ✐-♦♠♦*♣❤✐❝
'♦ Γn−1 ❛♥❞ Γn−3✳
❆ ❋✐❜♦♥❛❝❝✐ -'*✐♥❣ ♦❢ ❧❡♥❣'❤ n ✐- ❛ ▲✉❝❛$ $%&✐♥❣ ✐❢ b1 · bn 6= 1✳ ❚❤❛' ✐-✱
❛ ▲✉❝❛- -'*✐♥❣ ❤❛- ♥♦ '✇♦ ❝♦♥-❡❝✉'✐✈❡ ✶✬- ✐♥❝❧✉❞✐♥❣ '❤❡ ✜*-' ❛♥❞ '❤❡ ❧❛-'
❡❧❡♠❡♥' ♦❢ '❤❡ -'*✐♥❣✳ ❚❤❡ ▲✉❝❛$ ❝✉❜❡ Λn ✐- '❤❡ ❣*❛♣❤ ✐♥❞✉❝❡❞ ❜② '❤❡ ▲✉❝❛-
-'*✐♥❣- ♦❢ ❧❡♥❣'❤ n ✇❤❡*❡ '✇♦ -'*✐♥❣- ❛*❡ ❛❞❥❛❝❡♥' ✐❢ '❤❡② ❞✐✛❡* ✐♥ ♦♥❡ ♣♦-✐'✐♦♥✳
❈♦♥-✐❞❡*✐♥❣ '❤❡ ❡♠♣'② -'*✐♥❣✱ ✇❡ ❤❛✈❡ '❤❛' Λ0 = K1✳ ❋✉*'❤❡*♠♦*❡✱ Λ1 = K1✳
❚❤❡ nth ▲✉❝❛- ♥✉♠❜❡*✱ Ln ✐- ❞❡✜♥❡❞ ❛- L0 = 2, L1 = 1 ❛♥❞ Ln = Ln−1 +
Ln−2 ❢♦* n ≥ 2✳
❆- ❢♦* '❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡✱ ✇❤❡*❡ |V (Γn)| ✐- Fn+2✱ '❤❡ (n + 2)
th
❋✐❜♦♥❛❝❝✐
♥✉♠❜❡*❀ '❤❡ ♥✉♠❜❡* ♦❢ ✈❡*'✐❝❡- ♦❢ '❤❡ ▲✉❝❛- ❝✉❜❡✱ |V (Λn)| ✐- Ln ❢♦* n ≥ 1✳
 !♦♣♦$✐&✐♦♥ ✷✳✺✳✶✳ ❚❤❡ ❣❡♥❡&❛%✐♥❣ ❢✉♥❝%✐♦♥ ♦❢ |V (Λn)| ✐$
l(x) =
∑
n≥0
|V (Λn)| x
n =
1 + x2
1− x− x2
.
 !♦♦❢✳
l(x) =
∑
n≥1
Ln x
n + 1
= 1 + x+ 3x2 +
∑
n≥3
Ln x
n
= 1 + x+ 3x2 +
∑
n≥3
(Ln−1 + Ln−2) x
n
= 1 + x+ 3x2 + x
(∑
n≥3
Ln−1 x
n−1
)
+ x2
(∑
n≥3
Ln−2 x
n−2
)
= 1 + x+ 3x2 + x (l(x)− x− 1) + x2 (l(x)− 1)
= 1 + x2 + x l(x) + x2 l(x)
❚❤✉-✱
l(x)(1− x− x2) = 1 + x2.

■♥ ✜❣✉*❡ ✷✳✹✱ ✇❡ -❤♦✇ '❤❡ ▲✉❝❛- ❝✉❜❡- Λ3,Λ4 ❛♥❞ Λ5 ❛- '❤❡ -✉❜❣*❛♣❤- ♦❢
Qn ✐♥❞✉❝❡❞ ❜② '❤❡ ▲✉❝❛- -'*✐♥❣- ♦❢ ❧❡♥❣'❤ n = 3, 4 ❛♥❞ 5✳
✷✳✺✳✷ ❋✐❜♦♥❛❝❝✐ ✭♣✱-✮✲❝✉❜❡2
❋♦* ♣♦-✐'✐✈❡ ✐♥'❡❣❡*- p, r ≤ n✱ ✇❡ ❞❡✜♥❡ '❤❡ ❋✐❜♦♥❛❝❝✐ ✭♣✱&✮✲$%&✐♥❣ ♦❢ ❧❡♥❣'❤
n ❛- '❤❡ ❜✐♥❛*② -'*✐♥❣ ♦❢ ❧❡♥❣'❤ n ✐♥ ✇❤✐❝❤ '❤❡*❡ ❛*❡ ❛' ♠♦-' r ❝♦♥-❡❝✉'✐✈❡
✷✷ ❈❤❛♣%❡' ✷✳ ❋✐❜♦♥❛❝❝✐ ❈✉❜❡
001
000
010
100
Λ3
0001
0000
0010
0101
01001000
1010
Λ4
00001
00000
00010
00101
00100
01001
01000
01010
10000
10010
10100
Λ5
❋✐❣✉'❡ ✷✳✹✿ Λ3✱ Λ4 ❛♥❞ Λ5
✶✬7✱ ❛♥❞ ❛% ❧❡❛7% p ❝♦♥7❡❝✉%✐✈❡ ✵✬7 ❜❡%✇❡❡♥ %✇♦ 7✉❜7%'✐♥❣7 ♦❢ ✭❛% ♠♦7% r✮
❝♦♥7❡❝✉%✐✈❡ ✶✬7✳ ❚❤❡ ❋✐❜♦♥❛❝❝✐ ✭♣✱*✮✲❝✉❜❡✱ ❞❡♥♦%❡❞ Γ
(p,r)
n ✱ ✐7 %❤❡ ❣'❛♣❤ ✐♥❞✉❝❡❞
❜② %❤❡ ❋✐❜♦♥❛❝❝✐ ✭♣✱'✮✲7%'✐♥❣7 ♦❢ ❧❡♥❣%❤ n✳ ❆❧7♦✱ %✇♦ ❛❞❥❛❝❡♥% 7%'✐♥❣7 ❞✐✛❡'
✐♥ ♦♥❡ ♣♦7✐%✐♦♥✳ ❚❤✐7 ❣❡♥❡'❛❧✐③❛%✐♦♥ ✇❛7 ✐♥%'♦❞✉❝❡❞ ❜② ❑❛'❡♥ ❊❣✐❛③❛'✐❛♥ ❛♥❞
❏❛❛❦❦♦ ❆7%♦❧❛ ✐♥ ❬❊❆✾✼❪ ❛♥❞ ❝♦♥%❛✐♥7 %❤❡ ❍②♣❡'❝✉❜❡ ❛♥❞ %❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡
❛7 7✉❜❣'❛♣❤7 7✐♥❝❡ Γ
(1,n)
n = Qn ❛♥❞ Γ
(1,1)
n = Γn✳
✷✳✺✳✸ ●❡♥❡'❛❧✐③❡❞ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡2
❱❡'② '❡❝❡♥%❧②✱ ❆❧❡❦7❛♥❞❛' ■❧✐↔✱ ❙❛♥❞✐ ❑❧❛✈➸❛' ❛♥❞ ❨♦♦♠✐ ❘❤♦✱ ✐♥%'♦❞✉❝❡❞
✐♥ ❬■❑❘✶✷❪ %❤❡ ●❡♥❡'❛❧✐③❡❞ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ Qn(f)✱ ❛7 %❤❡ ❣'❛♣❤ ♦❜%❛✐♥❡❞ ❢'♦♠
'❡♠♦✈✐♥❣ ❛❧❧ %❤❡ ✈❡'%✐❝❡7 ❝♦♥%❛✐♥✐♥❣ ❛ ❣✐✈❡♥ ❜✐♥❛'② 7%'✐♥❣ f ❛7 ❛ 7✉❜7%'✐♥❣ ❢'♦♠
%❤❡ ❍②♣❡'❝✉❜❡✳ ◆♦%✐❝❡ %❤❛% Qn(11) = Γn✳ ❚❤❡ ❛✉%❤♦'7 7%✉❞② %❤❡ Y✉❡7%✐♦♥
♦❢ ✇❤✐❝❤ ❣'❛♣❤7 ♦❢ Qn(f) ❛'❡ ❡♠❜❡❞❞❛❜❧❡ ✐♥%♦ Qn✱ ♣'♦♣♦7✐♥❣ ❛❧7♦ 7❡✈❡'❛❧
♣'♦❜❧❡♠7 ❛♥❞ ❝♦♥❥❡❝%✉'❡7 ❛'♦✉♥❞ %❤❡ ●❡♥❡'❛❧✐③❡❞ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡7✱ ♦♣❡♥✐♥❣
%❤❡♠ ❢♦' ❢✉'%❤❡' ✐♥✈❡7%✐❣❛%✐♦♥✳
✷✳✺✳ ❘❡❧❛'❡❞ ●*❛♣❤- ✷✸
❆❧-♦ ✉-✐♥❣ '❤✐- '❡*♠✱ ❏✳ ▲✐✉✱ ❲✳✲❏✳ ❍-✉ ❛♥❞ ▼✳ ❏✳ ❈❤✉♥❣ ❞❡✜♥❡❞ ♣*❡✈✐♦✉-❧②
✐♥ ❬▲❍❈✾✹❪✱ '❤❡ ❣*❛♣❤- Qn(1
s)✱ ✇❤❡*❡ 1s ✐- '❤❡ -'*✐♥❣ ♦❢ s ❝♦♥-❡❝✉'✐✈❡ ✶✬-✳ ◆♦'❡
'❤❛' Qn(1
s) ✐- ✐♥❝❧✉❞❡❞ ✐♥ '❤❡ ●❋❈ ❞❡✜♥❡❞ ❜② ■❧✐↔✱ ❑❧❛✈➸❛* ❛♥❞ ❘❤♦✳

❈❤❛♣$❡& ✸
❍❛♠✐❧%♦♥✐❝✐%②
✸✳✶ ❍❛♠✐❧(♦♥✐❝✐(② ✐♥ (❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡2
❆ ❣"❛♣❤ G ✐' ❝❛❧❧❡❞ ♣❛♥❝②❝❧✐❝ ✐❢ ✐- ❝♦♥-❛✐♥' ❛ ❝②❝❧❡ ♦❢ ❡✈❡"② ❧❡♥❣-❤ ❢"♦♠ 3 -♦
|V (G)|✳ ❆ "❡'-"✐❝-✐♦♥ ♦❢ -❤❡ ❝♦♥❝❡♣- ♦❢ ♣❛♥❝②❝❧✐❝✐-② ✇❛' ♣"♦♣♦'❡❞ ❢♦" ❜✐♣❛"-✐-❡
❣"❛♣❤' ✇❤♦'❡ ❝②❝❧❡' ❛"❡ ♥❡❝❡''❛"✐❧② ♦❢ ❡✈❡♥ ❧❡♥❣-❤✳ ❚❤❡"❡❢♦"❡✱ ❛ ❜✐♣❛"-✐-❡ ❣"❛♣❤
G ✐' ❝❛❧❧❡❞ ❜✐♣❛♥❝②❝❧✐❝ ✐❢ ✐- ❝♦♥-❛✐♥' ❛ ❝②❝❧❡ ♦❢ ❡✈❡"② ❡✈❡♥ ❧❡♥❣❤- ❢"♦♠ 4 -♦
|V (G)|✳
❙✐♥❝❡ Γn ✐' ❜✐♣❛"-✐-❡✱ ✐- ❝❛♥ ❤❛✈❡ ❛ ❍❛♠✐❧-♦♥✐❛♥ ❝②❝❧❡ ♦♥❧② ✐❢ ✐- ❤❛' ❛♥ ❡✈❡♥
♥✉♠❜❡" ♦❢ ✈❡"-✐❝❡'✳ ❚❤✉' |V (Γn)| = Fn+2 ♠✉'- ❜❡ ❡✈❡♥ ❛♥❞ ❤❡♥❝❡ n = 3k + 1
❢♦" '♦♠❡ k ≥ 0✳ ❚❤✉' ✇❡ ❤❛✈❡ -❤❡ ♥❡①- ♣"♦♣♦'✐-✐♦♥ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ♣"♦✈❡♥ ❜❡❧♦✇✿
 !♦♣♦$✐&✐♦♥ ✸✳✶✳✶✳ ❋♦* n ≥ 0, |V (Γn)| ✐+ ❡✈❡♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ n ≡ 1(mod 3)✳
■♥ ♦-❤❡" ✇♦"❞'✱ Γn ❝❛♥ ❤❛✈❡ ❛ ❍❛♠✐❧-♦♥✐❛♥ ❝②❝❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ n ≡
1(mod 3)✳
❲❡ ✇✐❧❧ '❤♦✇ ✐♥ ❚❤❡♦"❡♠ ✸✳✶✳✺ -❤❛- ✇❤❡♥ -❤❡ ♦"❞❡" ♦❢ Γn ✐' ❡✈❡♥✱ -❤❡♥ ✐- ✐'
❜✐♣❛♥❝②❝❧✐❝✳ ❖-❤❡"✇✐'❡✱ -❤❡ ❣"❛♣❤ ❝♦♥-❛✐♥' ❝②❝❧❡' ♦❢ ❡✈❡♥ ❧❡♥❣-❤' ❢"♦♠ 4 -♦
|V (Γn)| − 1✳
❆ ✇❛❧❦ ✐♥ ❛ ❣"❛♣❤ G ✐' ❛ '❡C✉❡♥❝❡ ♦❢ ✈❡"-✐❝❡' W = (w1, w2, . . . , wk) '✉❝❤
-❤❛- ❢♦" j = 1, 2, . . . , k− 1✱ -❤❡ ✈❡"-✐❝❡' vj ❛♥❞ vj+1 ❛"❡ ❛❞❥❛❝❡♥-✳ ❲❡ '❛② -❤❛-
W ✐' ❛ ♣❛3❤ ✐❢ ✐- ❞♦❡'♥✬- ❤❛✈❡ "❡♣❡❛-❡❞ ✈❡"-✐❝❡'✳
❋♦" n ≥ 1✱ ✇❡ ✇✐❧❧ ❞❡♥♦-❡ ❛ ♣❛-❤ ✇❤♦'❡ '-"✐♥❣' ❤❛✈❡ ❧❡♥❣-❤ n ❜② Tn =
(tn1 , t
n
2 , . . . , t
n
k) ❛♥❞ ❜② T
R
n -❤❡ "❡✈❡"'❡❞ '❡C✉❡♥❝❡ ♦❢ Tn✳ ❙-"✐❝-❧② '♣❡❛❦✐♥❣✱ T
R
n =
(tn1 , t
n
2 , . . . , t
n
k)
R = (tnk , t
n
k−1 . . . , t
n
1 )✳
▲❡- T
′
n, T
′′
n ❜❡ -❤❡ ❝♦♥❝❛-❡♥❛-✐♦♥ ♦❢ -✇♦ ♣❛-❤'✳
❚❤❡♦!❡♠ ✸✳✶✳✷ ✭❬▲❍❈✾✹❪✮✳ ❋♦* n ≥ 0, Γn ❝♦♥3❛✐♥+ ❛ ❍❛♠✐❧3♦♥✐❛♥ ♣❛3❤✳
 !♦♦❢✳ ❈♦♥'✐❞❡" Pn = (p
n
1 , p
n
2 , . . . , p
n
|V (Γn)|
)✱ -❤❡ '❡C✉❡♥❝❡ ♦❢ '-"✐♥❣' ♦❢ ❧❡♥❣-❤
n✱ ❞❡✜♥❡❞ ❜② Pn = 0P
R
n−1, 10P
R
n−2 ❢♦" n ≥ 2 ✇✐-❤ P0 = -❤❡ ❡♠♣-② '-"✐♥❣ ❛♥❞
P1 = (0, 1)✳
❲❡ ✇✐❧❧ ♣"♦✈❡ ❜② ✐♥❞✉❝-✐♦♥ -❤❛- Pn ✐' ❛ ❍❛♠✐❧-♦♥✐❛♥ ♣❛-❤ ♦❢ Γn ❛♥❞ -❤❛-
pn1 = 010 p
n−3
1 ❢♦" ❡✈❡"② n ≥ 3✳
✷✺
✷✻ ❈❤❛♣&❡( ✸✳ ❍❛♠✐❧&♦♥✐❝✐&②
◆♦&✐❝❡ &❤❛& ❢♦( n = 3✱ &❤❡ ♣(♦♣❡(&② ✐6 &(✉❡ 6✐♥❝❡ P2 = (01, 00, 10) ❛♥❞
p31 = 0 p
3
2 = 010✳ ❚❤✉6 P3 = 0P
R
2 , 10P
R
1 = (010, 000, 001, 101, 100) ✐6 ❛
❍❛♠✐❧&♦♥✐❛♥ ♣❛&❤ ✐♥ Γ3✳
▲❡& ✉6 ❛66✉♠❡ &❤❡♥ &❤❛& &❤❡ 6&❛&❡♠❡♥& ✐6 &(✉❡ ❢♦( ✈❛❧✉❡6 ✉♣ &♦ N ≥ 3✳
❈♦♥6✐❞❡( PN+1✱ ✇❤✐❝❤ ❜② ❚❤❡♦(❡♠ ✷✳✸✳✶✱ ❤❛6 ❡①❛❝&❧② |V (ΓN+1)| ✈❡(&✐❝❡6✳ ◆♦✲
&✐❝❡ ❛❧6♦ &❤❛& PN+1 ❝❛♥ ❜❡ ❞❡❝♦♠♣♦6❡❞ ✐♥ &❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿
PN+1 = 0P
R
N , 10P
R
N−1
= 0PRN , 10 (0P
R
N−2, 10P
R
N−3)
R)
= 0PRN , (1010PN−3, 100PN−2).
❙✐♥❝❡ ❢♦( ❡✈❡(② N ≥ 3, pN1 = 010 p
N−3
1 ✱ &❤❡♥
PN+1 = (0 p
N
|V (ΓN )|
, . . . , 0010 pN−31 ), (1010 p
N−3
1 , . . . , 100 p
N−2
|V (ΓN−2)|
)
✐6 ❛ ❍❛♠✐❧&♦♥✐❛♥ ♣❛&❤ ♦❢ Γn ❛♥❞
pN+11 = 010 (p
N−2
|V (ΓN−2)|
) = 0 pN|V (ΓN )| = 010 p
N−2
1
✳ 
❆♥♦&❤❡( ♣(♦♦❢ ❢♦( &❤✐6 &❤❡♦(❡♠ ❝❛♥ ❜❡ 6❡❡♥ ✐♥ ❬❱❛❥✵✶❪✱ ✇❤❡(❡ &❤❡ ❛✉&❤♦(
❝♦♥6&(✉❝&6 ❛ ●(❛② ❝♦❞❡ ❢♦( Γn✳
◆♦&✐❝❡ &❤❛& ❢(♦♠ ❈♦(♦❧❧❛(② ✷✳✸✳✷✱ ✇❤❡♥ n ≥ 3✱
V (Γn) = 0V (Γn−1) ⊎ 10V (Γn−2)
= 00V (Γn−2) ⊎ 010V (Γn−3) ⊎ 10V (Γn−2).
❚❤✉6 Γn ❝❛♥ ❜❡ ❞❡❝♦♠♣♦6❡❞ ✐♥ &✇♦ ❞✐6❥♦✐♥& 6✉❜(❛♣❤6 ✐6♦♠♦(♣❤✐❝ &♦ Γn−2 ❛♥❞
♦♥❡ 6✉❜(❛♣❤ ✐6♦♠♦(♣❤✐❝ &♦ Γn−3✳
▲❡& ✉6 6✉♣♣♦6❡ &❤❛& |V (Γn)| ✐6 ❡✈❡♥✱ &❤❡♥ |V (Γn−3)| ♠✉6& ❜❡ ❡✈❡♥ ❜❡❝❛✉6❡
2|V (Γn−2)| ✐6 ❡✈❡♥✳ ❈♦♥6❡K✉❡♥&❧②✱ ✐❢ |V (Γn)| ✐6 ♦❞❞✱ &❤❡♥ |V (Γn−3)| ✐6 ♦❞❞ ❛♥❞
❤❡♥❝❡ ✇❡ ❤❛✈❡ &❤❡ ♥❡①& ♣(♦♣♦6✐&✐♦♥ ✇❤✐❝❤ ✇✐❧❧ ❜❡ ♣(♦✈❡♥ ❜❡❧♦✇✿
 !♦♣♦$✐&✐♦♥ ✸✳✶✳✸✳ ❋♦" ❡✈❡"② n ≥ 3✱ |V (Γn)| ❛♥❞ |V (Γn−3)| ❤❛✈❡ +❤❡ ,❛♠❡
♣❛"✐+②✳
❈♦!♦❧❧❛!② ✸✳✶✳✹✳ ❋♦" n ≥ 0, |V (Γn)| ✐, ❡✈❡♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ n ≡ 1(mod 3)✳
 !♦♦❢✳ |V (Γ1)| ✐6 ❡✈❡♥✱ |V (Γ0)| ❛♥❞ |V (Γ2)| ❛(❡ ♦❞❞✳ ❚❤✉6 ❜② ❝♦♥6&(✉❝&✐♦♥
❛♥❞ ✉6✐♥❣ &❤❡ ♣(❡✈✐♦✉6 ♣(♦♣♦6✐&✐♦♥✱ ❢♦( ❡✈❡(② n ≡ 1(mod 3), |V (Γn)| ✐6 ❡✈❡♥✳

✸✳✶✳ ❍❛♠✐❧(♦♥✐❝✐(② ✐♥ (❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡2 ✷✼
❚❤❡♦$❡♠ ✸✳✶✳✺ ✭❬▲❍❈✾✹❪✮✳ ❋♦" n ≥ 3✱ ❛♥❞ ❡✈❡♥ l ✇✐+❤ 4 ≤ l ≤ |V (Γn)|✱ ❛
❝②❝❧❡ ♦❢ ❧❡♥❣+❤ l ❝❛♥ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥ Γn✳
*$♦♦❢✳ ▲❡( ✉2 ❞❡✜♥❡ S0✱ ❛2 (❤❡ 2✉❜❣A❛♣❤ ✐♥❞✉❝❡❞ ❜② (❤❡ ♥♦❞❡2 0V (Γn−1) ❛♥❞
S1✱ (❤❡ 2✉❜❣A❛♣❤ ✐♥❞✉❝❡❞ ❜② (❤❡ ♥♦❞❡2 1 (V (Γn−1) \ 10V (Γn−3))✳
S0 ✐2 ✐2♦♠♦A♣❤✐❝ (♦ Γn−1 ❛♥❞ S1 ✐2 ✐2♦♠♦A♣❤✐❝ (♦ ❛ ❣A❛♣❤ ♦❜(❛✐♥❡❞ ❜② A❡♠♦✈✐♥❣
Γn−3 ❢A♦♠ Γn−1✱ ✐✳❡✳ S1 ✐2 ✐2♦♠♦A♣❤✐❝ (♦ Γn−2✳
❇② ❚❤❡♦A❡♠ ✸✳✶✳✷✱ S0 ❤❛2 ❛ ❍❛♠✐❧(♦♥✐❛♥ ♣❛(❤ Pn−1✳ ◆♦(✐❝❡ (❤❛( ❜② ❞❡✜♥✐(✐♦♥
♦❢ Pn−1✱ (❤❡A❡ ❡①✐2(2 (❤❡ ❍❛♠✐❧(♦♥✐❛♥ ♣❛(❤ 0P
R
n−2 = Pn−1 \ 10V (Γn−3) ✐♥ S1✳
▲❡( L0 ❜❡ ❢♦A♠❡❞ ❜② 0P
R
n−1 = 0(0P
R
n−2, 10P
R
n−3)
R = 01(0Pn−3), 00(Pn−2)✳
❚❤❡♥ ✉2✐♥❣ (❤❡ ❢❛❝( (❤❛( 0 pn|V (Γn)| = p
n+1
1 ✱ ✇❡ ❤❛✈❡✿
L0 = 01(0 p
n−3
1 , . . . 0 p
n−3
|V (Γn−3)|
), 00(0 pn−3|V (Γn−3)| = p
n−2
1 , . . . p
n−2
|V (Γn−2)|
)✳
❲❡ ❝❛♥ ❞❡❝♦♠♣♦2❡ L0 ✐♥ L01 ❛♥❞ L00✳ ❚❤❡ ❢♦A♠❡A ✐2 ❛ ❍❛♠✐❧(♦♥✐❛♥ ♣❛(❤ ✐♥
Γn−1 \ 00V (Γn−2) ❛♥❞ (❤❡ ❧❛((❡A ✐2 ❛ ❍❛♠✐❧(♦♥✐❛♥ ♣❛(❤ ✐♥ Γn−1 \ 01V (Γn−3)✳
■♥ ♦(❤❡A ✇♦A❞2✱ L01 ✐2 ❛ ❍❛♠✐❧(♦♥✐❛♥ ♣❛(❤ ✐♥ Γn−3 ❛♥❞ L00 ✐2 ❛ ❍❛♠✐❧(♦♥✐❛♥
♣❛(❤ ✐♥ Γn−2✳
▲❡( L10 ❜❡ ❢♦A♠❡❞ ❜② 10P
R
n−2✳ ❚❤✉2 L10 = 10(p
n−2
|V (Γn−2)|
, . . . pn−21 )✳
▲❡( Hn✱ ❜❡ (❤❡ 2✉❜A❛♣❤ ♦❢ Γn ❢♦A♠❡❞ ❜② L0 ❛♥❞ L10✳
◆♦(✐❝❡ (❤❛( (❤❡ ♣❛(❤ L0, L10 = 0P
R
n−1 10P
R
n−2 ✐2 ❛ ❍❛♠✐❧(♦♥✐❛♥ ♣❛(❤ ✐♥ Γn
2✐♥❝❡ L0 ❛♥❞ L10 ❝❛♥ ❜❡ ❧✐♥❦❡❞ (♦❣❡(❤❡A✳
❋✉A(❤❡A♠♦A❡✱ ❢♦A ❡✈❡A② 1 ≤ i ≤ |V (Γn−3)|✱
pni =010 p
n−3
i ❛♥❞
pn2|V (Γn−3)|+1−i =000 p
n−3
i .
❚❤❡A❡❢♦A❡✱ (❤❡A❡ ❡①✐2(2 (❤❡ ❡❞❣❡ ❜❡(✇❡❡♥ ❡✈❡A② ✈❡A(❡① 010 pn−3i ♦❢ L01 ❛♥❞
000 pn−31 ♦❢ L00 ✐♥ Hn✳
■♥ ❛❞❞✐(✐♦♥✱ ❢♦A ❡✈❡A② 1 ≤ i ≤ |V (Γn−2)|✱
pn|V (Γn−3)|+i =00 p
n−2
i ❛♥❞
pn|V (Γn)|+1−i =10 p
n−2
i .
❚❤✉2✱ (❤❡ ❡❞❣❡ ❜❡(✇❡❡♥ ❡✈❡A② ✈❡A(❡① 00 pn−2i ♦❢ L00 ❛♥❞ 10 p
n−2
i ♦❢ L10 ❡①✐2(2
✐♥ Hn✳
❋✐❣✉A❡ ✸✳✶ A❡♣A❡2❡♥(2 (❤❡ 2✉❜❣A❛♣❤ Hn ❢♦A♠❡❞ ❜② L01, L00 ❛♥❞ L10 ❛♥❞ (❤❡
❡❞❣❡2 ♣A❡✈✐♦✉2❧② ❞❡❝A✐❜❡❞ ❜❡(✇❡❡♥ (❤❡♠✳
❲❡ ✇✐❧❧ ♥❡①( ❝♦♥2(A✉❝( ✐♥ Hn (❤❡ ❝②❝❧❡2 ♦❢ ❡✈❡♥ ❧❡♥❣❤( (❤❛( ❝❛♥ ❜❡ ❡♠❜❡❞✲
❞❡❞ ✐♥ Γn✳
❈❛2❡ ✶✿ 4 ≤ l ≤ 2 |V (Γn−2)|
❚❤❡ ❝②❝❧❡ ♦❢ ❧❡♥❣(❤ l✱ Cn,l ✐2 ❝♦♥2(A✉❝(❡❞ ✇✐(❤ (❤❡ ✜A2(
l
2
2(A✐♥❣2 ♦❢ L00
❛♥❞ LR10✳
✷✽ ❈❤❛♣&❡( ✸✳ ❍❛♠✐❧&♦♥✐❝✐&②
L
R
01
L00
L
R
10
...
...
...
...
...
L0
010p
n−3
|V (Γn−3)|
000p
n−3
|V (Γn−3)|
= 00p
n−2
1
100p
n−3
|V (Γn−3)|
= 10p
n−2
1
= pn
|V (Γn)|
010p
n−3
1
= pn
1
000p
n−3
1
= pn
2|V (Γn−3)|
00p
n−2
|V (Γn−3)|+1
10p
n−2
|V (Γn−3)|+1
00p
n−2
|V (Γn−2)|
10p
n−2
|V (Γn−2)|
❋✐❣✉(❡ ✸✳✶✿ Hn✱ 9✉❜(❛♣❤ ♦❢ Γn
❈❛9❡ ✷✿ 2 |V (Γn−2)| < l ≤ |V (Γn)|
❚❛❦✐♥❣ ❜❛❝❦ Cn,l✱ &❤❡ ❝②❝❧❡ ♦❢ ❧❡♥❣&❤ l = 2|V (Γn−2)| ❝♦♥9&(✉❝&❡❞ ✐♥
❈❛9❡ ✶✱ ✇❡ ✇✐❧❧ ❡♠❜❡❞❞ &❤❡ ✜(9& ♣❛✐( ♦❢ 9&(✐♥❣9 ♦❢ LR01 &♦ ♦❜&❛✐♥ ❛ ♥❡✇
❝②❝❧❡ ♦❢ ❧❡♥❣&❤ l+2✳ ❇② ❡♠❜❡❞❞✐♥❣ &❤❡ ♥❡①& ♣❛✐( ♦❢ 9&(✐♥❣9 ♦❢ LR01 ❡❛❝❤
&✐♠❡✱ ✇❡ ✐♥❝(❡❛9❡ &❤❡ ❧❡♥❣&❤ ♦❢ &❤❡ ❝②❝❧❡ ❜② &✇♦ ✭(❡❢❡( &♦ ✜❣✉(❡ ✸✳✷✮
✉♥&✐❧ ❤❛✈✐♥❣ 1 9&(✐♥❣ ♦❢ LR01 ♥♦& ❜❡❡♥ ❛❞❞❡❞ ✐❢ |L01| = |V (Γn−3)| ✐9 ♦❞❞✱
♦( 0 9&(✐♥❣9 ♥♦& ❜❡❡♥ ❛❞❞❡❞ ✐❢ |L01| ✐9 ❡✈❡♥✳ ❚❤❡(❡❢♦(❡✱ ✉9✐♥❣ ❝♦(♦❧❧❛(②
✸✳✶✳✹✱ &❤❡ ❜✐❣❣❡9& ❝②❝❧❡ &❤❛& ✇❡ ❝❛♥ ❡♠❜❡❞❞ ✐♥ Hn✱ ❛♥❞ ❤❡♥❝❡ ✐♥ Γn ✐9{
|V (Γn)| ✐❢ |V (Γn)| ✐9 ❡✈❡♥
|V (Γn)| − 1 ✐❢ |V (Γn)| ✐9 ♦❞❞.
L
R
01
L00
L
R
10
...
...
...
...
...
❋✐❣✉(❡ ✸✳✷✿ ❈②❝❧❡ ♦❢ ❧❡♥❣&❤ l ✇✐&❤ 2 |V (Γn−2)| < l ≤ |V (Γn)| ✐♥ Γn
❍❡♥❝❡ ❢♦( 4 ≤ l ≤ |V (Γn)|✱ ❛ ❝②❝❧❡ ♦❢ ❧❡♥❣&❤ l ❝❛♥ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥ Hn✳
❚❤❡(❡❢♦(❡✱ &❤✐9 ❝②❝❧❡ ❝❛♥ ❛❧9♦ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥ Γn✳ 
❋(♦♠ ❚❤❡♦(❡♠ ✸✳✶✳✺✱ ✇❡ ❝♦♥❝❧✉❞❡ &❤❡ ❢♦❧❧♦✇✐♥❣
❚❤❡♦$❡♠ ✸✳✶✳✻ ✭❬▲❍❈✾✹❪✮✳ ❋♦" n ≥ 3✱ $❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ Γn ❝♦♥$❛✐♥- ❛
❍❛♠✐❧$♦♥✐❛♥ ❝②❝❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ n ≡ 1(mod 3)❀ ♦$❤❡"✇✐-❡ $❤❡ ❧♦♥❣❡-$ ❝②❝❧❡ ✐♥
Γn ❝♦♥$❛✐♥- ❡①❛❝$❧② |V (Γn)| − 1 ✈❡"$✐❝❡-✳
❆♥ ❡①❛♠♣❧❡ ♦❢ ❛ ❝②❝❧❡ ♦❢ ❧❡♥❣&❤ |V (Γ6)| − 1 ✐♥ Γ6 ✐9 ❝♦♥9&(✉❝&❡❞ ♥❡①& ❛♥❞
❞❡♣✐❝&❡❞ ✐♥ ✜❣✉(❡ ✸✳✸✳
✸✳✶✳ ❍❛♠✐❧(♦♥✐❝✐(② ✐♥ (❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡2 ✷✾
▲❡( P5 = (01001, 01000, 01010, 00010, 00000, 00001, 00101, 00100, 10100,
10101, 10001, 10000, 10010) ❜❡ ❛ ❍❛♠✐❧(♦♥✐❛♥ ♣❛(❤ ♦❢ Γ5 ❝♦♥2(8✉❝(❡❞ ❛2 ✐♥
❚❤❡♦8❡♠ ✸✳✶✳✷✳ ■♥ (❤✐2 ♣❛(❤✱ ✇❡ ❝❛♥ 8❡❝♦❣♥✐③❡ (❤❡ ❍❛♠✐❧(♦♥✐❛♥ ♣❛(❤ ♦❢ Γ4✱
0P4 = P5 \ 10V (Γ3) = (01001, 01000, 01010, 00010, 00000, 00001, 00101,
00100)✳
▲❡( L01 = 01(0010, 0000, 0001, 0101, 0100)✱
L00 = 00(0100, 0101, 0001, 0000, 0010, 1010, 1000, 1001) ❛♥❞
L10 = 10(1001, 1000, 1010, 0010, 0000, 0001, 0101, 0100)✳
❚❤✉2✱
C6,20 = (010100, 010101, 000101, 000001, 010001, 010000, 000000, 000010,
001010, 001000, 001001, 101001, 101000, 101010, 100010, 100000, 100001,
100101, 100100, 000100, 010100)✳
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0100 0101 0001 0000 0010 1010 1000 1001
❋✐❣✉8❡ ✸✳✸✿ ❈②❝❧❡ ♦❢ ❧❡♥❣(❤ 20 ✐♥ Γ6
❋8♦♠ ❚❤❡♦8❡♠ ✸✳✶✳✻✱ (❤❡ ❧♦♥❣❡2( ❝②❝❧❡ ✐♥ Γn ❝♦♥(❛✐♥2 |V (Γn)| − 1 ✈❡8(✐❝❡2
✇❤❡♥ |V (Γn)| ✐2 ♦❞❞✳ ❚❤❡♥✱ ✐( 8✐2❡2 (❤❡ D✉❡2(✐♦♥ ♦❢ ❝❤❛8❛❝(❡8✐③✐♥❣ (❤❡ ✈❡8(✐❝❡2
v ∈ Γn ❢♦8 ✇❤✐❝❤ (❤❡ ❣8❛♣❤ Γn−v ❝♦♥(❛✐♥2 ❛ ❍❛♠✐❧(♦♥✐❛♥ ❝②❝❧❡✳ ❚❤✐2 ♣8♦❜❧❡♠
✐2 ♣8♦♣♦2❡❞ ❜② ❙✳ ❑❧❛✈➸❛8 ✐♥ ❬❑❧❛❪✳ ■♥ (❤❛( ✇❤✐❝❤ ❢♦❧❧♦✇2✱ ✇❡ ❣✐✈❡ ❛♥ ❛♥2✇❡8
(♦ (❤✐2 D✉❡2(✐♦♥✳
❈♦♥2✐❞❡8 (❤❡ ❜✐♣❛8(✐(✐♦♥ V (Γn) = (V
od(Γn), V
ev(Γn)) ✇✐(❤
V od(Γn) = {u ∈ V (Γn) | u ❤❛2 ❛♥ ♦❞❞ ♥✉♠❜❡8 ♦❢ ✶✬2} ❛♥❞
V ev(Γn) = {v ∈ V (Γn) | v ❤❛2 ❛♥ ❡✈❡♥ ♥✉♠❜❡8 ♦❢ ✶✬2}✳
▲❡( ❛ 2(8✐♥❣ u ∈ V ev(Γn)✳ ❚❤❡♥ 00u ❜❡❧♦♥❣2 (♦ V
ev(Γn+2)✱ ❛♥❞ 10u ❜❡❧♦♥❣2 (♦
V od(Γn+2)✳ ❆❝❝♦8❞✐♥❣❧②✱ ✐❢ v ∈ V
od(Γn)✱ (❤❡8❡❢♦8❡ 00v ❜❡❧♦♥❣2 (♦ V
od(Γn+2)✱
❛♥❞ 10v ❜❡❧♦♥❣2 (♦ V ev(Γn+2)✳
 !♦♣♦$✐&✐♦♥ ✸✳✶✳✼✳ ❋♦" n ≥ 3✱
|V ev(Γn)| − |V
od(Γn)| = |V
od(Γn−3)| − |V
ev(Γn−3)|.
✸✵ ❈❤❛♣&❡( ✸✳ ❍❛♠✐❧&♦♥✐❝✐&②
 !♦♦❢✳ ▲❡& (V ev(Γn), V
od(Γn)) ❜❡ &❤❡ ❜✐♣❛(&✐&✐♦♥ ♦❢ V (Γn) ✇✐&❤ n ≥ 3✳
❇② ❈♦(♦❧❧❛(② ✷✳✸✳✷✱ V (Γn) = 010V (Γn−3) ∪ 00V (Γn−2) ∪ 10V (Γn−2)✳
❚❤✉;✱
V ev(Γn) = V
ev(010 Γn−3) ∪ V
ev(00 Γn−2 ∪ 10 Γn−2)
= 010V od(Γn−3) ∪ V
ev(00 Γn−2 ∪ 10 Γn−2),
V od(Γn) = V
od(010 Γn−3) ∪ V
od(00 Γn−2 ∪ 10 Γn−2)
= 010V ev(Γn−3) ∪ V
od(00 Γn−2 ∪ 10 Γn−2).
◆♦&✐❝❡ &❤❛&
|V ev(00 Γn−2 ∪ 10 Γn−2)| = |V
ev(Γn−2)|+ |V
od(Γn−2)|
= |V od(10 Γn−2 ∪ 00 Γn−2)|.
❍❡♥❝❡ |V ev(Γn)| − |V
od(Γn)| = |V
od(Γn−3)| − |V
ev(Γn−3)|✳ 
 !♦♣♦&✐(✐♦♥ ✸✳✶✳✽✳ ❋♦" n 6≡ 1 (mod 3), n ≥ 2,
|V ev(Γn)| − |V
od(Γn)| = (−1)
⌊n+2
3
⌋
 !♦♦❢✳ ■❢ n = 2✱ &❤❡♥ |V ev(Γ2)| − |V
od(Γ2)| = 1− 2 = −1✳
■❢ n = 3✱ &❤❡♥ |V ev(Γ3)| − |V
od(Γ3)| = 2− 3 = −1✳
❈♦♥;✐❞❡( ♥♦✇ ?(♦♣♦;✐&✐♦♥ ✸✳✶✳✼ ❛♥❞ ❧❡& n = 5✳ ❚❤✉;
|V ev(Γ5)| − |V
od(Γ5)| = |V
od(Γ2)| − |V
ev(Γ2)| = 2− 1 = 1✳
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⌋
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⌋
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❚❤✉; ♦♥❡ ♦❢ &❤❡ ;❡&; ♦❢ V ev(Γn) ♦( V
od(Γn) ❤❛; ♦♥❡ ♠♦(❡ ;&(✐♥❣ &❤❛♥ &❤❡ ♦&❤❡(
;❡&✳ ❇② ?(♦♣♦;✐&✐♦♥ ✸✳✶✳✽✱ &❤✐; ;❡& ✐; V P (Γn) ✇❤❡(❡
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■( ✐2♥✬( ❞✐✣❝✉❧( (♦ 2❡❡ (❤❛( Γ3 − (010) ❝♦♥(❛✐♥2 ❛ ❍❛♠✐❧(♦♥✐❛♥ ❝②❝❧❡✳
▲❡( v ∈ V P (Γn) ❢♦4 n ≥ 5✳ ❲❡ ✇✐❧❧ ❞✐2(✐♥❣✉✐2❤ (✇♦ ❝❛2❡2✳ ❚❤❡ ✜42( ❝❛2❡
❝♦♥2✐❞❡42 (❤❡ ✈❡4(✐❝❡2 ♦❢ V P (Γn) ✐♥ { 010P
R
n−3 ∪ 000P
R
n−3 ∪ 100P
R
n−3} −
{ ❧❛2( 2(4✐♥❣ ♦❢ 100PRn−3} ✇❤❡4❡ (❤❡ ❝♦♥2(4✉❝(❡❞ ❍❛♠✐❧(♦♥✐❛♥ ❝②❝❧❡ ❤❛2 (❤❡
✸✷ ❈❤❛♣&❡( ✸✳ ❍❛♠✐❧&♦♥✐❝✐&②
2❛♠❡ ♣❛&&❡(♥✳ ❚❤❡ 2❡❝♦♥❞ ❝❛2❡ ❝♦♥2✐❞❡(2 &❤❡ ✈❡(&✐❝❡2 ♦❢ V P (Γn) ✐♥ {0010P
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1010PRn−4}✳ ❚❤❡ ❧❛2& 2&(✐♥❣ ♦❢ {100P
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n−3}✱ ♥❛♠❡❧② 10p
n−2
|V (Γn−3)|
= 100pn−31 ✱ ✐2
✐♥❝❧✉❞❡❞ ❛2 ❛ ✈❛(✐❛♥& ♦❢ &❤✐2 ❝❛2❡✳
❈❛2❡ ✶✿
✭❛✮ v ∈ LR01
❚❤✉2 v = 010pn−32i+1 ❢♦( 2♦♠❡ 0 ≤ i < m✳ ❙❡❡ ?(♦♣♦2✐&✐♦♥ ✸✳✶✳✾✳
❈♦♥2✐❞❡( &❤❡ ♣❛&❤ Tn✱ ❢(♦♠ 000p
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❞❡✜♥❡❞ ❜② &❤❡
❝♦♥❝❛&❡♥❛&✐♦♥ ♦❢
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n−3
1 , 010p
n−3
2 , 000p
n−3
2 , . . . 000p
n−3
2k−1, 010p
n−3
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n−3
2k ,
000pn−32k , . . . 000p
n−3
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n−3
2i−1, 010p
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❛♥❞
(000pn−32i+2, 010p
n−3
2i+2, 010p
n−3
2i+3, . . . 000p
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♦❢ ❝♦♥4❡❝✉&✐✈❡ ✶✬4 ❛♣♣❧✐❡❞ ✐♥ ❛ ❝✐(❝✉❧❛( ♠❛♥♥❡(✳
■♥ ✷✵✵✺✱ ❏❡❛♥✲▲✉❝ ❇❛(✐❧ ❛♥❞ ❱✐♥❝❡♥& ❱❛❥♥♦✈4③❦✐ ♣(♦✈❡❞ ✐♥ ❬❇❱✵✺❪ &❤❛& &❤❡
▲✉❝❛4 ❝✉❜❡ ❤❛4 ❛ ❍❛♠✐❧&♦♥✐❛♥ ♣❛&❤ ✐❢ ❛♥❞ ♦♥❧② ✐❢ n 6≡ 0 (mod 3) ❝♦♥4&(✉❝&✐♥❣ ❛
●(❛② ❈♦❞❡ ❢♦( &❤❡ ▲✉❝❛4 4&(✐♥❣4 ♦❢ ❧❡♥❣&❤ n ✇❤✐❝❤ ✐4 ❛♥ ♦(❞❡(❡❞ ❧✐4& ♦❢ 4&(✐♥❣4
4✉❝❤ &❤❛& &❤❡ ❞✐4&❛♥❝❡ ❜❡&✇❡❡♥ &✇♦ 4&(✐♥❣4 ✐4 1✳
■♥ &❤✐4 4❡❝&✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♥4&(✉❝& ♥❡❛(❧② ❍❛♠✐❧&♦♥✐❛♥ ❝②❝❧❡4 ❢♦( &❤❡ ▲✉❝❛4
❝✉❜❡4 ✐♥ &❤❡ 4❛♠❡ ✇❛② ❛4 ✇❡ ❞✐❞ ❢♦( &❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡4✳ ❚❤❡(❡❢♦(❡✱ ✇❡ ✇✐❧❧
❜❡ ✉4✐♥❣ ♠❛♥② ♦❢ &❤❡ (❡4✉❧&4 ♦❢ &❤❡ ♣(❡✈✐♦✉4 4❡❝&✐♦♥ &❤(♦✉❣❤♦✉& &❤✐4 4❡❝&✐♦♥✳
▲❡♠♠❛ ✸✳✷✳✶✳ ❋♦" n ≥ 3, V (Λn) = 0V (Γn−1) ∪ 10V (Γn−3) 0✳
()♦♦❢✳ ❇② ❞❡✜♥✐&✐♦♥✱ V (Λn) = V (Γn) \ { 4&(✐♥❣4 &❤❛& ❜❡❣✐♥ ❛♥❞ ❡♥❞ ✇✐&❤ ✶}
❛♥❞ 4✐♥❝❡ V (Γn) = 0V (Γn−1) ∪ 10V (Γn−2) = 0V (Γn−1) ∪ 10V (Γn−3) 0 ∪
10V (Γn−3) 1✱ &❤❡ (❡4✉❧& ✐4 ♦❜&❛✐♥❡❞✳ 
❚❤❡ ♣❛(✐&② ❞✐✛❡(❡♥❝❡ (❡❧❛&✐♦♥ ✐4 4&❛&❡❞ ✐♥ &❤❡ ♥❡①& ❦♥♦✇♥ (❡4✉❧&✿
✸✳✷✳ ❍❛♠✐❧(♦♥✐❝✐(② ✐♥ (❤❡ ▲✉❝❛1 ❝✉❜❡1 ✹✸
❚❤❡♦$❡♠ ✸✳✷✳✷✳ ❋♦" n ≥ 1✱ $❤❡♥
|V ev(Λn)| − |V
od(Λn)| =


−(−1)⌊
n+2
3
⌋
✐❢ n ≡ 1 (mod 3),
(−1)⌊
n+2
3
⌋
✐❢ n ≡ 2 (mod 3),
2(−1)⌊
n+2
3
⌋
✐❢ n ≡ 0 (mod 3).
)$♦♦❢✳ ❋♦5 n = 1, 2 ❛♥❞ 3✱
|V ev(Λ1)| − |V
od(Λ1)| = 1− 0 = 1
|V ev(Λ2)| − |V
od(Λ2)| = 1− 2 = −1
|V ev(Λ3)| − |V
od(Λ3)| = 1− 3 = −2.
❇② ▲❡♠♠❛ ✸✳✷✳✶✱ ❢♦5 n ≥ 3, V (Λn) = 00V (Γn−2) ∪ 010V (Γn−3) ∪ 10V (Γn−3)0.
◆♦(✐❝❡ (❤❛(
|V ev(010 Γn−3)| = |V
ev(10 Γn−3 0)| = |V
od(Γn−3)|,
|V od(010 Γn−3)| = |V
od(10 Γn−3 0)| = |V
ev(Γn−3)| ❛♥❞
|V ev(00 Γn−2)| = |V
ev(Γn−2)|,
|V od(00 Γn−2)| = |V
od(Γn−2)|.
❍❡♥❝❡✱
|V ev(Λn)| − |V
od(Λn)| = 2(|V
od(Γn−3)| − |V
ev(Γn−3)|)
+ |V ev(Γn−2)| − |V
od(Γn−2)|.
❆11✉♠❡ (❤❛( (❤❡ 1(❛(❡♠❡♥( ✐1 (5✉❡ ❢♦5 ΛN ❀ N ≥ 3✳ ❚❤✉1✱ ✉1✐♥❣ @5♦♣♦1✐(✐♦♥1
✸✳✶✳✽ ❛♥❞ ✸✳✶✳✼ ❢♦5 ΓN+1✱ ✇❡ ❤❛✈❡ (❤❛(
■❢ N + 1 ≡ 1 (mod 3),
(❤❡♥ (N + 1)− 3 ≡ 1 (mod 3) ❛♥❞ |V od(ΓN+1−3)| = |V
ev(ΓN+1−3)|
❛♥❞ (N + 1)− 2 ≡ 2 (mod 3).
❚❤✉1
|V ev(ΛN+1)| − |V
od(ΛN+1)| = |V
ev(ΓN−1)| − |V
od(ΓN−1)|
= (−1)⌊
N−1+2
3
⌋.
◆♦(✐❝❡ (❤❛( ❢♦5 N + 1 ≡ 1 (mod 3)✱ (❤❡♥
(−1)⌊
N−1+2
3
⌋ = −(−1)⌊
(N+1)+2
3
⌋.
❚❤❡5❡❢♦5❡✱
|V ev(ΛN+1)| − |V
od(ΛN+1)| = −(−1)
⌊
(N+1)+2
3
⌋.
✹✹ ❈❤❛♣%❡' ✸✳ ❍❛♠✐❧%♦♥✐❝✐%②
■❢ N + 1 ≡ 2 (mod 3),
%❤❡♥ (N + 1)− 3 ≡ 2 (mod 3) ❛♥❞ (N + 1)− 2 ≡ 1 (mod 3);
❍❡♥❝❡
|V ev(ΛN+1)| − |V
od(ΛN+1)| = −2(|V
ev(Γ(N+1)−3)| − |V
od(Γ(N+1)−3)|)
+ |V ev(Γ(N+1)−2)| − |V
od(Γ(N+1)−2)|
= −2(−1)⌊
N
3
⌋ + (−1)⌊
N+1
3
⌋
❲❤❡♥ N + 1 ≡ 2 (mod 3)✱ %❤❡♥
−(−1)⌊
N
3
⌋ = −(−1)⌊
N+1
3
⌋ = (−1)⌊
(N+1)+2
3
⌋
✳
❚❤❡'❡❢♦'❡✱
|V ev(ΛN+1)| − |V
od(ΛN+1)| = (−1)
⌊
(N+1)+2
3
⌋.
■❢ N + 1 ≡ 0 (mod 3)✱
%❤❡♥ (N + 1)− 3 ≡ 0 (mod 3) ❛♥❞ (N + 1)− 2 ≡ 1 (mod 3) ❛♥❞
|V ev(Γ(N+1)−2)| = |V
od(Γ(N+1)−2)|.
❍❡♥❝❡
|V ev(ΛN+1)| − |V
od(ΛN+1)| = 2(|V
od(ΓN−2)| − |V
ev(ΓN−2)|)
= 2(−1)⌊
N
3
⌋
= 2(−1)⌊
(N+1)+2
3
⌋
8✐♥❝❡ (−1)⌊
N
3
⌋ = (−1)⌊
(N+1)+2
3
⌋
❢♦' N + 1 ≡ 0 (mod 3)✳ 
❋'♦♠ ❚❤❡♦'❡♠ ✸✳✷✳✷✱ ❢♦' ❛♥② n ≥ 1✱ ♦♥❡ ♦❢ %❤❡ ❢♦❧❧♦✇✐♥❣ ♦❝❝✉'8✿ ✐❢ n 6≡
0 (mod 3)✱ %❤❡ ❧♦♥❣❡8% ♣♦88✐❜❧❡ ❝②❝❧❡ ✐♥ Λn ❝♦♥%❛✐♥8 |V (Λn)| − 1 ✈❡'%✐❝❡8 ❛♥❞
%❤❡'❡❢♦'❡✱ ♦♥❡ ♦❢ %❤❡ 8❡%8 ♦❢ %❤❡ ♣❛'%✐%✐♦♥ V (Λn) = (V
ev(Λn), V
od(Λn)) ❤❛8
♦♥❡ ♠♦'❡ 8%'✐♥❣ %❤❛♥ %❤❡ ♦%❤❡' 8❡%❀ ✐❢ n ≡ 0 (mod 3)✱ %❤❡♥ %❤❡ ❧♦♥❣❡8% ♣♦88✐❜❧❡
❝②❝❧❡ ✐♥ Λn ❝♦♥%❛✐♥8 |V (Λn)| − 2 ✈❡'%✐❝❡8 ❛♥❞ ❤❡♥❝❡✱ ♦♥❡ ♦❢ %❤❡ 8❡%8 ♦❢ %❤❡
♣❛'%✐%✐♦♥ (V ev(Λn), V
od(Λn)) ❤❛8 %✇♦ ♠♦'❡ 8%'✐♥❣8 %❤❛♥ %❤❡ ♦%❤❡' 8❡%✳ ■♥ ❜♦%❤
❝❛8❡8✱ ✇❡ ✇✐❧❧ ❝❛❧❧ %❤✐8 8❡%✱ V P (Λn) ✇❤❡'❡✿
❋♦' ❡✈❡'② n ≥ 1✱
V P (Λn) =


V ev(Λn)


✐❢ n ≡ 1 (mod 3) ❛♥❞ ⌊n+2
3
⌋ ✐8 ♦❞❞✱
✐❢ n ≡ 2 (mod 3) ❛♥❞ ⌊n+2
3
⌋ ✐8 ❡✈❡♥✱
✐❢ n ≡ 0 (mod 3) ❛♥❞ ⌊n+2
3
⌋ ✐8 ❡✈❡♥✳
V od(Λn)


✐❢ n ≡ 1 (mod 3) ❛♥❞ ⌊n+2
3
⌋ ✐8 ❡✈❡♥✱
✐❢ n ≡ 2 (mod 3) ❛♥❞ ⌊n+2
3
⌋ ✐8 ♦❞❞✱
✐❢ n ≡ 0 (mod 3) ❛♥❞ ⌊n+2
3
⌋ ✐8 ♦❞❞✳
✸✳✷✳ ❍❛♠✐❧(♦♥✐❝✐(② ✐♥ (❤❡ ▲✉❝❛1 ❝✉❜❡1 ✹✺
❲❡ ✇✐❧❧ (❛❦❡ ❜❛❝❦ (❤❡ ❍❛♠✐❧(♦♥✐❛♥ ♣❛(❤ ❝♦♥1(9✉❝(❡❞ ❢♦9 (❤❡ ❋✐❜♦♥❛❝❝✐
❝✉❜❡1✱ Pn = 0P
R
n−1, 10P
R
n−2 = (p
n
1 , p
n
2 , . . . p
n
Fn+2
).
 !♦♣♦$✐&✐♦♥ ✸✳✷✳✸✳ ▲❡" P1n; n ≥ 1 ❜❡ ❛ ♠❛①✐♠❛❧ )✉❜♣❛"❤ ♦❢ Pn ✇❤♦)❡ )"0✐♥❣)
❡♥❞ ✇✐"❤ ✶✳ ❚❤❡♥ ✇❡ ❤❛✈❡ "❤❛"
(pnFn+2) ✐) "❤❡ ♦♥❧② P1n )✉❜♣❛"❤ ♦❢ ❧❡♥❣"❤ ♦♥❡ ✐❢ n ≡ 1 (mod 3),
(pn1 ) ✐) "❤❡ ♦♥❧② P1n )✉❜♣❛"❤ ♦❢ ❧❡♥❣"❤ ♦♥❡ ✐❢ n ≡ 2 (mod 3),
"❤❡0❡ ❛0❡ ♥♦ P1n )✉❜♣❛"❤) ♦❢ ❧❡♥❣"❤ ♦♥❡ ✐❢ n ≡ 0 (mod 3).
▼♦0❡♦✈❡0✱ ❛♥② ♦"❤❡0 P1n )✉❜♣❛"❤ ❤❛) ❧❡♥❣"❤ "✇♦ ❛♥❞ ✐" ✐) ♥♦" ❢♦✉♥❞ ✐♥ "❤❡
✜0)" ♥♦0 ✐♥ "❤❡ ❧❛)" ♣♦)✐"✐♦♥) ♦❢ Pn✳
 !♦♦❢✳ ❈♦♥1✐❞❡9 P1 = (0, 1) ❛♥❞ P2 = (01, 00, 10)✳ ❚❤❡♥ (p
1
2) ❛♥❞ (p
2
1) ❛9❡ (❤❡
♦♥❧② P11 ❛♥❞ P12 1✉❜♣❛(❤1 ❛♥❞ (❤❡② ❜♦(❤ ❤❛✈❡ ❧❡♥❣(❤ ♦♥❡✳
❚❤✉1✱ P3 = 0P
R
2 , 10P
R
1 ✱ ❛♥❞ P13 = (0 p
2
1, 10 p
1
2) ✐1 (❤❡ 1♦❧❡ P13 1✉❜♣❛(❤✳
❲❡ ✇✐❧❧ ♥♦✇ 1✉♣♣♦1❡ (❤❛( (❤❡ 1(❛(❡♠❡♥( ✐1 (9✉❡ ❢♦9 ❛❧❧ (❤❡ 1✉❜♣❛(❤1 P1N ♦❢
PN ✳ ▲❡( ✉1 ❝♦♥1✐❞❡9 PN+1 ✇❤❡9❡ ✇❡ ❞✐1(✐♥❣✉✐1❤ (❤❡ (❤9❡❡ ❝❛1❡1 ♦❢ N + 1✳
✶✳ N + 1 ≡ 1 (mod 3)✿
❚❤✉1 N ≡ 0 (mod 3) ❛♥❞ N − 1 ≡ 2 (mod 3)✳
❇② ❤②♣♦(❤❡1✐1 ♦❢ ✐♥❞✉❝(✐♦♥✱ PN ❤❛1 ♥♦ P1N 1✉❜♣❛(❤1 ♦❢ ❧❡♥❣(❤ ♦♥❡ ❛♥❞
(pN−11 ) ✐1 (❤❡ ♦♥❧② 1✉❜♣❛(❤ ♦❢ (❤✐1 ❧❡♥❣(❤ ✐♥ PN−1✳ ❚❤❡9❡❢♦9❡✱ (10 p
N−1
1 )✱
♥♦✇ ❧❛❜❡❧❡❞ (pN+1FN+3) ✐1 (❤❡ ♦♥❧② P1N+1 1✉❜♣❛(❤ ♦❢ ❧❡♥❣❤( ♦♥❡✳ ❚❤❡ P1N
❛♥❞ P1N−1 1✉❜♣❛(❤1 ♦❢ ❧❡♥❣(❤ (✇♦ ❛9❡ ♠❛✐♥(❛✐♥❡❞ ✐♥ PN+1✳
✷✳ N + 1 ≡ 2 (mod 3)✿
❚❤✉1 N ≡ 1 (mod 3) ❛♥❞ N − 1 ≡ 0 (mod 3)✳
❆❣❛✐♥✱ ❜② ❤②♣♦(❤❡1✐1 ♦❢ ✐♥❞✉❝(✐♦♥✱ (pNFN+2) ✐1 (❤❡ 1♦❧❡ P1N 1✉❜♣❛(❤ ♦❢
❧❡♥❣❤( ♦♥❡ ❛♥❞ PN−1 ❤❛1 ♥♦ P1N−1 1✉❜♣❛(❤ ✇✐(❤ (❤✐1 ❧❡♥❣(❤✳ ❚❤❡9❡✲
❢♦9❡✱ (0 pNFN+2) = (p
N+1
1 ) ✐1 (❤❡ ♦♥❧② P1N+1 1✉❜♣❛(❤ ✇✐(❤ ❧❡♥❣(❤ ♦♥❡✳ ❆1
✐♥ (❤❡ ♣9❡✈✐♦✉1 ❝❛1❡✱ (❤❡ P1N ❛♥❞ P1N−1 1✉❜♣❛(❤1 ♦❢ ❧❡♥❣(❤ (✇♦ ❛9❡
♠❛✐♥(❛✐♥❡❞ ✐♥ PN+1✳
✸✳ N + 1 ≡ 0 (mod 3)✿
❚❤✉1 N ≡ 2 (mod 3) ❛♥❞ N − 1 ≡ 1 (mod 3)✳
(pN1 ) ❛♥❞ (p
N−1
FN+1
) ❛9❡ (❤❡ ♦♥❧② P1N ❛♥❞ P1N−1 1✉❜♣❛(❤1 ♦❢ ❧❡♥❣(❤ ♦♥❡ ♦❢
PN+1 ❛♥❞ PN−1 9❡1♣❡❝(✐✈❡❧②✳ ❍❡♥❝❡ PN+1 = 0 (p
n
FN+2
, . . . pN1 ), 10 (p
N−1
FN+1
,
. . . pN−11 ) ❞♦❡1 ♥♦( ❝♦♥(❛✐♥ ❛ P1N+1 1✉❜♣❛(❤ ♦❢ ❧❡♥❣(❤ ♦♥❡✳ ◆♦(✐❝❡ (❤❛(
❛❧❧ (❤❡ P1N ❛♥❞ P1N−1 1✉❜♣❛(❤1 ♦❢ ❧❡♥❣❤( (✇♦ ❛9❡ ♣9❡1❡9✈❡❞ ✐♥ PN+1
(♦❣❡(❤❡9 ✇✐(❤ (0 pN1 , 10 p
N−1
FN+1
)✳ 
✹✻ ❈❤❛♣&❡( ✸✳ ❍❛♠✐❧&♦♥✐❝✐&②
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j | j ✐! ❡✈❡♥✱ 1 ≤ j ≤ |V (Γn−3)|} ❝♦((❡4♣♦♥❞ &♦
V P (Λn)✳
L
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L00
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...
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0P
R
n−3
010Pn−5 00Pn−4
10P
R
n−4
❋✐❣✉(❡ ✸✳✶✾✿ ❱❡(&✐❝❡4 ♦❢ V P (Λn) ❢♦( n ≡ 1(mod 3)
n ≡ 2(mod 3) :
❈♦♥4✐❞❡(✐♥❣ ❛❣❛✐♥ >(♦♣♦4✐&✐♦♥4 ✸✳✷✳✸ ❛♥❞ ✸✳✷✳✺ ❛♥❞ ❢♦( n ≥ 3✱ &❤❡ ✈❡(&✐❝❡4
♦❢ V P (Λn) ❛(❡ ❞(❛✇♥ ✐♥ ❣(❛② ✐♥ ✜❣✉(❡ ✸✳✷✵✳ ❖❜4❡(✈❡ &❤❛& |L
R
01| = |L
′R
10 | =
|V (Γn−3)| ✐4 ♦❞❞ ❛♥❞ (n − 3) ≡ 2 (mod 3)✳ ❚❤✉4 &❤❡ 4❡& V
P
❤❛4 ♦♥❡ ♠♦(❡
✈❡(&❡① ♦❢ ❡❛❝❤ ♦❢ &❤❡4❡ ♣❛&❤4✳
❚❤❡(❡❢♦(❡ {01pn−2j | j ✐! ♦❞❞✱ 1 ≤ j ≤ |V (Γn−3)|} ❛♥❞ {10p
′n−2
j | j ✐! ♦❞❞✱ 1 ≤
j ≤ |V (Γn−3)|} ❜❡❧♦♥❣ &♦ V
P (Λn)✳
❋✉(&❤❡(♠♦(❡✱ |L00| ✐4 ♦❞❞✱ &❤✉4 {00p
n−2
j | j ✐! ❡✈❡♥✱ 1 ≤ j ≤ |V (Γn−2)|} ❜❡❧♦♥❣
&♦ V P (Λn)✳ ◆♦&❡ &❤❛& &❤❡(❡ ✐4 ♦♥❡ ♠♦(❡ ✈❡(&❡① ♦❢ |L00| ♥♦& ✐♥ V
P (Λn) &❤❛♥
✐♥ V P (Λn) ✇❤✐❝❤✱ ✐♥ ❛❞❞✐&&✐♦♥ &♦ &❤❡ ✈❡(&❡① ♦❢ |L
R
01| ❛♥❞ |L
′R
10 | ✐♥ V
P (Λn) ❛(❡
❝♦♥4✐4&❡♥& ✇✐&❤ ❚❤❡♦(❡♠ ✸✳✷✳✷✳
✸✳✷✳ ❍❛♠✐❧(♦♥✐❝✐(② ✐♥ (❤❡ ▲✉❝❛1 ❝✉❜❡1 ✹✾
L
′R
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L00
L
R
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...
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R
n−3
010Pn−5 00Pn−4
10P
R
n−4
❋✐❣✉7❡ ✸✳✷✵✿ ❱❡7(✐❝❡1 ♦❢ V P (Λn) ❢♦7 n ≡ 2(mod 3)
n ≡ 0(mod 3) :
❋✐❣✉7❡ ✸✳✷✶ 1❤♦✇1 (❤❡ ✐1♦♠♦7♣❤✐❝ 1✉❜❣7❛♣❤ (♦ (❤❡ ▲✉❝❛1 ❝✉❜❡✱ H ′n ❢♦7♠❡❞ ❜②
LR01, L00 ❛♥❞ L
′R
10 ❢♦7 n ≡ 0 (mod 3), n ≥ 3 ❛♥❞ (❤❡ ✈❡7(✐❝❡1 ♦❢ V
P (Λn) ✐♥ ❣7❛②✳
◆♦(❡ (❤❛( ✐♥ (❤✐1 ❝❛1❡✱ |LR01| = |L
′R
10 | = |V (Γn−3)| ❛♥❞ (n−3) ≡ 0 (mod 3)✳ ❚❤✉1
❜② D7♦♣♦1✐(✐♦♥ ✸✳✶✳✽✱ (❤❡ 1❡( V P ❤❛1 ♦♥❡ ♠♦7❡ ✈❡7(❡① ❢7♦♠ ❡❛❝❤ ♦❢ (❤❡1❡ ♣❛(❤1✳
❍❡♥❝❡ {01pn−2j | j ✐! ♦❞❞✱ 1 ≤ j ≤ |V (Γn−3)|} ❛♥❞ {10p
′n−2
j | j ✐! ♦❞❞✱ 1 ≤ j ≤
|V (Γn−3)|} ❜❡❧♦♥❣ (♦ V
P (Λn)✳ ❆❧1♦✱ 1✐♥❝❡ |L00| ✐1 ❡✈❡♥✱ {00p
n−2
j | j ✐! ❡✈❡♥✱ 1 ≤
j ≤ |V (Γn−2)|} ❜❡❧♦♥❣ (♦ V
P (Λn) ❛1 ✇❡❧❧✳
L
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L00
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n−3
010Pn−5 00Pn−4
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n−4
❋✐❣✉7❡ ✸✳✷✶✿ ❱❡7(✐❝❡1 ♦❢ V P (Λn) ❢♦7 n ≡ 0(mod 3)
❚❤❡♦$❡♠ ✸✳✷✳✻ ✭❬❇❱✵✺❪✮✳ Λn ❤❛! ❛ ❍❛♠✐❧-♦♥✐❛♥ ♣❛-❤ ❢♦0 n 6≡ 0 (mod 3), n ≥
2✳
*$♦♦❢✳ ❇② ❝♦♥1(7✉❝(✐♦♥ ♦❢ H ′n✱ ✐1♦♠♦7♣❤✐❝ (♦ Λn✱ ✐( ✐1 ✐♥❞✉❝❡❞ ❜② (❤❡ ✈❡7(✐❝❡1
♦❢ L01 = 010Pn−3, L00 = 00Pn−2 ❛♥❞ L
′
10 = 10Pn−3 0✳ ❲❡✬✈❡ ♣7♦✈❡❞ (❤❛( ✐♥
H ′n✱ ❡✈❡7② 10p
′n−2
i ♦❢ L
′
10 ✐1 ❛❞❥❛❝❡♥( (♦ 00p
n−2
i ♦❢ L00✳
❚❤❡♥✱ ✐( 1✉✣❝❡1 (♦ 1❤♦✇ (❤❛( (❤❡ 1(7✐♥❣ 10p
′n−2
|V (Γn−2)|
❡①✐1(1 ❢♦7 ❡✈❡7② n 6≡
✺✵ ❈❤❛♣&❡( ✸✳ ❍❛♠✐❧&♦♥✐❝✐&②
0 (mod 3)✳ ■♥❞❡❡❞✱ ✇❤❡♥ n ≡ 1 (mod 3) &❤❡♥ (n − 3) ≡ 1 (mod 3)✳ ❲❤❡♥ n ≡
2 (mod 3) &❤❡♥ (n − 3) ≡ 2 (mod 3)✳ ■♥ ❜♦&❤ ❝❛9❡9✱ ❜❡❝❛✉9❡ |L
′
10| = |V (Γn−3)|
❛♥❞ ❜② ;(♦♣♦9✐&✐♦♥ ✸✳✷✳✸✱ &❤❡ 9&(✐♥❣ ❡①✐9&9✳ ❚❤❡(❡❢♦(❡✱ LR01 ∪ L00 ∪ L
′R
10 ✐9 ❛
❍❛♠✐❧&♦♥✐❛♥ ♣❛&❤ ✐♥ Λn✳ ❙❡❡ ✜❣✉(❡9 ✸✳✶✾ ❛♥❞ ✸✳✷✵✳ 
❚❤❡♦$❡♠ ✸✳✷✳✼✳ ▲❡" v ∈ V P (Λn) ✇✐"❤ n 6≡ 0 (mod 3) ❛♥❞ n ≥ 5✳ ❚❤❡♥ Λn−v
❝♦♥"❛✐♥- ❛ ❍❛♠✐❧"♦♥✐❛♥ ❝②❝❧❡✳
❋✉4"❤❡4♠♦4❡✱ ✐❢ v /∈ V P (Λn)✱ "❤❡♥ Λn − v ❞♦❡- ♥♦" ❝♦♥"❛✐♥ ❛ ❍❛♠✐❧"♦♥✐❛♥
❝②❝❧❡✳
*$♦♦❢✳ ▲❡& ✉9 ❝♦♥9✐❞❡( &❤❡ ▲✉❝❛9 ❝✉❜❡ ✐♥❞✉❝❡❞ ❜② LR01, L00 ❛♥❞ L
′R
10 ✳ ❲❡ ✇✐❧❧
❞❡9❝(✐❜❡ &❤❡ ❍❛♠✐❧&♦♥✐❛♥ ❝②❝❧❡ ✐♥ Λn−v ❝♦♥9✐❞❡(✐♥❣ v ✇✐&❤✐♥ ✜✈❡ ♠❛✐♥ 9✉❜9❡&9
♦❢ ✈❡(&✐❝❡9✳
❚❤❡ ❝②❝❧❡9 ✇❤❡(❡ v ❜❡❧♦♥❣9 &♦ LR01, L00 \ {✈❡(&✐❝❡9 ♦❢ L00 ✐♥ 0010P
R
n−4} ❛♥❞
L
′R
10 \ {✈❡(&✐❝❡9 ♦❢ L
′R
10 ✐♥ 1010P
R
n−4} ❤❛✈❡ &❤❡ 9❛♠❡ 9&(✉❝&✉(❡ ✇✐&❤ 9♦♠❡ 9❧✐❣❤&
❞✐✛❡(❡♥❝❡9✳ ❲❡ ❝♦♥9✐❞❡( ❛9 ✇❡❧❧✱ &❤❡ ❝❛9❡9 ♦❢ v ✐♥ L00 ∩ 0010P
R
n−4 ❛♥❞ v ✐♥
L
′R
10 ∩ 1010P
R
n−4❀ ❛❧❧ &♦❣❡&❤❡( ✇✐&❤ 9♦♠❡ 9♣❡❝✐❛❧ 9✉❜❝❛9❡9✳
▲❡& v ∈ V P (Λn)✳
❈❛9❡ n ≡ 1(mod 3)✿ ❙✐♥❝❡ |V (Γn−3)| ✐9 ❡✈❡♥✱ &❤❡♥ ❧❡& |V (Γn−3)| = 2m
✶✳ v ∈ LR01 ∪ L00 \ {010p
n−3
|V (Γn−3)|−1
, 00pn−21 = 000p
n−3
|V (Γn−3)
|, 0010PRn−4}
▲❡& v ∈ LR01 − 010p
n−3
|V (Γn−3)|−1
(= 01pn−22 ) ❚❤✉9 v = 01p
n−2
2i ❢♦( 9♦♠❡ 2 ≤
i ≤ m✳ ❈♦♥9✐❞❡( &❤❡ ♣❛&❤ Tn✱ ❢(♦♠ 00p
n−2
|V (Γn−3)|
= 000pn−31 &♦ 00p
n−2
4 =
000pn−3|V (Γn−3)|−3 ❞❡✜♥❡❞ ❜② &❤❡ ❝♦♥❝❛&❡♥❛&✐♦♥ ♦❢
(00pn−22m , 01p
n−2
2m , 01p
n−2
2m−1, 00p
n−2
2m−1, . . . 00p
n−2
2k , 01p
n−2
2k , 01p
n−2
2k−1, 00p
n−2
2k−1,
. . . 00pn−22i+2, 01p
n−2
2i+2, 01p
n−2
2i+1, 00p
n−2
2i+1, 00p
n−2
2i )
❛♥❞
(00pn−22i−1, 01p
n−2
2i−1, 01p
n−2
2i−2, 00p
n−2
2i−2, . . . 00p
n−2
2k′−1, 01p
n−2
2k′−1, 01p
n−2
2k′−2, 00p
n−2
2k′−2,
. . . 00pn−25 , 01p
n−2
5 , 01p
n−2
4 , 00p
n−2
4 )
❢♦( m ≥ k ≥ i+ 1 ❛♥❞ i ≥ k′ ≥ 2✳
❙❡❡ ❋✐❣✉(❡ ✸✳✷✷✳
Tn ❝❛♥ ❜❡ (❡✇(✐&&❡♥ ❛9 &❤❡ ❝♦♥❝❛&❡♥❛&✐♦♥ ♦❢
(00pn−22k , 01p
n−2
2k , 01p
n−2
2k−1, 00p
n−3
2k−1) ❢♦( ❡✈❡(② k = m, . . . i+ 1
✇✐&❤
(00pn−22i )
✸✳✷✳ ❍❛♠✐❧(♦♥✐❝✐(② ✐♥ (❤❡ ▲✉❝❛1 ❝✉❜❡1 ✺✶
❛♥❞
(00pn−22k′−1, 01p
n−2
2k′−1, 01p
n−2
2k′−2, 00p
n−3
2k′−2) ❢♦7 ❡✈❡7② k
′ = i, . . . 2.
◆♦(❡ (❤❛( (❤❡ ❧❡♥❣(❤ ♦❢ Tn ✐1 2(2m− 2i+ 2i− 1− 3) = 4m− 8✳
❲❡ ✇✐❧❧ ✜♥❛❧❧② ❝♦♥❝❛(❡♥❛(❡ Tn ✇✐(❤ (00p
n−2
3 , 01p
n−2
3 , 01p
n−2
2 , 01p
n−2
1 , 00p
n−2
1 ,
00pn−22 ) ❢♦❧❧♦✇❡❞ ❜② L
′R
10 ❛♥❞ (❤❡ ✈❡7(✐❝❡1 ♦❢ 0010Pn−4✳
L
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n−4
❋✐❣✉7❡ ✸✳✷✷✿ ❍✳ ❝②❝❧❡ ✐♥ Λn − v ❢♦7 v ∈ L
R
01 − 01p
n−2
2 ❛♥❞ n ≡ 1(mod 3)
▲❡( v ∈ L00 \ {00p
n−2
1 = 000p
n−3
|V (Γn−3)|
, 0010PRn−4} ❚❤✉1 v = 00p
n−2
2i+1 ❢♦7
1♦♠❡ 1 ≤ i ≤ m✳ ❲❡ ✇✐❧❧ ❝♦♥1(7✉❝( Tn✱ ❢7♦♠ 00p
n−2
|V (Γn−3)|
= 000pn−31 (♦
01pn−23 = 010p
n−3
|V (Γn−3)|−2
❝♦♥❝❛(❡♥❛(✐♥❣
(00pn−22m , 01p
n−2
2m , 01p
n−2
2m−1, 00p
n−2
2m−1, . . . 00p
n−2
2k , 01p
n−2
2k , 01p
n−2
2k−1, 00p
n−2
2k−1,
. . . 00pn−22i+4, 01p
n−2
2i+4, 01p
n−2
2i+3, 00p
n−2
2i+3, 00p
n−2
2i+2, 01p
n−2
2i+2, 01p
n−2
2i+1)
❛♥❞
(01pn−22i , 00p
n−2
2i , 00p
n−2
2i−1, 01p
n−2
2i−1, 01p
n−2
2i−2, 00p
n−2
2i−2, . . . 00p
n−2
2k′−1, 01p
n−2
2k′−1,
01pn−22k′−2, 00p
n−2
2k′−2, . . . 00p
n−2
5 , 01p
n−2
5 , 01p
n−2
4 , 00p
n−2
4 , 00p
n−2
3 , 01p
n−2
3 )
❢♦7 m ≤ k ≤ i+ 2 ❛♥❞ i ≤ k′ ≤ 3✳
❙❡❡ ✜❣✉7❡ ✸✳✷✸✳
❲❡ ❝❛♥ 7❡1(❛(❡ Tn ❛1 (❤❡ ❝♦♥❝❛(❡♥❛(✐♦♥ ♦❢
(00pn−22k , 01p
n−2
2k , 01p
n−2
2k−1, 00p
n−2
2k−1) ❢♦7 ❡✈❡7② k = m, . . . i+ 2
✇✐(❤
(00pn−22i+2, 01p
n−2
2i+2, 01p
n−2
2i+1, 01p
n−2
2i , 00p
n−2
2i )
❛♥❞
(00pn−22k′−1, 01p
n−2
2k′−1, 01p
n−2
2k′−2, 00p
n−2
2k′−2 ❢♦7 ❡✈❡7② k
′ = i, · · · 3
✺✷ ❈❤❛♣&❡( ✸✳ ❍❛♠✐❧&♦♥✐❝✐&②
✇✐&❤
(00pn−23 , 01p
n−2
3 ).
Tn ❤❛4 ❧❡♥❣&❤ 2(2m− 2i− 2) + 4 + 2(2i− 1− 3) + 2 = 4m− 6✳ ❚❤❡ ❝②❝❧❡
✐4 ❢♦(♠❡❞ ❜② Tn ❧✐♥❦❡❞ &♦ (01p
n−2
2 , 01p
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1 , 00p
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1 , 01p
n−2
2 ) ❛♥❞ &♦ L
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&❤❡ ✈❡(&✐❝❡4 ♦❢ 0010Pn−4✳
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❋✐❣✉(❡ ✸✳✷✸✿ ❍✳ ❝②❝❧❡ ✐♥ Λn − v ❢♦( v ∈ L00 \ {00p
n−2
1 , 0010P
R
n−4} ❛♥❞
n ≡ 1(mod 3)
✷✳ v ∈ {01pn−22 , 00p
n−2
1 }
❘❡❝❛❧❧ &❤❛& LR01 = 010P
R
n−3 ✇❤❡(❡
0PRn−3 = 010Pn−5, 00Pn−4 = 010Pn−5, 000P
R
n−5, 0010P
R
n−6✳
▲❡& 2|V (Γn−5)| = 2m
′
❛♥❞ ♥♦&✐❝❡ &❤❛& PRn−6 ❤❛4 ❛♥ ❡✈❡♥ ❧❡♥❣&❤✳
▲❡& v = 01pn−22 ✱ &❤❡♥ ❧❡& u = 01p
n−2
1 ∈ 010Pn−5✳ ❚❤✉4 u ✐4 ❛❞❥❛❝❡♥& &♦
u′ = 01pn−22|V (Γn−5)| ∈ 000P
R
n−5✳
▲❡& Tn✱ &❤❡ ♣❛&❤ ❢(♦♠ 00p
n−2
|V (Γn−3)|
= 000pn−31 &♦ 00p
n−2
2|V (Γn−5)|+1
❛4 &❤❡ ❝♦♥✲
❝❛&❡♥❛&✐♦♥ ♦❢
(00pn−22m , 01p
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❋✐❣✉(❡ ✸✳✸✼✿ ❍✳ ❝②❝❧❡ ✐♥ Λn − v ❢♦( v ∈ 1010P
R
n−4 ❛♥❞ n ≡ 2(mod 3)
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❋✐❣✉(❡ ✸✳✸✽✿ ❍✳ ❝②❝❧❡ ✐♥ Λn − 10p
′n−2
|V (Γn−2)|
❢♦( n ≡ 2(mod 3)
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 !♦♣♦$✐&✐♦♥ ✸✳✷✳✽✳ ❋♦" n ≥ 0, n ≡ 0 (mod 3)✱ Λn ❤❛& ❛ ♣❛(❤ ♦❢ ❧❡♥❣(❤
|Λn| − 1✳
 !♦♦❢✳ ❇② ❝♦♥4&(✉❝&✐♦♥✱ &❤❡ 4✉❜❣(❛♣❤ H ′n✱ ✐4♦♠♦(♣❤✐❝ &♦ Λn ✐4 ✐♥❞✉❝❡❞ ❜②
&❤❡ ✈❡(&✐❝❡4 ♦❢ L0 = 0 Pn−1 = 01(0Pn−3), 00Pn−2 ❛♥❞ ❜② &❤❡ ✈❡(&✐❝❡4 ♦❢ L
′
10 =
10 Pn−2 \ {4&(✐♥❣4 &❤❛& ❡♥❞ ✇✐&❤ ✶} = 10 Pn−3 0✳ ◆♦&✐❝❡ &❤❛& ❜② I(♦♣♦4✐&✐♦♥
✸✳✷✳✸✱ &❤❡ ❧❛4& 4&(✐♥❣ ♦❢ Pn−2✱ ♥❛♠❡❧② 00p
n−2
|V (Γn−2)|
✐4 ❛ ❛ P1n−2 ❛♥❞ ❤❡♥❝❡ &❤❡
4&(✐♥❣ 10p
′n−2
|V (Γn−2)|
❞♦❡4 ♥♦& ❡①✐4& ✐♥ L′10 = 10 Pn−3 0✳
❲❡ ❤❛✈❡ ❛❧(❡❛❞② ♣(♦✈❡❞ &❤❛& ❡✈❡(② 10p
′n−2
i ♦❢ L
′
10 ✐4 ❛❞❥❛❝❡♥& &♦ 00p
n−2
i ♦❢ L00
✐♥ H ′n✳
✸✳✷✳ ❍❛♠✐❧(♦♥✐❝✐(② ✐♥ (❤❡ ▲✉❝❛1 ❝✉❜❡1 ✺✾
❚❤❡6❡❢♦6❡✱ (❤❡ ♣❛(❤ 01(0Pn−3), (00Pn−2− 00p
n−2
|V (Γn−2)|
), 10 PRn−3 0 ✐1 ❛ ♣❛(❤ ♦❢
❧❡♥❣(❤ |Λn| − 1✳ 
❚❤❡♦$❡♠ ✸✳✷✳✾✳ ❋♦" n ≡ 0 (mod 3); n ≥ 6 ❛♥❞ ❡✈❡♥ l ✇✐*❤ 4 ≤ l ≤ |V (Λn)|−
2✱ ❛ ❝②❝❧❡ ♦❢ ❧❡♥❣*❤ l ❝❛♥ ❜❡ ❡♠❜❡❞❞❡❞ ✐♥ Λn✳
*$♦♦❢✳ ❇② ❞❡✜♥✐(✐♦♥✱ (❤❡ ♦♥❧② ✈❡6(✐❝❡1 (❤❛( ❝❛♥ ❜❡ 6❡♠♦✈❡❞ ✐♥ ♦6❞❡6 (♦ ✜♥❞
❛ ❍❛♠✐❧(♦♥✐❛♥ ❝②❝❧❡ ✐♥ Λn \ {v1, v2} ❛6❡ (❤♦1❡ ♦❢ V
P (Λn)✳ ❆❧1♦✱ |V (Γn−3)| ✐1
♦❞❞✳ ❚❤✉1 |V (Γn−3)| = 2m+1✳ ▲❡( v1 = 01p
n−2l|V (Γn−3)| ❛♥❞ v2 = 00p
n−2
|V (Γn−2)|
✳
❈♦♥1✐❞❡6 Tn ❢6♦♠ 00p
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2 (♦ 00p
n−2
|V (Γn−3)|
❞❡✜♥❡❞ ❛1 (❤❡ ❝♦♥❝❛(❡♥❛(✐♦♥ ♦❢
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Tn ❝❛♥ ❜❡ 6❡✇6✐((❡♥ ❛1 (❤❡ ❝♦♥❝❛(❡♥❛(✐♦♥ ♦❢
(00pn−22k , 01p
n−2
2k , 01p
n−2
2k+1, 00p
n−2
2k+1) ❢♦6 ❡✈❡6② k = 1, . . .m.
❍❡♥❝❡✱ (❤❡ ❝②❝❧❡ C ′ 1❤♦✇♥ ✐♥ ✜❣✉6❡ ✸✳✸✾ ✐1 ❛ ❍❛♠✐❧(♦♥✐❛♥ ❝②❝❧❡ ✐♥ Λn\{v1, v2}✱
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❋✐❣✉6❡ ✸✳✸✾✿ ❍✳ ❝②❝❧❡ ✐♥ Λn \ {v1, v2} ❢♦6 n ≡ 0 (mod 3)
❘❡♠♦✈✐♥❣ ❛ ♣❛✐6 ♦❢ ✈❡6(✐❝❡1 ♦❢ LR01 ❢6♦♠ C
′
✱ ❞❡❝6❡❛1❡1 (❤❡ ❧❡♥❣❤( ♦❢ (❤❡ ❝②❝❧❡
❜② (✇♦✳ ❚❤✉1 (❤❡ ❝②❝❧❡1 ♦❢ ❧❡♥❣(❤ s ✇✐(❤ |V (Λn)| − 2 ≤ s ≤ 2|V (Γn−2)| ❛6❡
♦❜(❛✐♥❡❞✳ ❈②❝❧❡1 ♦❢ ❧❡♥❣(❤ s′ ✇✐(❤ 2|V (Γn−2)| < s
′ ≤ 4 ❛6❡ ❝♦♥1(6✉❝(❡❞ ❜②
6❡♠♦✈✐♥❣ (✇♦ 1✉✐(❛❜❧❡ ✈❡6(✐❝❡1 ♦❢ (❤❡ ❝✉66❡♥( ❝②❝❧❡ ❡❛❝❤ (✐♠❡✳ 
❆ ♥❛(✉6❛❧ E✉❡1(✐♦♥ (❤❛( ✇♦✉❧❞ ❜❡ ✐♥(❡6❡1(✐♥❣ (♦ 6❡1♣♦♥❞ ✐1 ❢♦6 ✇❤✐❝❤ ♣❛✐6
♦❢ ✈❡6(✐❝❡1 v1 ❛♥❞ v2 ♦❢ V
P (Λn), n ≡ 0 (mod 3) ✐1 ❛❧✇❛②1 ♣♦11✐❜❧❡ (♦ ❤❛✈❡ ❛
❍❛♠✐❧(♦♥✐❛♥ ❝②❝❧❡ ✐♥ Λn\{v1, v2}❄ ■♥ ❛ ♣❛6(✐❛❧ 6❡1♣♦♥1❡✱ ✇❡ ❧❡( v1 = 00p
n−2
|V (Γn−2)|
❛♥❞ v2 ∈ V
P (Λn) ✇❤✐❝❤ 1❡❡♠1 (♦ ✇♦6❦ ♣6♦♣❡6❧②✳ ❯♥❢♦6(✉♥❛(❡❧② ✇❡ 1(✐❧❧ ❤❛✈❡
♥♦( ❢♦✉♥❞ ❛ ❝♦♠♣❧❡(❡ ❛♥1✇❡6 (♦ (❤✐1 E✉❡1(✐♦♥✳
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❊❝❝❡♥$%✐❝✐$② ❙❡)✉❡♥❝❡+ ♦❢ $❤❡
❋✐❜♦♥❛❝❝✐ ❛♥❞ ▲✉❝❛+ ❝✉❜❡+
❚❤❡ ❡❝❝❡♥#$✐❝✐#② ♦❢ ❛ ✈❡'(❡① u✱ ❞❡♥♦(❡❞ eG(u) ✐. (❤❡ ❣'❡❛(❡.( ❞✐.(❛♥❝❡ ❜❡✲
(✇❡❡♥ u ❛♥❞ ❛♥② ♦(❤❡' ✈❡'(❡① v ✐♥ (❤❡ ❣'❛♣❤✳ ❲❤❡♥ ♥♦ ❝♦♥❢✉.✐♦♥ ✐. ♣♦..✐❜❧❡ ✇❡
✇✐❧❧ .❤♦'(❡♥ (❤✐. ♥♦(❛(✐♦♥ (♦ e(u)✳ ❲❡ .❛② (❤❛( v '❛#✐'✜❡' (❤❡ ❡❝❝❡♥('✐❝✐(② ♦❢
u ✇❤❡♥ d(u, v) = e(u)✳ ❈❧❡❛'❧②✱ ♥♦( ❛❧❧ (❤❡ ✈❡'(✐❝❡. ♦❢ Γn ♦' Λn ❤❛✈❡ (❤❡ .❛♠❡
❡❝❝❡♥('✐❝✐(② ❛. ✐( ❤❛♣♣❡♥. ✐♥ Qn ✇❤❡'❡ (❤❡'❡ ❛'❡ ♥♦ '❡.('✐❝(✐♦♥. ♦❢ ❝♦♥.❡❝✉(✐✈❡
✶✬.✳ ❋♦' ❡①❛♠♣❧❡✱ ❧❡( ✉. ❝♦♥.✐❞❡' (❤❡ ✈❡'(❡① u = (01010) (❤❛( ❜❡❧♦♥❣. (♦ Γ5✳ ❲❡
❝❛♥ ❝♦♠❡ ❜❛❝❦ (♦ ✜❣✉'❡ ✷✳✶ (♦ .❡❡ (❤❛( e(u) = 5 .✐♥❝❡ (❤❡ ✈❡'(❡① v = (10101)
❤❛. (❤❡ ❣'❛(❡.( ❞✐.(❛♥❝❡ ❜❡(✇❡❡♥ u ❛♥❞ ❛♥② ♦(❤❡' ✈❡'(❡① ❛♠♦♥❣ ❛❧❧ (❤❡ ✈❡'(✐❝❡.
♦❢ Γ5✳ ■♥ (❤❡ ♦(❤❡' ❤❛♥❞✱ ✇❡ ❝❛♥ .❡❡ (❤❛( (❤❡ ✈❡'(❡① v = (10101) ❛❧.♦ .❛(✐.✜❡.
(❤❡ ❡❝❝❡♥('✐❝✐(② ♦❢ u′ = (00000) ❛♥❞ e(00000) = 3✳
◆♦✇✱ ❧❡( ✉. ❝♦♥.✐❞❡' (❤❡ .❛♠❡ ✈❡'(❡① u = (01010) ✐♥ Λ5✳ ❚❤❡ ✈❡'(❡① v =
(10101) ❞♦❡. ♥♦( ❜❡❧♦♥❣ (♦ Λ5 ❜❡❝❛✉.❡ ✐( ❜❡❣✐♥. ❛♥❞ ❡♥❞. ✇✐(❤ 1✳ ❚❤✉.✱ ✇❡ ❝❛♥
'❡(✉'♥ (♦ ✜❣✉'❡ ✷✳✹ (♦ ✈❡'✐❢② (❤❛( (❤❡ ✈❡'(✐❝❡. v1 = (10100) ❛♥❞ v2 = (00101)
.❛(✐.❢② ❜♦(❤✱ (❤❡ ❡❝❝❡♥('✐❝✐(② ♦❢ u ❛♥❞ (❤❛( e(u) = 4✳ ❆❧.♦✱ (❤❡ ✈❡'(❡① (❤❛( .❛(✲
✐.❢② (❤❡ ❡❝❝❡♥('✐❝✐(② ♦❢ u′ = (00000) ✐♥ Γn ❞♦❡. ♥♦( ❜❡❧♦♥❣ (♦ Λn✳ ❚❤❡'❡❢♦'❡✱
(❤❡ ✈❡'(✐❝❡. (10100), (10010), (01010), (01001) ❛♥❞ (00101) .❛(✐.❢② ❛❧❧ ♦❢ (❤❡♠✱
(❤❡ ❡❝❝❡♥('✐❝✐(② ♦❢ u′ ✐♥ Λn ❛♥❞ e(00000) = 2✳
❚❤❡ $❛❞✐✉' ♦❢ ❛ ❣'❛♣❤ G✱ ❞❡♥♦(❡❞ rad(G)✱ ✐. (❤❡ ♠✐♥✐♠✉♠ ❡❝❝❡♥('✐❝✐(②
❛♠♦♥❣ (❤❡ ✈❡'(✐❝❡. ♦❢ ●✱ ✇❤✐❧❡ (❤❡ ❞✐❛♠❡#❡$ ♦❢ G✱ ❞❡♥♦(❡❞ diam(G) ✐. (❤❡
♠❛①✐♠✉♠ ❡❝❝❡♥('✐❝✐(② ❛♠♦♥❣ (❤❡ ✈❡'(✐❝❡. ♦❢ (❤❡ ❣'❛♣❤✳
❚❤❡ '❛❞✐✉.✱ rad(Γn) =
⌈
n
2
⌉
❛♥❞ ❞✐❛♠❡(❡'✱ diam(Γn) = n ♦❢ (❤❡ ❋✐❜♦♥❛❝❝✐
❝✉❜❡. ❛'❡ ♦❜(❛✐♥❡❞ ✐♥ ❬▼❙✵✷❪✳ ❙✐♠✐❧❛'❧② rad(Λn) =
⌊
n
2
⌋
❛♥❞ diam(Λn) = 2
⌊
n
2
⌋
❛'❡ ❞❡(❡'♠✐♥❡❞ ✐♥ ❬▼❈❙✵✶❪✳
❲❡ ❞❡✜♥❡ (❤❡ ❡❝❝❡♥#$✐❝✐#② '❡-✉❡♥❝❡ ♦❢ G ❛. (❤❡ .❡L✉❡♥❝❡ {ak}
diam(G)
k=0 ♦❢
♥♦♥♥❡❣❛(✐✈❡ ✐♥(❡❣❡'.✱ ✇❤❡'❡ ak ✐. (❤❡ ♥✉♠❜❡' ♦❢ ✈❡'(✐❝❡. ♦❢ ❡❝❝❡♥('✐❝✐(② k ✐♥
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■♥ (❤❡ ♥❡①( (❛❜❧❡✱ ✇❡ .❤♦✇ (❤❡ ♥✉♠❜❡' ♦❢ ✈❡'(✐❝❡. ♦❢ ❡❝❝❡♥('✐❝✐(② k ✐♥ Γn
❛♥❞ ✐♥ Λn ❢♦' n = 0 (♦ 10 ✇❤✐❝❤ ❝❛♥ ❜❡ ❝♦♠♣✉(❡❞ ❜② ❤❛♥❞✳
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Λ : ✵ ✵ ✵ ✶ ✼ ✶✹ ✼ ✵ ✵ ✵ ✵ ✵ ✶ ✶✻ ✷✵ ✽ ✷ ✵ ✵ ✵ ✵ ✶ ✾ ✸✵ ✷✼ ✾ ✵ ✵ ✵ ✵ ✵ ✵ ✶ ✷✺ ✺✵ ✸✺ ✶✵ ✷
❚❛❜❧❡ ✹✳✶✿ ◆✉♠❜❡( ♦❢ ✈❡(&✐❝❡3 ♦❢ ❡❝❝❡♥&(✐❝✐&② k ✐♥ Γn ❛♥❞ Λn✳
✹✳✶ ◆♦%❛%✐♦♥ ♦❢ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡/
▲❡& Fn ❜❡ &❤❡ 3❡& ♦❢ 3&(✐♥❣3 ♦❢ Γn✳
▲❡& Fod ·n ❜❡ &❤❡ 3❡& ♦❢ 3&(✐♥❣3 ♦❢ Γn &❤❛& ❜❡❣✐♥ ✇✐&❤ ❛♥ ♦❞❞ ♥✉♠❜❡( ♦❢ ✵✬3✱
F ev ·n &❤❡ 3❡& ♦❢ 3&(✐♥❣3 ♦❢ Γn &❤❛& ❜❡❣✐♥ ✇✐&❤ ❛♥ ❡✈❡♥ ♥✉♠❜❡( ✭❡✈❡♥&✉❛❧❧② ♥✉❧❧✮
♦❢ ✵✬3✱
F ev
∗·
n &❤❡ 3❡& ♦❢ 3&(✐♥❣3 ♦❢ Γn &❤❛& ❜❡❣✐♥ ✇✐&❤ ❛♥ ❡✈❡♥ ♥✉♠❜❡(✱ ♥♦& ♥✉❧❧ ♦❢ ✵✬3
❛♥❞
F∅ ·n &❤❡ 3❡& ♦❢ 3&(✐♥❣3 ♦❢ Γn &❤❛& ❞♦ ♥♦& ❜❡❣✐♥ ✇✐&❤ ❛ ✵✳
❲❡ ❤❛✈❡ &❤✉3 Fn = F
od ·
n ⊎ F
ev ·
n = F
od · ⊎ F ev
∗· ⊎ F∅ ·n ✱ ✇❤❡(❡ ⊎ ✐3 &❤❡ ❞✐3❥♦✐♥&
✉♥✐♦♥ ♦❢ 3❡&3✳
▲❡& F · odn ❜❡ &❤❡ 3❡& ♦❢ 3&(✐♥❣3 ✐♥ Γn &❤❛& ❡♥❞ ✇✐&❤ ❛♥ ♦❞❞ ♥✉♠❜❡( ♦❢ ✵✬3✳
❙✐♠✐❧❛(❧②✱ ✇❡ ❞❡✜♥❡ F · bn ✇❤❡(❡ b ∈ {ev, ev
∗,∅}✳
▲❡& Fod odn ❜❡ &❤❡ 3❡& ♦❢ 3&(✐♥❣3 ✐♥ Γn &❤❛& ❜❡❣✐♥ ❛♥❞ ❡♥❞ ✇✐&❤ ❛♥ ♦❞❞ ♥✉♠❜❡(
♦❢ ✵✬3✳
■♥ &❤❡ 3❛♠❡ ✇❛②✱ ✇❡ ❞❡✜♥❡ Fabn ✇❤❡(❡ a, b ∈ {od, ev, ev
∗,∅, · }✳
◆♦&❡ &❤❛& F · ·n = Fn✳ ▲❡& Fn,k &❤❡ 3❡& ♦❢ 3&(✐♥❣3 ♦❢ Γn ✇✐&❤ ❡❝❝❡♥&(✐❝✐&② k✳
❋♦( ❛♥② a, b ∈ {od, ev, ev∗,∅, · }✱ ❧❡& Fa bn,k = F
a b
n ∩ Fn,k ❛♥❞ f
a b
n,k ❜❡ |F
a b
n,k|✳
❲❡ ✇✐❧❧ ❞❡♥♦&❡ ❜② fa b &❤❡ ❣❡♥❡(❛&✐♥❣ ❢✉♥❝&✐♦♥
fa b(x, y) =
∑
n,k≥0
fa bn,k x
nyk
✹✳✷✳ ❊❝❝❡♥'(✐❝✐'② ♦❢ ❛ ✈❡('❡① ♦❢ Γn ✻✸
✹✳✷ ❊❝❝❡♥'(✐❝✐'② ♦❢ ❛ ✈❡('❡① ♦❢ Γn
■♥ '❤✐4 4❡❝'✐♦♥✱ ✇❡ 4❤♦✇ '❤❛' ❛ ✈❡('❡① x ✐♥ Γn ❝❛♥ ❜❡ ✇(✐''❡♥ ✉♥✐9✉❡❧② ❛4
'❤❡ ❝♦♥❝❛'❡♥❛'✐♦♥ ♦❢ ♣❛('✐❝✉❧❛( 4'(✐♥❣4✳ ❲❡ ❣✐✈❡ 4♦♠❡ (❡4✉❧'4 ❝♦♥❝❡(♥✐♥❣ '❤❡
❡❝❝❡♥'(✐❝✐'② ♦❢ '❤❡4❡ 4✉❜4'(✐♥❣4✳ ❚❤❡4❡ (❡4✉❧'4 ❧❡❛❞ ✉4 '♦ ❝♦♠♣✉'❡ e(x) ❛♥❞ '♦
❝❤❛(❛❝'❡(✐③❡ '❤❡ ✈❡('✐❝❡4 y ✐♥ Γn '❤❛' 4❛'✐4❢② e(x)✳ ❋✐♥❛❧❧②✱ ✇❡ ❞❡'❡(♠✐♥❡ '❤❡
❧❛4' ❝❤❛(❛❝'❡( ♦❢ '❤❡ 4'(✐♥❣4 y ❛' ❞✐4'❛♥❝❡ e(x) ✭❈♦(♦❧❧❛(② ✹✳✷✳✾✮✳ ❚❤✐4 ❧❛''❡(
(❡4✉❧' ✇✐❧❧ ❜❡ ✈❡(② ✉4❡❢✉❧ '❤(♦✉❣❤ '❤✐4 4❡❝'✐♦♥✳
▲❡' ✉4 (❡❝❛❧❧ '❤❛' Γn ✐4 ❛♥ ✐4♦♠❡'(✐❝ 4✉❜❣(❛♣❤ ♦❢ Qn✱ ✐✳❡✳✿
 !♦♣♦$✐&✐♦♥ ✹✳✷✳✶✳ ❚❤❡ ❞✐%&❛♥❝❡ dΓn(a, b) ❜❡&✇❡❡♥ a ❛♥❞ b ✐♥ Γn ✐% dQn(a, b)✱
&❤❡ ♥✉♠❜❡/ ♦❢ ♣♦%✐&✐♦♥% ✐♥ ✇❤✐❝❤ &❤❡ &✇♦ %&/✐♥❣% a ❛♥❞ b ❞✐✛❡/✳
 !♦♦❢✳ ▲❡' a = (a1a2 · · · an)✱ b = (b1b2 · · · bn) ∈ Γn ❛♥❞ ❧❡' z = (z1z2 · · · zn) ∈
Qn ❜❡ ❞❡✜♥❡❞ ❛4
zi =
{
ai ✐❢ ai = bi
0 ✐❢ ai 6= bi,
◆♦'❡ ✜(4' '❤❛' z ✐4 ❛ ❋✐❜♦♥❛❝❝✐ 4'(✐♥❣✳ ■♥❞❡❡❞ zi = zi+1 = 1 ✇♦✉❧❞ ✐♠♣❧②
ai = ai+1 = 1✳ ❈♦♥4✐❞❡( ♥♦✇ ❛ 4❤♦('❡4' ♣❛'❤ ✐♥ Qn ❢(♦♠ a '♦ b✱ s = (a =
s0, s1, · · · , z, · · · , sj = b)✱ ♦❜'❛✐♥❡❞ ❜② ❝♦♥❝❛'❡♥❛'✐♦♥ ♦❢ ❛ 4❤♦('❡4' ♣❛'❤ ❢(♦♠
a '♦ z ❛♥❞ ❛ 4❤♦('❡4' ♣❛'❤ ❢(♦♠ z '♦ b✳ ■' ✐4 ❡❛4② '♦ 4❡❡ '❤❛' ❛❧❧ '❤❡ ✈❡('✐❝❡4 ♦❢
s ❜❡❧♦♥❣ '♦ Γn ❛4 ✇❡❧❧ '❤✉4 s ✐4 ❛❧4♦ ❛ ♣❛'❤ ✐♥ Γn✳ ❋✉('❤❡(♠♦(❡ s ✐4 ❛ 4❤♦('❡4'
♣❛'❤ ✐♥ Γn ❜❡❝❛✉4❡✱ ❛4 ❛ 4✉❜❣(❛♣❤✱ dΓn(a, b) ≥ dQn(a, b)✳ 
❲❡ ✇✐❧❧ '❤✉4 4❤♦('❡♥ '❤❡ ♥♦'❛'✐♦♥ dΓn(a, b) '♦ d(a, b) ✐♥ '❤✐4 4❡❝'✐♦♥✳ ▲❡'
✉4 ❞❡♥♦'❡ ❜② x = (ab) '❤❡ ❝♦♥❝❛'❡♥❛'✐♦♥ ♦❢ '✇♦ 4'(✐♥❣4 a ❛♥❞ b✳
 !♦♣♦$✐&✐♦♥ ✹✳✷✳✷✳ ▲❡& z ∈ Fn %✉❝❤ &❤❛& z = (xy) ✇✐&❤ x ∈ Fn1 , y ∈ Fn2
❛♥❞ n1 + n2 = n✱ &❤❡♥
e(z) ≤ e(x) + e(y)
 !♦♦❢✳ ▲❡' c ∈ Fn 4✉❝❤ '❤❛' d(z, c) = e(z)✳ ❚❤❡♥ c = (ab) ✇✐'❤ a ∈ Fn1 ❛♥❞
b ∈ Fn2 ✳
❇② '❤❡ ❞❡✜♥✐'✐♦♥ ♦❢ ❡❝❝❡♥'(✐❝✐'②✱ d(x, a) ≤ e(x) ❛♥❞ d(y, b) ≤ e(y)✳
❚❤❡♥ e(xy) = d(xy, ab) = d(x, a) + d(y, b) ≤ e(x) + e(y)✳ 
 !♦♣♦$✐&✐♦♥ ✹✳✷✳✸✳ ▲❡& z ∈ Fn %✉❝❤ &❤❛& z = (xy) ✇✐&❤ x ∈ Fn1 , y ∈ Fn2
❛♥❞ n1 + n2 = n✳ ■❢ e(xy) = e(x) + e(y)✱ &❤❡♥ ❛♥② %&/✐♥❣ u ∈ Fn &❤❛& %❛&✐%✜❡%
d(u, z) = e(z)✱ ❝❛♥ ❜❡ ❞❡❝♦♠♣♦%❡❞ ✐♥ u = (vw) ✇✐&❤ v ∈ Fn1✱ w ∈ Fn2 %✉❝❤
&❤❛& d(v, x) = e(x) ❛♥❞ d(w, y) = e(y)✳
✻✹ ❈❤❛♣&❡( ✹✳ ❊❝❝❡♥&(✐❝✐&② ❙❡0✉❡♥❝❡2 ♦❢ &❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ ▲✉❝❛2 ❝✉❜❡2
 !♦♦❢✳ ❈♦♥2✐❞❡( ❛ 2&(✐♥❣ u ∈ Fn &❤❛& ✈❡(✐✜❡2 &❤❡ ❡❝❝❡♥&(✐❝✐&② ♦❢ z✱ &❤❡♥
u = (vw) ✇✐&❤ v ∈ Fn1 , w ∈ Fn2 ❛♥❞ e(xy) = d(vw, xy) = d(v, x) + d(w, y)✳
❇✉& d(v, x) ≤ e(x) ❛♥❞ d(w, y) ≤ e(y)✳
❚❤✉2✱ ✇❡ ♠✉2& ❤❛✈❡ d(v, x) = e(x) ❛♥❞ d(w, y) = e(y)✳ 
❇❡❝❛✉2❡ ❛ ❋✐❜♦♥❛❝❝✐ 2&(✐♥❣ ♦❢ ❧❡♥❣&❤ n ✐2 ❛ ❜✐♥❛(② 2&(✐♥❣ ✇✐&❤ ♥♦ ❝♦♥2❡❝✉✲
&✐✈❡ ✶✬2✱ &❤❡ ♥❡①& ♣(♦♣♦2✐&✐♦♥ ✐2 ❝❧❡❛(
 !♦♣♦&✐(✐♦♥ ✹✳✷✳✹✳ ❚❤❡ #$%✐♥❣# ♦❢ Fn ✇✐$❤ n ≥ 0✱ ❝❛♥ ❜❡ ✉♥✐1✉❡❧② ✇%✐$$❡♥ ❛#
x = 0l010l110l2 · · · 10lp
✇✐$❤ p ≥ 0, l0, lp ≥ 0 ❛♥❞ l1, · · · , lp−1 ≥ 1✳
 !♦♣♦&✐(✐♦♥ ✹✳✷✳✺✳ ❋♦% l ≥ 0✱
e(0l+2) = e(0l) + 1
 !♦♦❢✳ 0l+2 ✐2 &❤❡ ❝♦♥❝❛&❡♥❛&✐♦♥ ♦❢ 0l ❛♥❞ 02✱ &❤❡♥ ❜② F(♦♣♦2✐&✐♦♥ ✹✳✷✳✷✱
e(0l+2) ≤ e(0l) + 1✳ ❋✉(&❤❡(♠♦(❡✱ ✐❢ y ∈ Fl ✐2 ❛ 2&(✐♥❣ &❤❛& 2❛&✐2❢② &❤❡ ❡❝❝❡♥✲
&(✐❝✐&② ♦❢ 0l✱ &❤❡♥ &❤❡ 2&(✐♥❣ (y01) ❜❡❧♦♥❣2 &♦ Fl+2 ❛♥❞ ✐2 ❛& ❞✐2&❛♥❝❡ e(0
l) + 1
♦❢ 0l+2✳ 
 !♦♣♦&✐(✐♦♥ ✹✳✷✳✻✳ ❋♦% l ≥ 0✱
e(10l) = e(0l) + 1
 !♦♦❢✳ ❆❣❛✐♥✱ ❜② F(♦♣♦2✐&✐♦♥ ✹✳✷✳✷✱ e(10l) ≤ 1 + e(0l)✳ ❆22✉♠❡ &❤❛& y ∈ Fl
✐2 ❛ 2&(✐♥❣ &❤❛& 2❛&✐2❢② &❤❡ ❡❝❝❡♥&(✐❝✐&② ♦❢ 0l✱ &❤❡♥ (0y) ∈ Fl+1 ✐2 ❛& ❞✐2&❛♥❝❡
e(0l) + 1 ♦❢ 10l✳ 
❲❡ ❛22♦❝✐❛&❡ ♥❡①&✱ &♦ ❡✈❡(② 2&(✐♥❣ 0l ∈ Fl✱ ❛ 2❡& ♦❢ 2&(✐♥❣2 W (0
l) ♦❢ Fl ✐♥
&❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿
W (0l) =
{
{1(01)⌊
l−1
2
⌋} ✐❢ l ✐2 ♦❞❞
{(10)a(01)b/2a+ 2b = l, a, b ≥ 0} ✐❢ l ✐2 ❡✈❡♥
 !♦♣♦&✐(✐♦♥ ✹✳✷✳✼✳ ❋♦% l ≥ 0✱
e(0l) = ⌊
l + 1
2
⌋
❋✉%$❤❡%♠♦%❡✱ $❤❡ #$%✐♥❣# ♦❢ W (0l) ❛%❡ $❤❡ ♦♥❧② #$%✐♥❣# $❤❛$ #❛$✐#❢② $❤❡ ❡❝❝❡♥✲
$%✐❝✐$② ♦❢ 0l✳
✹✳✷✳ ❊❝❝❡♥'(✐❝✐'② ♦❢ ❛ ✈❡('❡① ♦❢ Γn ✻✺
 !♦♦❢✳ ◆♦'✐❝❡ '❤❛' '❤❡ ♣(♦♣❡('② ✐5 '(✉❡ ✇❤❡♥ l ≤ 1✳ ❲❤❡♥ l = 2✱ '❤❡ ♣(♦♣❡('②
✐5 ❛❧5♦ '(✉❡ ❛♥❞ W (00) = {10, 01}✳ ❆55✉♠❡ ❜② ✐♥❞✉❝'✐♦♥ '❤❛' '❤❡ ♣(♦♣♦5✐'✐♦♥
✐5 '(✉❡ ❢♦( l✳
e(0l+2) = e(0l) + 1 ❜② ♣(♦♣♦5✐'✐♦♥ ✹✳✷✳✺✳ ❋✉('❤❡(♠♦(❡✱ ❜② @(♦♣♦5✐'✐♦♥ ✹✳✷✳✸✱ ❛
5'(✐♥❣ ♦❢ Fl+2 '❤❛' 5❛'✐5✜❡5 e(0
l+2) ♠✉5' ❜❡ (w01) ♦( (w10) ✇✐'❤ w ∈ W (0l)✳
▲❡' W ❜❡ '❤❡ 5❡' ♦❢ 5'(✐♥❣5 ♦❢ Fl+2 '❤❛' 5❛'✐5❢② '❤❡ ❡❝❝❡♥'(✐❝✐'② ♦❢ 0
l+2
✳
✭✐✮ ■❢ l ✐5 ♦❞❞✱ '❤❡♥ W (0l) = {1(01)⌊
l−1
2
⌋}✳ ❚❤❡♥ w ❡♥❞5 ✇✐'❤ ✶ ❛♥❞ ♦♥❧②
(w01) ❜❡❧♦♥❣5 '♦ Fl+2✱ '❤✉5 W = {1(01)
⌊ l+1
2
⌋} = W (0l+2)✳
✭✐✐✮ ■❢ l ✐5 ❡✈❡♥✱ '❤❡♥ W (0l) = {(10)a(01)b /2a+ 2b = l; a, b ≥ 0}✳
■❢ b = 0✱ '❤❡♥ ❜♦'❤ (10)
l
201 ❛♥❞ (10)
l
210 5❛'✐5❢② '❤❡ ❡❝❝❡♥'(✐❝✐'② ♦❢ 0l+2✳
■❢ b 6= 0✱ '❤❡♥ ♦♥❧② '❤❡ 5'(✐♥❣ (10)a(01)b(01) = (10)a(01)b+1 ✈❡(✐✜❡5 '❤❡
❡❝❝❡♥'(✐❝✐'② ♦❢ 0l+2✳
❚❤❡♥ W = {(10)
l
201, (10)
l
210} ∪ {(10)a(01)b+1 /2a+2b = l; a ≥ 0, b ≥
1} = {(10)a(01)b
′
/2a+ 2b′ = l + 2; a, b′ ≥ 0} = W (0l+2)✳

❚❤❡♦!❡♠ ✹✳✷✳✽ ✭❬❈▼✶✷❪✮✳ ❋♦" ❡✈❡"② x = 0l010l110l2 · · · 10lp ✐♥ Fn✱ ✇✐*❤
p, l0, lp ≥ 0; l1, · · · , lp−1 ≥ 1✱
e(x) = p+
p∑
i=0
⌊
li + 1
2
⌋
❋✉"*❤❡"♠♦"❡✱ *❤❡ .*"✐♥❣. *❤❛* ✈❡"✐❢② *❤❡ ❡❝❝❡♥*"✐❝✐*② ♦❢ x ❛"❡ *❤❡ .*"✐♥❣.
y = w00w10 · · ·wp−10wp
✇❤❡"❡ wi ∈ W (0
li) ❢♦" i = 0, 1, · · · , p✳
 !♦♦❢✳ ▲❡' x = 0l010l110l2 · · · 10lp ∈ Fn✱ ✇✐'❤ p, l0, lp ≥ 0; l1, · · · , lp−1 ≥ 1✳
❚❤❡♥✱ ❢(♦♠ @(♦♣♦5✐'✐♦♥ ✹✳✷✳✷✱ e(x) ≤ e(0l0) + e(10l1) + e(10l2) + · · ·+ e(10lp)✳
❈♦♠❜✐♥✐♥❣ @(♦♣♦5✐'✐♦♥5 ✹✳✷✳✻ ❛♥❞ ✹✳✷✳✼✱ e(x) ≤ ⌊ l0+1
2
⌋+
∑p
i=1(⌊
li+1
2
⌋+ 1)✳
❍❡♥❝❡ e(x) ≤ p+
∑p
i=0⌊
li+1
2
⌋✳
❋✉('❤❡(♠♦(❡✱ ❛♥② 5'(✐♥❣ y = w00w10 · · ·wp−10wp ✇✐'❤ wi ∈ W (0
li) 5❛'✐5✜❡5
d(x, y) = p+
∑p
i=0⌊
li+1
2
⌋✱ '❤❡♥ ✇❡ ❤❛✈❡ '❤❡ ❡P✉❛❧✐'② ❢♦( '❤❡ ❡❝❝❡♥'(✐❝✐'②✳
●✐✈❡♥ '❤❛' '❤❡ 5'(✐♥❣5 ♦❢ W (0li) ❛(❡ '❤❡ ♦♥❧② ♦♥❡5 '❤❛' ✈❡(✐❢② '❤❡ ❡❝❝❡♥'(✐❝✐'②
♦❢ 0li ✱ ❜② @(♦♣♦5✐'✐♦♥ ✹✳✷✳✸✱ '❤❡ ♦♥❧② 5'(✐♥❣5 z ∈ Fn '❤❛' 5❛'✐5❢② d(x, z) = e(x)
❛(❡ '❤♦5❡ ♦❢ '❤❡ ❢♦(♠ ♦❢ y✳ 
❲❡ ✇✐❧❧ ✉5❡ ❢(❡P✉❡♥'❧② '❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥5❡P✉❡♥❝❡✿
❈♦!♦❧❧❛!② ✹✳✷✳✾✳ ❋♦" ❡✈❡"② x = 0l010l110l2 · · · 10lp ∈ Fn✱ ✇✐*❤ p, l0, lp ≥
0; l1, · · · , lp−1 ≥ 1, n ≥ 1✱ *❤❡ ❢♦❧❧♦✇✐♥❣ ❛"❡ *"✉❡✿
✻✻ ❈❤❛♣%❡' ✹✳ ❊❝❝❡♥%'✐❝✐%② ❙❡0✉❡♥❝❡2 ♦❢ %❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ ▲✉❝❛2 ❝✉❜❡2
✭✐✮ ✐❢ lp ✐$ ❛♥ ♦❞❞ ♥✉♠❜❡- ❛♥❞ y ∈ Fn $❛.✐$✜❡$ .❤❡ ❡❝❝❡♥.-✐❝✐.② ♦❢ x✱ .❤❡♥
y = (y′1) ✇✐.❤ y′ ∈ Fn−1✱
✭✐✐✮ ✐❢ lp ✐$ ❛ ♥♦. ♥✉❧❧ ❡✈❡♥ ♥✉♠❜❡-✱ .❤❡♥ .❤❡-❡ ❡①✐$. y
′, y′′ ∈ Fn−1✱ $✉❝❤ .❤❛.
y = (y′0) ❛♥❞ y = (y′′1)✱ ❜♦.❤ $❛.✐$❢② e(x)✱
✭✐✐✐✮ ✐❢ lp = 0 ❛♥❞ y ∈ Fn $❛.✐$❢② .❤❡ ❡❝❝❡♥.-✐❝✐.② ♦❢ x✱ .❤❡♥ y = (y
′0) ✇✐.❤
y′ ∈ Fn−1✳
 !♦♦❢✳ ❈♦♥2✐❞❡' y ∈ Fn 2✉❝❤ %❤❛% d(x, y) = e(x)✳
✭✐✮ ❙✐♥❝❡ lp ✐2 ♦❞❞✱ %❤❡ ♦♥❧② 2%'✐♥❣ ♦❢ W (0
lp) ✐2 1(01)⌊
li−1
2
⌋
✳ ❚❤✉2✱ y = (y′1)✳
✭✐✐✮ ❇❡❝❛✉2❡ lp ✐2 ❛ ♥♦% ♥✉❧❧ ❡✈❡♥ ♥✉♠❜❡'✱ W (0
lp) = {(10)a(01)b/2a + 2b =
lp, a, b ≥ 0}✳ ❲❤❡♥ b = 0 %❤❡♥ a ≥ 1 ❛♥❞ y %❛❦❡2 %❤❡ ❢♦'♠ y = (y
′0)✳
❲❤❡♥ b ≥ 1 %❤❡♥ y = (y′′1)✳ ❚❤❡ %✇♦ ❝❛2❡2 ❛'❡ ♣♦22✐❜❧❡ 2✐♥❝❡ lp ✐2 ♥♦%
♥✉❧❧✳
✭✐✐✐✮ ●✐✈❡♥ %❤❛% lp = 0✱ ✐% ❢♦❧❧♦✇2 ❢'♦♠ ❚❤❡♦'❡♠ ✹✳✷✳✽ %❤❛% y = (y
′0)✳

◆♦%✐❝❡ %❤❛% ✐❢ ✇❡ ❝♦♥2✐❞❡' %❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❛ ✇♦'❞ x = 0l010l110l2 · · · 10lp ∈
Fn '❛%❤❡' %❤❛♥ %❤❡ ❡♥❞✱ %❤❡♥ %❤❡ 2②♠♠❡%'✐❝❛❧ ♦❢ ❈♦'♦❧❧❛'② ✹✳✷✳✾ ♦❝❝✉'2✳ ■♥
%❤✐2 ❝❛2❡ (i), (ii) ❛♥❞ (iii) ✇✐❧❧ ❜❡ 2❛%✐2✜❡❞ ❛❝❝♦'❞✐♥❣ %♦ %❤❡ ♣❛'✐%② ♦❢ l0✳
✹✳✸ ❊❝❝❡♥'(✐❝✐'② +❡,✉❡♥❝❡ ♦❢ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡+
❈♦♥2✐❞❡'✐♥❣ %✇♦ 2✉❜2❡%2✱ ♥❛♠❡❧②✱ F · odn,k ❛♥❞ F
· ev
n,k ✱ ✇❡ ✇✐❧❧ ❝♦♠♣✉%❡ f(x, y)✱
%❤❡ ❣❡♥❡'❛%✐♥❣ ❢✉♥❝%✐♦♥ ♦❢ %❤❡ ❡❝❝❡♥%'✐❝✐%② 2❡0✉❡♥❝❡ ♦❢ %❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡✬2
2%'✐♥❣2✳ ❆2 ❛ ❝♦'♦❧❧❛'②✱ %❤❡ ✈❛❧✉❡ ♦❢ fn,k ✐2 ❛❧2♦ ❞❡%❡'♠✐♥❡❞✳
 !♦♣♦&✐(✐♦♥ ✹✳✸✳✶✳ ❋♦- n ≥ 1, k ≥ 1✱
f · odn,k = f
· ev
n−1,k−1
 !♦♦❢✳ ▲❡% x = 0l010l110l2 · · · 10lp ∈ F · odn,k ✱ %❤✉2 p, l0 ≥ 0; l1, · · · , lp−1, lp ≥
1; n ≥ 1, k ≥ 1 ❛♥❞ ❛22✉♠❡ %❤❛% lp ✐2 ❛♥ ♦❞❞ ♥✉♠❜❡'✳ ◆♦%✐❝❡ %❤❛% lp − 1 ✐2 ❛
♣♦22✐❜❧② ♥✉❧❧ ❡✈❡♥ ♥✉♠❜❡'✳ ❚❤❡♥ x = (θ(x)0) ✇✐%❤ θ(x) ∈ F · evn−1 2✉❝❤ %❤❛%
θ(x) =
{
0l010l1 · · · 10lp−1 ✐❢ lp ≥ 3
0l010l1 · · · 10lp−11 ✐❢ lp = 1✳
❲❡ ❤❛✈❡ e(x) ≤ e(θ(x)) + 1✳ ❋✉'%❤❡'♠♦'❡✱ ❜② ❈♦'♦❧❧❛'② ✹✳✷✳✾✱ (ii) ❛♥❞ (iii)✱
%❤❡'❡ ❡①✐2%2 ❛ ✈❡'%❡① y = (y′0) ✇✐%❤ d(y, θ(x)) = e(θ(x))✳ ❙✐♥❝❡ d((y′01), x) =
e(θ(x)) + 1✱ ✇❡ ❤❛✈❡ e(x) = e(θ(x)) + 1✱ ❛♥❞ θ ✐2 ❛ ✶ %♦ ✶ ♠❛♣♣✐♥❣ ❜❡%✇❡❡♥
F · odn,k ❛♥❞ F
· ev
n−1,k−1✳ 
✹✳✸✳ ❊❝❝❡♥'(✐❝✐'② +❡,✉❡♥❝❡ ♦❢ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡+ ✻✼
 !♦♣♦$✐&✐♦♥ ✹✳✸✳✷✳ ❋♦" n ≥ 3, k ≥ 2✱
f · evn,k = f
· ev
n−2,k−1 + f
· ev
n−2,k−2 + f
· ev
n−3,k−2.
 !♦♦❢✳ ▲❡' x = 0l010l110l2 · · · 10lp ∈ F · evn,k ✱ ❤❡♥❝❡ p, l0, lp ≥ 0; l1, · · · , lp−1 ≥
1; n ≥ 3, k ≥ 2✳ ❆+ lp ✐+ ❛♥ ❡✈❡♥ ♥✉♠❜❡(✱ ✇❡ ✇✐❧❧ ❞✐+'✐♥❣✉✐+❤ '✇♦ ❝❛+❡+✿
✭✐✮ ■❢ lp ≥ 2✱ '❤❡♥ x = (x
′00) ✇✐'❤ x′ ∈ F · evn−2✳ ❋✉('❤❡(♠♦(❡✱ ❜② '❤❡♦(❡♠
✹✳✷✳✽✱ e(x′) = e(x)− 1 = k − 1 '❤✉+ x′ ∈ F · evn−2,k−1✳
✭✐✐✮ ■❢ lp = 0 '❤❡♥ ❧❡' ✉+ ❝♦♥+✐❞❡( lp−1✳
■❢ lp−1 ✐+ ♦❞❞✱ '❤❡♥ x = (x
′1) ✇✐'❤ x′ ∈ F · odn−1✳ ■❢ y +❛'✐+✜❡+ e(x
′)✱ '❤❡♥
d((y0), x) = e(x′) + 1✳ ❚❤❡(❡❢♦(❡✱ e(x′) = e(x)− 1 ❛♥❞ x′ ∈ F · odn−1,k−1✳
■❢ lp−1 ✐+ ❡✈❡♥✱ '❤❡♥ +✐♥❝❡ lp−1 ❝❛♥♥♦' ❜❡ ♥✉❧❧✱ x = (x
′001) ✇✐'❤ x′ ∈ F ·evn−3✳
❇❡❝❛✉+❡ e(001) = 2✱ '❤❡♥ e(x) ≤ e(x′) + 2✳ ❚❤❡ ❡,✉❛❧✐'② ✐+ (❡❛❝❤❡❞
❜❡❝❛✉+❡ ✐❢ y ✐+ +✉❝❤ '❤❛' d(x′, y) = e(y)✱ '❤❡♥ d((y010), x) = e(y) + 2✳
❚❤❡♥ x′ ∈ F · evn−3,k−2✳
❚❤❡♥ x → x′ ✐+ ❛ ✶ '♦ ✶ ♠❛♣♣✐♥❣ ❜❡'✇❡❡♥ F · evn,k ❛♥❞ F
· ev
n−2,k−1 ∪ F
· od
n−1,k−1 ∪
F · evn−3,k−2✳ ❇② '❤❡ ♣(❡✈✐♦✉+ ♣(♦♣♦+✐'✐♦♥✱ f
· od
n−1,k−1 = f
· ev
n−2,k−2 ❛♥❞ ✇❡ ❛(❡ ❞♦♥❡✳

❚❤❡♦!❡♠ ✹✳✸✳✸ ✭❬❈▼✶✷❪✮✳
f · ev(x, y) = f ev ·(x, y) =
1
1− x(x+ 1)y
, ✭✹✳✸✳✶✮
f · od(x, y) = f od ·(x, y) =
xy
1− x(x+ 1)y
, ✭✹✳✸✳✷✮
$❤✉' $❤❡ ❣❡♥❡"❛$✐♥❣ ❢✉♥❝$✐♦♥ ❢♦" $❤❡ ❡❝❝❡♥$"✐❝✐$② '❡0✉❡♥❝❡ ✐'
∑
n,k≥0
fn,k x
nyk =
1 + xy
1− x(x+ 1)y
.
 !♦♦❢✳ ▲❡' x = 0l010l11 · · · 10lp ∈ F · ev✱ '❤✉+ p ≥ 0; l0, lp ≥ 0; l1, · · · , lp−1 ≥ 1
❛♥❞ p ✐+ ❡✈❡♥✳
▲❡' r(x) = 0lp10lp−1 · · · 10l0 ✐♥ F ev ·✳ ❚❤❡♥ r ✐+ ❛ ✶ '♦ ✶ ♠❛♣♣✐♥❣ ❜❡'✇❡❡♥ F · ev
❛♥❞ F ev ·✳
❍❡♥❝❡ ❢♦( ❛♥② n, k ≥ 0✱ f · evn,k = f
ev ·
n,k ❛♥❞ f
· ev(x, y) = f ev ·(x, y)✳
❚❤❡ +❛♠❡ ❛♣♣❧✐❡+ ❢♦( x ∈ F · od✱ '❤❡(❡❢♦(❡ f · od(x, y) = f od ·(x, y)✳
❲❡ ✇✐❧❧ ✜(+' ❞❡♠♦♥+'(❛'❡ '❤❡ ❡,✉❛❧✐'② ✭✹✳✸✳✶✮✱ ❝♦♥+✐❞❡(✐♥❣ '❤❡ ❧✐♥❡❛( (❡❝✉(✲
(❡♥❝❡ ❣✐✈❡♥ ❜② Q(♦♣♦+✐'✐♦♥ ✹✳✸✳✷✱ ❛♥❞ '❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✐'✐❛❧ ✈❛❧✉❡+✿
f · ev0,0 = f
· ev
1,1 = f
· ev
2,1 = f
· ev
2,2 = 1 ❛♥❞
✻✽ ❈❤❛♣&❡( ✹✳ ❊❝❝❡♥&(✐❝✐&② ❙❡1✉❡♥❝❡3 ♦❢ &❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ ▲✉❝❛3 ❝✉❜❡3
f · evn,0 = 0 ❢♦( n ≥ 1, f
· ev
n,1 = 0 ❢♦( n ≥ 3,
f · evn,k = 0 ❢♦( k > n.
❚❤❡ ❣❡♥❡(❛&✐♥❣ ❢✉♥❝&✐♦♥
f · ev(x, y) =
∑
n,k≥0
f · evn,kx
nyk
3❛&✐3✜❡3 &❤❡ ❡1✉❛&✐♦♥
f · ev(x, y) = 1 + xy + x2y + x2y2 +
∑
n≥3, k≥2
f · evn,kx
nyk.
❚❤❡♥
f · ev(x, y) = 1 + xy + x2y + x2y2+
∑
n≥3, k≥2
(f · evn−2,k−1 + f
· ev
n−2,k−2 + f
· ev
n−3,k−2)x
nyk
= 1 + xy + x2y + x2y2+
∑
n≥3, k≥2
(f · evn−2,k−1x
n−2yk−1)x2y
+
∑
n≥3, k≥2
(f · evn−2,k−2x
n−2yk−2)x2y2
+
∑
n≥3, k≥2
(f · evn−3,k−2x
n−3yk−2)x3y2
= 1 + xy + x2y + x2y2+(f · ev(x, y)− 1)x2y + (f · ev(x, y)− 1)x2y2 + f · ev(x, y)x3y2.
❍❡♥❝❡
f · ev(x, y) =
1
1− x(x+ 1)y
.
❋♦( &❤❡ ❡1✉❛❧✐&② ✭✹✳✸✳✷✮✱ ✇❡ ✇✐❧❧ ✉3❡ &❤❡ (❡❧❛&✐♦♥ ❣✐✈❡♥ ❜② F(♦♣♦3✐&✐♦♥ ✹✳✸✳✶
❛♥❞ &❤❡ ✐♥✐&✐❛❧ ✈❛❧✉❡3
f · od0,k = f
· od
n,0 = 0 ❢♦( n, k ≥ 0.
❚❤✉3
f · od(x, y) =
∑
n,k≥0
f · odn,k x
nyk =
∑
n,k≥1
f · odn,k x
nyk
= xy
∑
n,k≥1
f · evn−1,k−1x
n−1yk−1 = xyf · ev(x, y).
❚❤❡(❡❢♦(❡✱
f · od(x, y) =
xy
1− x(x+ 1)y
.

✹✳✸✳ ❊❝❝❡♥'(✐❝✐'② +❡,✉❡♥❝❡ ♦❢ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡+ ✻✾
❈♦"♦❧❧❛"② ✹✳✸✳✹ ✭❬❈▼✶✷❪✮✳ ❋♦" ❛❧❧ n, k %✉❝❤ )❤❛) n ≥ k ≥ 1✱
fn,k =
(
k
n− k
)
+
(
k − 1
n− k
)
❋✉")❤❡"♠♦"❡✱ f0,0 = 1 ❛♥❞ fn,0 = 0 ❢♦" n > 0✳
)"♦♦❢✳
f · ev(x, y) =
1
1− x(x+ 1)y
=
∑
b≥0
(xy(1 + x))b
=
∑
b≥0
[
xbyb
b∑
a=0
xa
(
b
a
)]
=
∑
b≥0
b∑
a=0
xa+byb
(
b
a
)
=
∑
n≥0
n∑
k=0
xnyk
(
k
n− k
)
.
❚❤❡(❡❢♦(❡✱
f · evn,k =
(
k
n− k
)
.
❚❤❡ ♣(♦♦❢ ❢♦( f · odn,k ✐+ +✐♠✐❧❛( '♦ '❤❡ ♣(♦♦❢ ♦❢ f
· ev
n,k +✐♥❝❡ f
· od(x, y) ✐+ xy '✐♠❡+
f · ev(x, y)✳ ❍❡♥❝❡
f · od(x, y) =
xy
1− x(x+ 1)y
= xy
∑
b≥0
(xy(1 + x))b
= xy
∑
b≥0
b∑
a=0
xa+byb
(
b
a
)
=
∑
b≥0
b∑
a=0
xa+b+1yb+1
(
b
a
)
=
∑
n≥1
n∑
k=1
xnyk
(
k − 1
n− k
)
.
❚❤✉+ f · odn,k =
(
k−1
n−k
)
✇❤❡♥ n ≥ k ≥ 1✱ ❛♥❞ f · odn,0 = 0 ❢♦( n ≥ 0✳ ■♥ ❝♦♥❝❧✉+✐♦♥
fn,k = f
· ev
n,k + f
· od
n,k =
(
k
n−k
)
+
(
k−1
n−k
)

❯+✐♥❣ '❤❡ ♣(❡❝❡❞❡♥' ❝♦(♦❧❧❛(②✱ ✐' ✐+ ✐♠♠❡❞✐❛'❡ '♦ ❞❡❞✉❝❡ '❤❡ ✈❛❧✉❡ ♦❢
rad(Γn) ❞❡'❡(♠✐♥❡❞ ✐♥ ❬▼❙✵✷❪✿
❈♦"♦❧❧❛"② ✹✳✸✳✺✳ ❚❤❡ ✈❛❧✉❡ ♦❢ k ≥ 0 )❤❛) %❛)✐%✜❡% min
k
{fn,k | fn,k > 0} ✐%
k = rad(Γn) =
⌈
n
2
⌉
✳
✼✵ ❈❤❛♣&❡( ✹✳ ❊❝❝❡♥&(✐❝✐&② ❙❡1✉❡♥❝❡3 ♦❢ &❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ ▲✉❝❛3 ❝✉❜❡3
◆♦&✐❝❡ &❤❛& ✉3✐♥❣
m∑
i=0
(
m− i
i
)
= Fm+1
✭3❡❡ ❬●❑@✾✹❪✱ ♣❣✳ ✷✽✾✱ ❡1✉❛&✐♦♥ ✻✳✶✸✵✮✱ ✇❡ ♦❜&❛✐♥
n∑
i=0
fn,k =
n∑
k=1
((
k
n− k
)
+
(
k − 1
n− k
))
=
n∑
i=0
(
n− i
i
)
+
n−1∑
i=0
(
n− 1− i
i
)
= Fn+1 + Fn = Fn+2
✇❤✐❝❤ ✐3 ❝♦♥3✐3&❡♥& ✇✐&❤
|V (Γn)| = Fn+2.
✹✳✹ ❊❝❝❡♥&'✐❝✐&② *❡+✉❡♥❝❡ ♦❢ ▲✉❝❛* ❝✉❜❡*
❲❡ ✇✐❧❧ ✉3❡ &❤❡ 3❛♠❡ ♥♦&❛&✐♦♥ ❢♦( &❤❡ 3&(✐♥❣3 ✐♥ &❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ &♦
❞❡✜♥❡ &❤❡ 3&(✐♥❣3 ✐♥ &❤❡ ▲✉❝❛3 ❝✉❜❡✳ ■♥ ❛❧❧ &❤❡ ♣(❡✈✐♦✉3 3❡❝&✐♦♥3✱ ✇❤❡♥ ✇❡
(❡❢❡((❡❞ &♦ ❋✐❜♦♥❛❝❝✐ 3❡&3✱ ✇❡ ✉3❡❞ &❤❡ ❧❡&&❡( F ✳ ❋♦( &❤❡ ▲✉❝❛3 3❡&3✱ ✇❡ ✇✐❧❧
✉3❡ &❤❡ ❧❡&&❡( L✳
❆❝❝♦(❞✐♥❣❧②✱ &❤❡ ❢✉♥❝&✐♦♥3 ❢♦( &❤❡ ▲✉❝❛3 ❝✉❜❡ ✇✐❧❧ ❜❡ ❞❡✜♥❡❞ ✐♥ &❤❡ 3❛♠❡ ✇❛②
❛3 ✐♥ &❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡✱ ❜✉& ✇✐&❤ ❛ ❞✐✛❡(❡♥& ❧❡&&❡(✱ ℓ✳
■♥ &❤✐3 3❡❝&✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♠♣✉&❡ &❤❡ ❣❡♥❡(❛&✐♥❣ ❢✉♥❝&✐♦♥ ♦❢ &❤❡ ❡❝❝❡♥&(✐❝✐&②
3❡1✉❡♥❝❡ ♦❢ &❤❡ ▲✉❝❛3 ❝✉❜❡✬3 3&(✐♥❣3✱ ℓ(x, y)✳ ❋♦( &❤✐3 ❛✐♠✱ ✇❡ ✇✐❧❧ ♣(♦✈❡ &❤❛&
&❤❡ 3❡&3 La bn,k ❛♥❞ F
a b
n,k ❛(❡ &❤❡ 3❛♠❡ ❢♦( ❛❧❧ (a, b) ❡①❝❧✉❞✐♥❣ &✇♦ 3❡&3✱ ♥❛♠❡❧②✱
Lod od ❛♥❞ L∅∅✳ ❲❡ ♣(♦❝❡❡❞ &♦ ❝♦♠♣✉&❡ &❤❡ ✈❛❧✉❡3 ♦❢ ℓod odn,k ❛♥❞ ℓ
∅∅
n,k ❛3 ✇❡❧❧
❛3 &❤❡ ✈❛❧✉❡3 ♦❢ f od odn,k ❛♥❞ f
∅∅
n,k ✳ ❚❤❡3❡ (❡3✉❧&3 ❛♥❞ ❚❤❡♦(❡♠ ✹✳✸✳✸ ✇✐❧❧ ❣✐✈❡ ✉3
&❤❡ ❡❝❝❡♥&(✐❝✐&② 3❡1✉❡♥❝❡ &❤❛& ✇❡ 3❡❛(❝❤✳ ❆3 ❛ ❝♦(♦❧❧❛(② ✇❡ ♦❜&❛✐♥ &❤❡ ✈❛❧✉❡
♦❢ ℓn,k✳
◆♦&❡ ❢✉(&❤❡( &❤❛& Λn ✐3 ❛♥ ✐3♦♠❡&(✐❝ 3✉❜❣(❛♣❤ ♦❢ Γn ❛♥❞ Qn✱ ✐✳❡✳✿
 !♦♣♦$✐&✐♦♥ ✹✳✹✳✶✳ ❋♦" ❛❧❧ x, y ∈ Ln, n ≥ 1✱
dΛn(x, y) = dΓn(x, y) = dQn(x, y)
 !♦♦❢✳ ❲❡ ✇✐❧❧ ♣&♦✈❡ )❤✐+ ♣&♦♣♦+✐)✐♦♥ ✐♥ )❤❡ +❛♠❡ ✇❛② )❤❛) ✇❡ ♣&♦✈❡❞ )❤❛)
dΓn(x, y) = dQn(x, y) ❛) )❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ ❙❡❝)✐♦♥ ✹✳✷✳
❲❡ ❤❛✈❡ dΛn(x, y) ≥ dQn(x, y)✳ ❆++✉♠❡ x = (x1x2 · · · xn)✱ y = (y1y2 · · · yn)
❛♥❞ ❧❡) z = (z1z2 · · · zn) ∈ Qn ❜❡ ❞❡✜♥❡❞ ❛+
zi =
{
xi ✐❢ xi = yi
0 ✐❢ xi 6= yi,
✹✳✹✳ ❊❝❝❡♥&'✐❝✐&② *❡+✉❡♥❝❡ ♦❢ ▲✉❝❛* ❝✉❜❡* ✼✶
&❤❡♥ &❤❡ ♣❛&❤ s = (x = s0, s1, · · · , z, · · · , sj = y) ❝♦♥*✐❞❡'❡❞ ✐♥ ♣'♦♣♦*✐&✐♦♥
✹✳✷✳✶ ✐* ❛ *❤♦'&❡*& ♣❛&❤ ✐♥ Qn ❢'♦♠ x &♦ y ✉*✐♥❣ ♦♥❧② ✈❡'&✐❝❡* ♦❢ Λn✱ &❤✉* &❤❡
❡+✉❛❧✐&② ✐* ♦❜&❛✐♥❡❞✳ 
 !♦♣♦$✐&✐♦♥ ✹✳✹✳✷✳ ❋♦" x ∈ Ln, n ≥ 1✱
eΛn(x) ≤ eΓn(x)
 !♦♦❢✳ ▲❡& x ∈ Ln✳ ❚❤❡♥ ✉*✐♥❣ ♣'♦♣♦*✐&✐♦♥ ✹✳✹✳✶ ❛♥❞ &❤❡ ❢❛❝& &❤❛& Ln ⊂ Fn✱
✇❡ ❤❛✈❡
eΛn(x) = max
z∈Ln
{dΛn(x, z)} = max
z∈Ln
{dΓn(x, z)} ≤ max
y∈Fn
{dΓn(x, y)} = eΓn(x).

 !♦♣♦$✐&✐♦♥ ✹✳✹✳✸✳ ❋♦" x ∈ Ln \ L
od od
n , n ≥ 1✱
eΛn(x) = eΓn(x).
 !♦♦❢✳ ▲❡& x ∈ Ln \ L
od od
n ❛♥❞ ✇✐&❤♦✉& ❧♦** ♦❢ ❣❡♥❡'❛❧✐&②✱ ❧❡& ✉* ❛**✉♠❡ &❤❛&
x ❡♥❞* ✇✐&❤ ❛♥ ❡✈❡♥ ✭❡✈❡♥&✉❛❧❧② ♥✉❧❧✮ ♥✉♠❜❡' ♦❢ ✵✬*✳ ❇② ❈♦'♦❧❧❛'② ✹✳✷✳✾ ✭✐✐✮
❛♥❞ ✭✐✐✐✮✱ &❤❡'❡ ❡①✐*&* y ∈ Fn *✉❝❤ &❤❛& dΓn(x, y) = eΓn(x) ❛♥❞ y ❡♥❞* ✇✐&❤ ❛
✵✳ ❚❤❡'❡❢♦'❡✱ y ∈ Ln ❛♥❞
dΛn(x, y) = dΓn(x, y) = eΓn(x).

▲❡& ✉* ♦❜*❡'✈❡ &❤❛& ℓn,k ❝❛♥ ❜❡ ❞❡❝♦♠♣♦*❡❞ ❛* ❢♦❧❧♦✇*✿
ℓn,k = ℓ
od od
n,k + ℓ
od ev∗
n,k + ℓ
od∅
n,k + ℓ
ev∗od
n,k + ℓ
ev∗ev∗
n,k + ℓ
ev∗∅
n,k + ℓ
∅ od
n,k + ℓ
∅ ev∗
n,k + ℓ
∅∅
n,k .
❈♦!♦❧❧❛!② ✹✳✹✳✹✳ ❋♦" n ≥ 0✱ k ≥ 0✱
ℓod ev
∗
n,k = ℓ
ev∗od
n,k = f
od ev∗
n,k ,
ℓod∅n,k = ℓ
∅ od
n,k = f
od∅
n,k ,
ℓev
∗ev∗
n,k = f
ev∗ev∗
n,k ,
ℓev
∗
∅
n,k = ℓ
∅ ev∗
n,k = f
∅ ev∗
n,k .
✼✷ ❈❤❛♣&❡( ✹✳ ❊❝❝❡♥&(✐❝✐&② ❙❡1✉❡♥❝❡3 ♦❢ &❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ ▲✉❝❛3 ❝✉❜❡3
 !♦♦❢✳ ❲❤❡♥ n = 0 ❛❧❧ &❤❡3❡ ♥✉♠❜❡(3 ❛(❡ ♥✉❧❧✳ ❆33✉♠❡ n ≥ 1 ❛♥❞ ❧❡& x ∈ Fa bn
✇✐&❤ (a, b) 6= (∅,∅) &❤❡♥ x ∈ La bn ✳
❋✉(&❤❡(♠♦(❡ ✐❢ (a, b) 6= (od, od) ✇❡ ❤❛✈❡✱ ❜② A(♦♣♦3✐&✐♦♥ ✹✳✹✳✸✱ eΛn(x) = eΓn(x)
❛♥❞
La bn,k = F
a b
n,k.

■♥ ♦(❞❡( &♦ ♦❜&❛✐♥ ℓn,k✱ ✇❡ ✇✐❧❧ ❝♦♠♣✉&❡ &❤❡ ✈❛❧✉❡3 ♦❢ &❤❡ ❢✉♥❝&✐♦♥3 ℓ
a b
n,k ✐♥
&❡(♠3 ♦❢ fa bn,k✳ ❋♦( &❤✐3 (❡❛3♦♥✱ ✇❡ ✇✐❧❧ ❝♦♠❡ ❛❣❛✐♥ &♦ &❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ ✐♥
&❤✐3 ♣❛(& ♦❢ &❤❡ 3❡❝&✐♦♥✳
 !♦♣♦&✐(✐♦♥ ✹✳✹✳✺✳ ❋♦" n, k ≥ 2✱
f od odn,k = f
od od
n−2,k−2 + f
od ev∗
n−2,k−2 + f
od od
n−2,k−1
 !♦♦❢✳ ▲❡& x = 0l010l11 · · · 10lp ∈ Fod odn,k ✱ n, k ≥ 2✱ &❤✉3 p, l0, lp ≥ 0❀
l1, · · · , lp−1 ≥ 1 ❛♥❞ l0, lp ❛(❡ ♦❞❞ ♥✉♠❜❡(3✳ ▲❡& ✉3 ❝♦♥3✐❞❡( lp✳ ❲❡ ❞✐3&✐♥❣✉✐3❤
✷ ❝❛3❡3✿
✭✐✮ ■❢ lp = 1✱ &❤❡♥ p 6= 0 ❛♥❞ x = (x
′10) ✇❤❡(❡ x′ ✐3 ❡✐&❤❡( ✐♥ Fod ev
∗
n−2 ♦( ✐♥
Fod odn−2 ✳
▲❡& y ∈ Fn−2 3✉❝❤ &❤❛& d(x
′, y) = e(x′)✱ &❤❡♥ d(y01, x′10) = e(x′) + 2
❛♥❞ 3✐♥❝❡ e(10) = 2 &❤❡♥ e(x) ≤ e(x′) + 2✳
❚❤❡(❡❢♦(❡ e(x) = e(x′) + 2 ❛♥❞ x′ ∈ Fod ev
∗
n−2,k−2 ♦( x
′ ∈ Fod odn−2,k−2✳
✭✐✐✮ ■❢ lp ≥ 3✱ &❤❡♥ x = (x
′00) ✇✐&❤ x′ ∈ Fod odn−2 ✳ ❚❤❡(❡ ❡①✐3&3 y ∈ Fn−2 3✉❝❤
&❤❛& d(y, x′) = e(x′) &❤❡♥ d(y01, x′00) = e(x′) + 1 ❛♥❞ e(x) ≤ e(x′) + 1✳
❚❤❡(❡❢♦(❡ e(x) = e(x′) + 1 ❛♥❞ x′ ∈ Fod odn−2,k−1✳
❚❤❡♥ x → x′ ✐3 ❛ ✶ &♦ ✶ ♠❛♣♣✐♥❣ ❜❡&✇❡❡♥ Fod odn,k ❛♥❞ F
od od
n−2,k−2 ∪ F
od ev∗
n−2,k−2 ∪
Fod odn−2,k−1✳ 
❈♦♥3✐❞❡( ❛ 3&(✐♥❣ x = 0l010l11 · · · 10lp ∈ Fod ev
∗
n,k ✳ ❲❡ ✇✐❧❧ ❞❡♠♦♥3&(❛&❡ ♥❡①&✱
&❤❛& ✇❤❡♥ ✇❡ (❡♠♦✈❡ ❛ ✵ ❢(♦♠ 0lp ✱ ✇❡ ♦❜&❛✐♥ ❛ 3&(✐♥❣ &❤❛& ❜❡❧♦♥❣3 &♦ Fod odn−1,k \{
✇♦(❞3 ❝♦♠♣♦3❡❞ ❜② ❛♥ ♦❞❞ ♥✉♠❜❡( (n− 1) ♦❢ ✵✬3 }✳
❋♦( &❤✐3 ♣✉(♣♦3❡✱ ❢♦( ❡✈❡♥ n ❛♥❞ ❡❝❝❡♥&(✐❝✐&② k✱ ❧❡& gevenn,k ❜❡ &❤❡ ♥✉♠❜❡( ♦❢
3&(✐♥❣3 ✐♥ Fn ❝♦♠♣♦3❡❞ ♦♥❧② ❜② ✵✬3✳ ◆♦&✐❝❡ &❤❛& ❜② A(♦♣♦3✐&✐♦♥ ✹✳✷✳✼✱ n = 2k✱
&❤❡♥
gevenn,k =
{
1 ✐❢ n = 2k
0 ♦&❤❡(✇✐3❡✳
 !♦♣♦&✐(✐♦♥ ✹✳✹✳✻✳ ❋♦" n ≥ 1✱ k ≥ 0✱
f od ev
∗
n,k = f
od od
n−1,k − g
even
n,k .
✹✳✹✳ ❊❝❝❡♥&'✐❝✐&② *❡+✉❡♥❝❡ ♦❢ ▲✉❝❛* ❝✉❜❡* ✼✸
 !♦♦❢✳ ▲❡& x = 0l010l11 · · · 10lp ∈ Fod ev
∗
n,k ✱ n ≥ 1✱ k ≥ 0✱ &❤✉* p ≥ 1❀
l0, l1, · · · , lp−1 ≥ 1 ❛♥❞ lp ≥ 2✳ ❚❤❡♥ x = (x
′0) ✇✐&❤ x′ ∈ Fod odn−1 *✉❝❤ &❤❛&
x′ = 0l010l11 · · · 10lp−1.
❚❤❡♥ ❜② ❈♦'♦❧❧❛'② ✹✳✷✳✾ ✭✐✮✱ ❛❧❧ &❤❡ *&'✐♥❣* ♦❢ Fn−1 &❤❛& *❛&✐*❢② &❤❡ ❡❝❝❡♥&'✐❝✐&②
♦❢ x′ ❤❛✈❡ &❤❡ ❢♦'♠ y = (y′1)✳ ❚❤✉* e(x′) = e(x)✱ ❛♥❞ x′ ∈ Fod odn−1,k✳ ❈♦♥✈❡'*❡❧②✱
❢♦' ❛♥② *&'✐♥❣ z ∈ Fod odn−1 &❤❛& ✐* ♥♦& ❝♦♠♣♦*❡❞ ♦♥❧② ❜② ✵✬*✱ &❤❡ *&'✐♥❣ (z0) ∈
Fod ev
∗
n ✳
❚❤❡'❡❢♦'❡✱ x → x′ ✐* ❛ ✶ &♦ ✶ ♠❛♣♣✐♥❣ ❜❡&✇❡❡♥ Fod ev
∗
n,k ❛♥❞ F
od od
n−1,k \ { ✇♦'❞*
❝♦♠♣♦*❡❞ ❜② ❛♥ ♦❞❞ ♥✉♠❜❡' (n− 1) ♦❢ ✵✬* }✳ 
G'♦♣♦*✐&✐♦♥ ✹✳✹✳✺ ❝❛♥ ❜❡ '❡✇'✐&&❡♥ ✐♥ &❡'♠* ♦❢ f od od ✉*✐♥❣ &❤❡ '❡*✉❧& ♦❢
G'♦♣♦*✐&✐♦♥ ✹✳✹✳✻✱ ✇❤✐❝❤ ❣✐✈❡* ✉* &❤❡ ♥❡①&
 !♦♣♦&✐(✐♦♥ ✹✳✹✳✼✳ ❋♦" n ≥ 3✱ k ≥ 2✱
f od odn,k = f
od od
n−2,k−2 + f
od od
n−2,k−1 + f
od od
n−3,k−2 − g
even
n−2,k−2.
◆♦&✐❝❡ &❤❛&
geven(x, y) =
∑
n,k≥0
gevenn,k x
nyk
=
∑
n,k≥0
x2kyk = 1 + x2y + x4y2 + x6y3 + · · ·
=
1
1− x2y
✭✹✳✹✳✶✮
 !♦♣♦&✐(✐♦♥ ✹✳✹✳✽✳
f od od(x, y) =
xy(1− x2y − x3y2)
(1 + xy)(1− x2y)(1− xy − x2y)
, ✭✹✳✹✳✷✮
f od ev
∗
(x, y) =
x4y3
(1 + xy)(1− x2y)(1− xy − x2y)
. ✭✹✳✹✳✸✮
 !♦♦❢✳ ❈♦♥*✐❞❡'✐♥❣ &❤❛&
f od od1,1 = 1 ❛♥❞ f
od od
n,k = 0 ❢♦' ♦&❤❡' ✈❛❧✉❡* n ≤ 2 ♦' k ≤ 1, &❤❡♥
f od od(x, y) =
∑
n,k≥0
f od odn,k x
nyk
= xy +
∑
n≥3, k≥2
f od odn,k x
nyk
✼✹ ❈❤❛♣&❡( ✹✳ ❊❝❝❡♥&(✐❝✐&② ❙❡0✉❡♥❝❡2 ♦❢ &❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ ▲✉❝❛2 ❝✉❜❡2
❚❤❡(❡❢♦(❡ ❜② :(♦♣♦2✐&✐♦♥ ✹✳✹✳✼
f od od(x, y)− xy =
∑
n≥3, k≥2
(f od odn−2,k−2 + f
od od
n−2,k−1 + f
od od
n−3,k−2 − g
even
n−2,k−2)x
nyk
= x2y2
∑
n≥1, k≥0
f od odn,k x
nyk + x2y
∑
n,k≥1
f od odn,k x
nyk
+ x3y2
∑
n,k≥0
f od odn,k x
nyk − x2y2
∑
n≥1, k≥0
gevenn,k x
nyk
&❤✉2
f od od(x, y)−xy = x2y2f od od(x, y)+x2yf od od(x, y)+x3y2f od od(x, y)−x2y2(geven(x, y)−1)
❛♥❞ ❜② (❡❧❛&✐♦♥ ✭✹✳✹✳✶✮✱
f od od(x, y)(1− x2y2 − x2y − x3y2) = xy + x2y2 +
x2y2
1− x2y
,
&❤✉2
f od od(x, y) =
xy(1− x2y − x3y2)
(1 + xy)(1− x2y)(1− xy − x2y)
.
◆♦✇ ✇❡ ✇✐❧❧ ♣(♦✈❡ ❡0✉❛&✐♦♥ ✭✹✳✹✳✸✮✳ ❋✐(2& ✇❡ ♦❜2❡(✈❡ &❤❛& f od ev
∗
0,0 = 0 &❤❡♥
f od ev
∗
(x, y) =
∑
n≥1, k≥0
f od ev
∗
n,k x
nyk
❛♥❞ ❜② :(♦♣♦2✐&✐♦♥ ✹✳✹✳✻✱
f od ev
∗
(x, y) =
∑
n≥1, k≥0
(f od odn−1,k − g
even
n,k )x
nyk =
∑
n,k≥0
f od odn,k x
n+1yk −
∑
n≥1, k≥0
gevenn,k x
nyk
= xf od od(x, y)− (geven(x, y)− 1).
❚❤❡(❡❢♦(❡✱ ❜② (❡❧❛&✐♦♥ ✭✹✳✹✳✶✮✱
f od ev
∗
(x, y) =
x2y(1− x2y − x3y2)
(1 + xy)(1− x2y)(1− xy − x2y)
−
x2y
1− x2y
=
x4y3
(1 + xy)(1− x2y)(1− xy − x2y)
.

 !♦♣♦$✐&✐♦♥ ✹✳✹✳✾✳ ❋♦" n, k ≥ 1✱
f od∅n,k = f
od ev∗
n−1,k−1 + f
od od
n−1,k−1.
✹✳✹✳ ❊❝❝❡♥&'✐❝✐&② *❡+✉❡♥❝❡ ♦❢ ▲✉❝❛* ❝✉❜❡* ✼✺
 !♦♦❢✳ ▲❡& x = 0l010l11 · · · 10lp ∈ Fod∅n,k ; n, k ≥ 1✳
❚❤✉* p ≥ 1❀ l0, l1, · · · , lp−1 ≥ 1 ❛♥❞ lp = 0✳ ❲❡ ❤❛✈❡ &❤❡'❡❢♦'❡✱ x = (x
′1) ✇✐&❤
x′ ❡✐&❤❡' ✐♥ Fod odn−1 ♦' ✐♥ F
od ev∗
n−1 ✳
▲❡& y ∈ Fn−1 *✉❝❤ &❤❛& d(x
′, y) = e(x′)✳
❚❤❡♥ d((x′1), (y0)) = e(x′) + 1 ❛♥❞ e(x) ≤ e(x′) + 1✱ &❤✉* e(x) = e(x′) + 1✳
❚❤❡'❡❢♦'❡✱ x′ ❜❡❧♦♥❣* &♦ Fod odn−1,k−1 ♦' &♦ F
od ev∗
n−1,k−1✳
❚❤❡♥ x→ x′ ✐* ❛ ✶ &♦ ✶ ♠❛♣♣✐♥❣ ❜❡&✇❡❡♥ Fod∅n,k ❛♥❞ F
od od
n−1,k−1 ∪ F
od ev∗
n−1,k−1✳ 
 !♦♣♦&✐(✐♦♥ ✹✳✹✳✶✵✳
f od∅(x, y) =
x2y2
(1 + xy)(1− xy − x2y)
.
 !♦♦❢✳ ❈♦♥*✐❞❡'✐♥❣ &❤❛&
f od∅n,0 = f
od∅
0,k = 0 ❢♦' n, k ≥ 0, ✇❡ ❤❛✈❡
f od∅(x, y) =
∑
n,k≥1
f od∅n,k x
nyk.
❚❤❡♥ ❢'♦♠ B'♦♣♦*✐&✐♦♥ ✹✳✹✳✾✱
f od∅(x, y) =
∑
n,k≥1
(f od ev
∗
n−1,k−1 + f
od od
n−1,k−1)x
nyk
=
∑
n,k≥1
(f od ev
∗
n−1,k−1x
n−1yk−1)xy +
∑
n,k≥1
(f od odn−1,k−1x
n−1yk−1)xy
= f od ev
∗
(x, y)xy + f od od(x, y)xy.
❚❤✉* ❜② B'♦♣♦*✐&✐♦♥ ✹✳✹✳✽✱
f od∅(x, y) =
x4y3xy
(1 + xy)(1− x2y)(1− xy − x2y)
+
xy(1− x2y − x3y2)xy
(1 + xy)(1− x2y)(1− xy − x2y)
=
x2y2(1− x2y)
(1 + xy)(1− x2y)(1− xy − x2y)
=
x2y2
(1 + xy)(1− xy − x2y)
.

 !♦♣♦&✐(✐♦♥ ✹✳✹✳✶✶✳ ❋♦" n ≥ 1✱ k ≥ 0✱
f ev
∗
∅
n,k = f
od∅
n−1,k,
$❤✉'
f ev
∗
∅(x, y) = xf od∅(x, y).
✼✻ ❈❤❛♣&❡( ✹✳ ❊❝❝❡♥&(✐❝✐&② ❙❡1✉❡♥❝❡3 ♦❢ &❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ ▲✉❝❛3 ❝✉❜❡3
 !♦♦❢✳ ❚❤❡ ❡1✉❛❧✐&② ✐3 &(✉❡ ✇❤❡♥ n = 1 ♦( n = 2✳
❚❤❡♥ ❧❡& x = 0l010l110l2 · · · 10lp ∈ F ev
∗
∅
n,k ✱ ✇✐&❤ n ≥ 3 ❛♥❞ k ≥ 0✳ ❚❤✉3 p ≥
1; l0 ≥ 2; l1, · · · , lp−1 ≥ 1; lp = 0✳
❇❡❝❛✉3❡ l0 > 0✱ &❤❡♥ x = (0x
′) ✇✐&❤ x′ ∈ Fod∅n−1✳
❇② ?(♦♣♦3✐&✐♦♥ ✹✳✷✳✷✱
e(x) ≤ e(x′) + 1.
▲❡&✬3 3✉♣♣♦3❡ &❤❛& e(x) = e(x′) + 1✱ &❤❡♥ &❤❡(❡ ❡①✐3&3 y = (1y′) 3✉❝❤ &❤❛&
d(y′, x′) = e(x′)✳ ❇② ❛ 3②♠♠❡&(② ❛(❣✉♠❡♥& ❛♥❞ ❈♦(♦❧❧❛(② ✹✳✷✳✾✱ y′ ♠✉3& ❜❡❣✐♥
✇✐&❤ 1 ✇❤✐❝❤ ❧❡❛❞3 ✉3 &♦ ❛ ❝♦♥&(❛❞✐❝&✐♦♥✳
❚❤❡(❡❢♦(❡✱ e(x) = e(x′)✳ ❚❤✉3 x→ x′ ✐3 ❛ ✶ &♦ ✶ ♠❛♣♣✐♥❣ ❜❡&✇❡❡♥ F ev
∗
∅
n,k ❛♥❞
Fod∅n−1,k✳
❈♦♥3✐❞❡(✐♥❣ &❤❡ ❢❛❝& &❤❛& f ev
∗
∅
0,k = 0 ❢♦( k ≥ 0✱ ✇❡ ❤❛✈❡✿
f ev
∗
∅(x, y) =
∑
n,k≥0
f ev
∗
∅
n,k x
nyk =
∑
n≥1,k≥0
f ev
∗
∅
n,k x
nyk
=
∑
n≥1,k≥0
xf od∅n−1,kx
n−1yk = xf od∅(x, y).

 !♦♣♦&✐(✐♦♥ ✹✳✹✳✶✷✳ ❋♦" n ≥ 3✱ k ≥ 1✱
f∅∅n,k = f
∅ ev∗
n−1,k−1 + f
∅ od
n−1,k−1.
 !♦♦❢✳ ▲❡& x = 0l010l11 · · · 10lp ∈ F∅∅n,k ✇✐&❤ n ≥ 3, k ≥ 1✳ ❚❤✉3 p ≥ 2❀
l1, · · · , lp−1 ≥ 1 ❛♥❞ l0 = lp = 0✳
❚❤❡♥ x = (x′1) ✇✐&❤ x′ ∈ F∅ ev
∗
n−1 ✐❢ lp−1 ✐3 ❛♥ ❡✈❡♥ ♥✉♠❜❡( ❛♥❞ x
′ ∈ F∅ odn−1 ✐❢
lp−1 ✐3 ♦❞❞✳
❇② ?(♦♣♦3✐&✐♦♥ ✹✳✷✳✷✱ e(x) ≤ e(x′) + 1✳
▲❡& y′ ∈ Fn−1 3✉❝❤ &❤❛& d(x
′, y′) = e(x′)✱ &❤❡♥ d((y′0), (x′1)) = e(x′) + 1✳
❍❡♥❝❡ e(x) = e(x′) + 1✳ ❚❤✉3 x → x′ ✐3 ❛ ✶ &♦ ✶ ♠❛♣♣✐♥❣ ❜❡&✇❡❡♥ F∅∅n,k ❛♥❞
F∅ ev
∗
n−1,k−1 ∪ F
∅ od
n−1,k−1✳ 
 !♦♣♦&✐(✐♦♥ ✹✳✹✳✶✸✳
f∅∅(x, y) = 1 + xy +
xy(x3y2 + x2y2)
(1 + xy)(1− xy − x2y)
.
 !♦♦❢✳ ▲❡& ✉3 ❝♦♥3✐❞❡( &❤❡ ♥❡①& ✐♥✐&✐❛❧ ✈❛❧✉❡3✿
f∅∅0,0 = f
∅∅
1,1 = 1 ❛♥❞ f
∅∅
n,k = 0 ❢♦( ♦&❤❡( ✈❛❧✉❡3 n ≤ 2 ♦( k = 0.
✹✳✹✳ ❊❝❝❡♥&'✐❝✐&② *❡+✉❡♥❝❡ ♦❢ ▲✉❝❛* ❝✉❜❡* ✼✼
❚❤❡♥
f∅∅(x, y) =
∑
n,k≥0
f∅∅n,k x
nyk
= 1 + xy +
∑
n≥3,k≥1
f∅∅n,k x
nyk.
❚❤❡♥ ❜② 5'♦♣♦*✐&✐♦♥ ✹✳✹✳✶✷✱
f∅∅(x, y)− 1− xy =
∑
n≥3,k≥1
(f∅ ev∗n−1,k−1 + f
od∅
n−1,k−1)x
nyk
= xy
∑
n≥2,k≥0
(f∅ ev∗n,k + f
od∅
n,k )x
nyk
❖❜*❡'✈❡ &❤❛& ✇❤❡♥ n ≤ 1
f∅ ev∗n,k + f
od∅
n,k = 0.
❍❡♥❝❡
f∅∅(x, y)− 1− xy = xy(f∅ ev∗(x, y) + f od∅(x, y)).
❋'♦♠ 5'♦♣♦*✐&✐♦♥ ✹✳✹✳✶✶✱
f∅∅(x, y) = 1+xy+xy(xf od∅(x, y)+f od∅(x, y)) = 1+xy+xy(1+x)f od∅(x, y).
❙✉❜*&✐&✉&✐♥❣ f od∅(x, y) ❢'♦♠ 5'♦♣♦*✐&✐♦♥ ✹✳✹✳✶✵✱ ✇❡ ♦❜&❛✐♥ &❤❡ ❞❡*✐'❡❞ '❡*✉❧&✳

 !♦♣♦$✐&✐♦♥ ✹✳✹✳✶✹✳ ❋♦" n ≥ 3✱ k ≥ 1✱
ℓod odn,k = f
od od
n,k+1
$❤✉'
ℓod od(x, y) = y−1f od od(x, y).
 !♦♦❢✳ ▲❡& x = 0l010l11 · · · 10lp ∈ Lod odn,k ✱ n ≥ 3, k ≥ 1✳ ❚❤✉* p ≥ 0❀
l0, l1 · · · , lp−1, lp ≥ 1
❇② ❈♦'♦❧❧❛'② ✹✳✷✳✾ (i) ❛♥❞ ❜② *②♠♠❡&'②✱ ❡✈❡'② y *✉❝❤ &❤❛& d(x, y) = eΓn(x)
❤❛* &❤❡ ❢♦'♠ y = (1y′1)✱ ✇✐&❤ y′ ∈ Fn−2✳ ❚❤❡♥✱ y /∈ Ln ❛♥❞ eΛn(x) < eΓn(x)✳
❋✉'&❤❡'♠♦'❡✱ ♥♦&❡ &❤❛& &❤❡ *&'✐♥❣ (1y′0) ∈ Ln✳ ❚❤✉* d((1y
′0), x) = eΓn(x)−1✳
❍❡♥❝❡ eΛn(x) = eΓn(x)− 1✳
❚❤✉*✱ x→ x ♠❛♣* Lod odn,k ✐♥&♦ F
od od
n,k+1✳
❋♦' &❤❡ *❡❝♦♥❞ ♣❛'& ♦❢ &❤❡ 5'♦♣♦*✐&✐♦♥✱ ❝♦♥*✐❞❡' &❤❡ ✐♥✐&✐❛❧ ✈❛❧✉❡*
✼✽ ❈❤❛♣&❡( ✹✳ ❊❝❝❡♥&(✐❝✐&② ❙❡1✉❡♥❝❡3 ♦❢ &❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ ▲✉❝❛3 ❝✉❜❡3
ℓod od1,0 = 1 ❛♥❞ ℓ
od od
n,k = 0 ❢♦( ♦&❤❡( ✈❛❧✉❡3 n ≤ 2 ♦( k = 0.
❚❤✉3
ℓod od(x, y) =
∑
n,k≥0
ℓod odn,k x
nyk = x+
∑
n≥3,k≥1
f od odn,k+1x
nyk
= x+ y−1
∑
n≥3,k≥1
f od odn,k+1x
nyk+1.
❇✉&
f od od(x, y) = xy +
∑
n≥3,k≥2
f od odn,k x
nyk,
&❤✉3
ℓod od(x, y) = x+ y−1(f od od(x, y)− xy) = y−1f od od(x, y).

 !♦♣♦$✐&✐♦♥ ✹✳✹✳✶✺✳
ℓ∅∅(x, y) = 1.
 !♦♦❢✳ ❚❤❡ ❡♠♣&② ✇♦(❞ ✐3 &❤❡ ♦♥❧② 3&(✐♥❣ &❤❛& ❜❡❧♦♥❣3 &♦ 3♦♠❡ Ln &❤❛&
♥❡✐&❤❡( ❜❡❣✐♥3 ♥♦( ❡♥❞3 ✇✐&❤ ❛ ✵✳ ❚❤✉3 ℓ∅∅n,k = 0 ❢♦( n ≥ 1✳ 
❚❤❡♦!❡♠ ✹✳✹✳✶✻ ✭❬❈▼✶✷❪✮✳ ❚❤❡ ❣❡♥❡%❛'✐♥❣ ❢✉♥❝'✐♦♥ ❢♦% '❤❡ ❡❝❝❡♥'%✐❝✐'② .❡✲
0✉❡♥❝❡ ♦❢ ▲✉❝❛. ❝✉❜❡ ✐.
ℓ(x, y) =
∑
n,k≥0
ℓn,kx
nyk =
1 + x2y
1− xy − x2y
+
1
1 + xy
−
1− x
1− x2y
.
 !♦♦❢✳ ❘❡❝❛❧❧ &❤❛&
ℓn,k = ℓ
od od
n,k + ℓ
od ev∗
n,k + ℓ
od∅
n,k + ℓ
ev∗od
n,k + ℓ
ev∗ev∗
n,k + ℓ
ev∗∅
n,k + ℓ
∅ od
n,k + ℓ
∅ ev∗
n,k + ℓ
∅∅
n,k .
❛♥❞ ✇❡ ❤❛✈❡ &❤❡ 3❛♠❡ ❞❡❝♦♠♣♦3✐&✐♦♥ ❢♦( fn,k✳
❋(♦♠ ❈♦(♦❧❧❛(② ✹✳✹✳✹✱ ✇❤❡♥ (a, b) 6= (od, od) ❛♥❞ (a, b) 6= (∅,∅)✱ &❤❡♥
ℓa bn,k = f
a b
n,k✳ ❚❤✉3
ℓn,k = fn,k − f
od od
n,k − f
∅∅
n,k + ℓ
od od
n,k + ℓ
∅∅
n,k .
❚❤✉3✱ &❤❡ ❣❡♥❡(❛&✐♥❣ ❢✉♥❝&✐♦♥
ℓ(x, y) =
∑
n,k≥0
ℓn,kx
nyk
✹✳✹✳ ❊❝❝❡♥&'✐❝✐&② *❡+✉❡♥❝❡ ♦❢ ▲✉❝❛* ❝✉❜❡* ✼✾
*❛&✐*✜❡* &❤❡ ❡+✉❛&✐♦♥
ℓ(x, y) =
∑
n,k≥0
(fn,k − f
od od
n,k − f
∅∅
n,k + ℓ
od od
n,k + ℓ
∅∅
n,k ).
❇② ❚❤❡♦'❡♠ ✹✳✸✳✸ ❛♥❞ ;'♦♣♦*✐&✐♦♥* ✹✳✹✳✽✱ ✹✳✹✳✶✸✱ ✹✳✹✳✶✹ ❛♥❞ ✹✳✹✳✶✺✱ ✇❡ ❝♦♥✲
❝❧✉❞❡ &❤❛&
ℓ(x, y) =
1 + xy
1− xy − x2y
−
xy(1− x2y − x3y2)
(1 + xy)(1− x2y)(1− xy − x2y)
−
(
1 + xy +
xy(x+ 1)x2y2
(1 + xy)(1− xy − x2y)
)
+ y−1
(
xy(1− x2y − x3y2)
(1 + xy)(1− x2y)(1− xy − x2y)
)
+ 1
=
1 + x− x2y + x2y2 − x3y + x3y2 − x4y2 − x5y3
(1 + xy)(1− x2y)(1− xy − x2y)
=
1
1 + xy
−
1− x
1− x2y
+
1 + x2y
1− xy − x2y
.

❈♦"♦❧❧❛"② ✹✳✹✳✶✼ ✭❬❈▼✶✷❪✮✳ ❋♦" ❛❧❧ n, k ✇✐'❤ n > k ≥ 1✱
ℓn,k =
(
k
n− k
)
+
(
k − 1
n− k − 1
)
+ εn,k ✭✹✳✹✳✹✮
✇❤❡"❡
εn,k =


−1 ✐❢ n = 2k,
1 ✐❢ n = 2k + 1,
0 ♦'❤❡"✇✐,❡✳
❋✉"'❤❡"♠♦"❡✱ ℓ0,0 = ℓ1,0 = 1, ℓn,0 = 0 ❢♦" n > 1 ❛♥❞
ℓn,n =
{
2 ✐❢ n ✐, ❡✈❡♥ (n ≥ 2)✱
0 ✐❢ n ✐, ♦❞❞✳
*"♦♦❢✳ ❇② &❤❡ ♣'❡✈✐♦✉* &❤❡♦'❡♠✱
ℓ(x, y) =
1
1− xy − x2y
+
x2y
1− xy − x2y
+
1
1 + xy
−
1− x
1− x2y
.
❲❡ ✇✐❧❧ ❛♥❛❧②*❡ ❡❛❝❤ &❡'♠ ♦❢ &❤✐* *✉♠ *❡♣❛'❛&❡❧②✳
✽✵ ❈❤❛♣&❡( ✹✳ ❊❝❝❡♥&(✐❝✐&② ❙❡1✉❡♥❝❡3 ♦❢ &❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ ▲✉❝❛3 ❝✉❜❡3
1
1− xy − x2y
=
∑
b≥0
(xy(1 + x))b =
∑
b≥0
xbyb
b∑
a=0
xa
(
b
a
)
=
∑
b≥0
b∑
a=0
xa+byb
(
b
a
)
=
∑
n≥0
n∑
k=0
(
k
n− k
)
xnyk ✭✹✳✹✳✺✮
x2y
1− xy − x2y
= x2y
∑
b≥0
(xy(1 + x))b = x2y
∑
b≥0
b∑
a=0
xa+byb
(
b
a
)
=
∑
b≥0
b∑
a=0
xa+b+2yb+1
(
b
a
)
=
∑
n≥2
n−1∑
k=1
(
k − 1
n− k − 1
)
xnyk. ✭✹✳✹✳✻✮
❚❤❡ &❤✐(❞ &❡(♠ ♦❢ &❤❡ 3✉♠ ✐3
1
1 + xy
=
∑
b≥0
(−xy)b =
∑
n≥0
(−1)nxnyn. ✭✹✳✹✳✼✮
❋✐♥❛❧❧②✱ &❤❡ ❧❛3& &❡(♠ ✇✐❧❧ ❜❡ ❞❡❝♦♠♣♦3❡❞ ❛3 ❢♦❧❧♦✇3✿
−
1− x
1− x2y
=
x
1− x2y
−
1
1− x2y
,
x
1− x2y
= x
∑
a≥0
(x2y)a =
∑
k≥0
(x2k+1)yk, ✭✹✳✹✳✽✮
❛♥❞ &❤❡ 3❡❝♦♥❞ 3✉❜✲&❡(♠
−1
1− x2y
= −
∑
a≥0
(x2y)a = −
∑
k≥0
(x2k)yk. ✭✹✳✹✳✾✮
❊1✉❛&✐♦♥3 ✭✹✳✹✳✺✮✱ ✭✹✳✹✳✻✮✱ ✭✹✳✹✳✽✮ ❛♥❞ ✭✹✳✹✳✾✮ ❣✐✈❡ ✉3 &❤❡ ❞❡3✐(❡❞ (❡3✉❧& ✇❤❡♥
k 6= 0, k 6= n✳
❲❤❡♥ k = 0✱ ❡1✉❛&✐♦♥ ✭✹✳✹✳✺✮ ❝♦♥&(✐❜✉&❡3 ✇✐&❤ 1 ✇❤❡♥ n = 0❀ ❡1✉❛&✐♦♥ ✭✹✳✹✳✼✮
❝♦♥&(✐❜✉&❡3 ✇✐&❤ 1 ✇❤❡♥ n = 0❀ ❡1✉❛&✐♦♥ ✭✹✳✹✳✽✮ ❝♦♥&(✐❜✉&❡3 ✇✐&❤ 1 ✇❤❡♥ n = 1
❛♥❞ ❡1✉❛&✐♦♥ ✭✹✳✹✳✾✮ ❝♦♥&(✐❜✉&❡3 ✇✐&❤ −1 ❢♦( n = 0✳
❲❤❡♥ k = n ≥ 1✱ ❡1✉❛&✐♦♥ ✭✹✳✹✳✺✮ ❝♦♥&(✐❜✉&❡3 ✇✐&❤ 1 ❛♥❞ ❡1✉❛&✐♦♥ ✭✹✳✹✳✼✮
❝♦♥&(✐❜✉&❡3 ✇✐&❤ (−1)n✳ 
◆♦&✐❝❡ &❤❛& ❢♦( n ≥ 2✱
n∑
k=0
ℓn,k =
n−1∑
k=1
[(
k
n− k
)
+
(
k − 1
n− k − 1
)]
+ ε
n,⌊n2 ⌋
+ ℓn,0 + ℓn,n,
✹✳✺✳ ❊❝❝❡♥'(✐❝✐'② +❡,✉❡♥❝❡ ♦❢ ▲✉❝❛+ ❝✉❜❡+ ❙❡❝♦♥❞ ✈❡(+✐♦♥ ✽✶
✇❤❡(❡
ε
n,⌊n2 ⌋
= (−1)n+1, ℓn,0 = 0 ❛♥❞ ℓn,n = 1 + (−1)
n.
❚❤❡(❡❢♦(❡✱
n∑
k=0
ℓn,k =
n∑
k=0
(
k
n− k
)
+
n−2∑
k=0
(
k
n− 2− k
)
= Fn+1 + Fn−1 = Ln = |V (Λn)|.
✹✳✺ ❊❝❝❡♥'(✐❝✐'② +❡,✉❡♥❝❡ ♦❢ ▲✉❝❛+ ❝✉❜❡+
❙❡❝♦♥❞ ✈❡(+✐♦♥
■♥ '❤✐+ +❡❝'✐♦♥✱ ✇❡ ❣✐✈❡ ❛♥ ❛❧'❡(♥❛'✐✈❡ ♣(♦♦❢ ♦❢ ❚❤❡♦(❡♠ ✹✳✹✳✶✻✱ ♦❜'❛✐♥✐♥❣
'❤❡ ❣❡♥❡(❛'✐♥❣ ❢✉♥❝'✐♦♥ ♦❢ '❤❡ ❡❝❝❡♥'(✐❝✐'② +❡,✉❡♥❝❡ ♦❢ '❤❡ ▲✉❝❛+ ❝✉❜❡✬+ +'(✐♥❣+
✇✐'❤ ❛ ❞✐(❡❝' ❛♣♣(♦❛❝❤✳
▲❡' ✉+ (❡❝❛❧❧ '❤❛' ✐♥ +❡❝'✐♦♥ ✹✳✸✱ ✇❡ ♦❜'❛✐♥❡❞ '❤❡ ❣❡♥❡(❛'✐♥❣ ❢✉♥❝'✐♦♥ ♦❢ ❛❧❧
'❤❡ +'(✐♥❣+ '❤❛' ❡♥❞ ✇✐'❤ ❛♥ ❡✈❡♥ ♥✉♠❜❡( ♦❢ ✵✬+ ✭❡✈❡♥'✉❛❧❧② ♥✉❧❧✮ ❛❧♦♥❣ ✇✐'❤
'❤❡ ❣❡♥❡(❛'✐♥❣ ❢✉♥❝'✐♦♥ ♦❢ ❛❧❧ '❤❡ +'(✐♥❣+ '❤❛' ❡♥❞ ✇✐'❤ ❛♥ ♦❞❞ ♥✉♠❜❡( ♦❢ ✵✬+✳
❚❤❛' ✐+✱ f · ev(x, y) ❛♥❞ f · od(x, y) (❡+♣❡❝'✐✈❡❧②✳ ✭❚❤❡♦(❡♠ ✹✳✸✳✸✳✮
❘❡❝❛❧❧ ❢✉('❤❡( '❤❛'
fn,k = f
ev ·
n,k + f
od ·
n,k = f
· ev
n,k + f
· od
n,k
= f od odn,k + f
od ev∗
n,k + f
od∅
n,k + f
ev∗od
n,k + f
ev∗ev∗
n,k + f
ev∗∅
n,k + f
∅ od
n,k + f
∅ ev∗
n,k + f
∅∅
n,k
❛♥❞ '❤❛' '❤❡ +❛♠❡ ❞❡❝♦♠♣♦+✐'✐♦♥ ❛♣♣❧✐❡+ ❢♦( ℓn,k✳
■♥ +❡❝'✐♦♥ ✹✳✹✱ ✇❡ ✉+❡❞ '❤❡ ❢❛❝' '❤❛' ℓa bn,k = ℓ
b a
n,k = f
a b
n,k ❢♦( (a, b) 6= (od, od)
❛♥❞ (a, b) 6= (∅,∅) ✭❈♦(♦❧❧❛(② ✹✳✹✳✹✮✱ ✇❤✐❝❤ ❣❛✈❡ ✉+ '❤❡ ♥❡①' ❡,✉❛'✐♦♥✿
ℓn,k = fn,k − f
od od
n,k − f
∅∅
n,k + ℓ
od od
n,k + ℓ
∅∅
n,k .
❚❤❡♥✱ ✉+✐♥❣ fn,k ❛♥❞ ❝♦♠♣✉'✐♥❣ '❤❡ ♠✐++✐♥❣ ❣❡♥❡(❛'✐♥❣ ❢✉♥❝'✐♦♥+ ♦❢ '❤✐+ ❡,✉❛✲
'✐♦♥✱ ✇❡ ♦❜'❛✐♥❡❞ ℓn,k✳
❲❡ ✇✐❧❧ ♥♦✇ ❝♦♠♣✉'❡ ℓn,k ❞✐(❡❝'❧②✱ ✉+✐♥❣ ❡❛❝❤ ♦❢ '❤❡ ♥✐♥❡ '❡(♠+ '❤❛' ❝♦♠✲
♣♦+❡ ✐'✳ ❋♦( '❤✐+ ♣✉(♣♦+❡✱ ✇❡ ✇✐❧❧ '❛❦❡ ❜❛❝❦ '❤❡ '❡(♠+ ❛❧(❡❛❞② ♦❜'❛✐♥❡❞ ✐♥ '❤❡
♣(❡✈✐♦✉+ +❡❝'✐♦♥✱ ♥❛♠❡❧②✿
ℓod od(x, y) = y−1 f od od(x, y), O(♦♣♦+✐'✐♦♥ 4.4.14,
=
xy(1− x2y − x3y2)
(1 + xy)(1− x2y)(1− xy − x2y)
, O(♦♣♦+✐'✐♦♥ 4.4.8,
✽✷ ❈❤❛♣&❡( ✹✳ ❊❝❝❡♥&(✐❝✐&② ❙❡1✉❡♥❝❡3 ♦❢ &❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ ▲✉❝❛3 ❝✉❜❡3
ℓod ev
∗
(x, y) = f od ev
∗
(x, y)
=
x4y3
(1 + xy)(1− x2y)(1− xy − x2y)
, :(♦♣♦3✐&✐♦♥ 4.4.3,
ℓod∅(x, y) = f od∅(x, y) =
x2y2
(1 + xy)(1− xy − x2y)
, :(♦♣♦3✐&✐♦♥ 4.4.10,
ℓev
∗
∅(x, y) = f ev
∗
∅(x, y) = x ℓod∅(x, y), :(♦♣♦3✐&✐♦♥ 4.4.11 ❛♥❞
ℓ∅∅(x, y) = 1, :(♦♣♦3✐&✐♦♥ 4.4.15.
■♥ ♦(❞❡( &♦ ❝♦♠♣✉&❡ ℓev
∗ev∗(x, y)✱ &❤❡ ❣❡♥❡(❛&✐♥❣ ❢✉♥❝&✐♦♥ &❤❛& ❤❛3 ♥♦&
❜❡❡♥ ♦❜&❛✐♥❡❞ ✉♣ &♦ ♥♦✇✱ ✇❡ ✇✐❧❧ ❝♦♥3✐❞❡( ❛ 3&(✐♥❣ x = 0l010l11 · · · 10lp ∈
F ev
∗ ev∗
n,k \ {✇♦(❞3 ❝♦♠♣♦3❡❞ ❜② ❛♥ ❡✈❡♥ ♥✉♠❜❡( ♥ ♦❢ ✵✬3}✱ ❛♥❞ ❞❡♠♦♥3&(❛&❡
&❤❛& ✇❤❡♥ ✇❡ (❡♠♦✈❡ ❛ ✵ ❢(♦♠ 0lp ✱ ✇❡ ♦❜&❛✐♥ ❛ 3&(✐♥❣ &❤❛& ❜❡❧♦♥❣3 &♦ F ev
∗ od
n−1,k ✳
❘❡❝❛❧❧ &❤❛& gevenn,k ✇❛3 ❞❡✜♥❡❞ ❛3 &❤❡ ♥✉♠❜❡( ♦❢ 3&(✐♥❣3 ✐♥ Fn ❝♦♠♣♦3❡❞ ♦♥❧②
❜② ✵✬3 ❢♦( ❡✈❡♥ n ❛♥❞ ❡❝❝❡♥&(✐❝✐&② k ❛♥❞ &❤❛& ❜② :(♦♣♦3✐&✐♦♥ ✹✳✷✳✼✱ n = 2k✱
&❤❡♥
gevenn,k =
{
1 ✐❢ n = 2k
0 ♦&❤❡(✇✐3❡✳
❘❡❝❛❧❧ ❛3 ✇❡❧❧ &❤❛&
geven(x, y) =
1
1− x2y
.
 !♦♣♦$✐&✐♦♥ ✹✳✺✳✶✳ ❋♦" n ≥ 1 ❛♥❞ k ≥ 0✱
f ev∗ ev∗n,k = f
ev∗ od
n−1,k + g
even
n,k ,
'❤✉*
f ev∗ ev∗(x, y) =
x2y − x4y2 − x4y3
(1 + xy)(1− x2y)(1− xy − x2y)
.
 !♦♦❢✳ ▲❡& x = 0l010l11 · · · 10lp ∈ F ev∗ ev
∗
n,k &❤❛& ✐3 ♥♦& ❝♦♠♣♦3❡❞ ♦♥❧② ❜② ✵✬3
✇✐&❤ n ≥ 1✱ k ≥ 0✱ &❤✉3 p ≥ 0❀ l0, lp ≥ 2 ❛♥❞ l1, · · · lp−1 ≥ 1✳ ❚❤❡♥ x = (x
′0)
✇✐&❤ x′ ∈ F ev∗ odn−1 3✉❝❤ &❤❛& x
′ = 0l010l11 · · · 10lp−1✳ ❚❤❡♥✱ ❜② ❈♦(♦❧❧❛(② ✹✳✷✳✾
✭✐✮✱ ❛❧❧ &❤❡ 3&(✐♥❣3 ♦❢ Fn−1 &❤❛& 3❛&✐3❢② &❤❡ ❡❝❝❡♥&(✐❝✐&② ♦❢ x
′
❤❛✈❡ &❤❡ ❢♦(♠
y = (y′1)✳
✹✳✺✳ ❊❝❝❡♥'(✐❝✐'② +❡,✉❡♥❝❡ ♦❢ ▲✉❝❛+ ❝✉❜❡+ ❙❡❝♦♥❞ ✈❡(+✐♦♥ ✽✸
❖♥ '❤❡ ♦'❤❡( ❤❛♥❞✱ ❢♦( ❛♥② +'(✐♥❣ y ∈ F ev∗ odn−1 ✱ '❤❡ +'(✐♥❣ (y0) ∈ F
ev∗ ev∗
✳
❚❤❡(❡❢♦(❡✱ x → x′ ✐+ ❛ ✶ '♦ ✶ ♠❛♣♣✐♥❣ ❜❡'✇❡❡♥ F ev∗ ev∗n,k \ { ✇♦(❞+ ❝♦♠♣♦+❡❞
❜② ❛♥ ❡✈❡♥ ♥✉♠❜❡( n ♦❢ ✵✬+ } ❛♥❞ F ev∗ odn−1,k ✳
❋♦( '❤❡ +❡❝♦♥❞ ♣❛(' ♦❢ '❤❡ ♣(♦♣♦+✐'✐♦♥✱ ❧❡' ✉+ ❝♦♥+✐❞❡( '❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✐'✐❛❧
❝♦♥❞✐'✐♦♥+✿
f ev∗ ev∗0,k = f
ev∗ ev∗
1,k = 0, ❢♦( k ≥ 0, '❤❡♥ ✇❡ ❤❛✈❡
f ev∗ ev∗(x, y) =
∑
n≥2,k≥0
f ev∗ ev∗n,k x
nyk
=
∑
n≥2,k≥0
(f ev∗ odn−1,k + g
even
n,k )x
nyk
= x
∑
n≥1,k≥0
f ev∗ odn,k x
nyk +
∑
n≥2,k≥0
gevenn,k x
nyk,
'❤✉+
f ev∗ ev∗(x, y) = xf ev∗ od(x, y) + (geven(x, y)− 1)
=
x(x4y3)
(1 + xy)(1− x2y)(1− xy − x2y)
+
(
1
1− x2y
− 1
)
=
x2y − x4y2 − x4y3
(1 + xy)(1− x2y)(1− xy − x2y)
.

❚❤❡♦$❡♠ ✹✳✺✳✷ ✭❬❈▼✶✷❪✮✳ ❚❤❡ ❣❡♥❡%❛'✐♥❣ ❢✉♥❝'✐♦♥ ❢♦% '❤❡ ❡❝❝❡♥'%✐❝✐'② .❡✲
0✉❡♥❝❡ ♦❢ '❤❡ ▲✉❝❛. ❝✉❜❡ ✐.
ℓ(x, y) =
∑
n,k≥0
ℓn,kx
nyk =
1 + x2y
1− xy − x2y
+
1
1 + xy
−
1− x
1− x2y
.
*$♦♦❢✳ ❚❤❡ ❣❡♥❡(❛'✐♥❣ ❢✉♥❝'✐♦♥
ℓ(x, y) =
∑
n,k≥0
ℓn,kx
nyk
+❛'✐+✜❡+ '❤❡ ❡,✉❛'✐♦♥
ℓ(x, y) =
∑
n,k≥0
(ℓod odn,k + f
od ev∗
n,k + f
od∅
n,k + f
ev∗od
n,k + f
ev∗ev∗
n,k +
f ev
∗
∅
n,k + f
∅ od
n,k + f
∅ ev∗
n,k + ℓ
∅∅
n,k ).
✽✹ ❈❤❛♣&❡( ✹✳ ❊❝❝❡♥&(✐❝✐&② ❙❡0✉❡♥❝❡2 ♦❢ &❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ ▲✉❝❛2 ❝✉❜❡2
❇② :(♦♣♦2✐&✐♦♥2 ✹✳✹✳✶✹✱ ✹✳✹✳✽✱ ✹✳✹✳✸✱ ✹✳✺✳✶✱ ✹✳✹✳✶✵✱ ✹✳✹✳✶✶ ❛♥❞ ✹✳✹✳✶✺✱ ✇❡ ❝♦♥✲
❝❧✉❞❡ &❤❛&
ℓ(x, y) =
x(1− x2y − x3y2)
(1 + xy)(1− x2y)(1− xy − x2y)
+
x4y3
(1 + xy)(1− x2y)(1− xy − x2y)
+
x2y2
(1 + xy)(1− xy − x2y)
+
x4y3
(1 + xy)(1− x2y)(1− xy − x2y)
+
x2y − x4y2 − x4y3
(1 + xy)(1− x2y)(1− xy − x2y)
+
x(x2y2)
(1 + xy)(1− xy − x2y)
+
x2y2
(1 + xy)(1− xy − x2y)
+
x(x2y2)
(1 + xy)(1− xy − x2y)
+ 1
=
1 + x− x2y + x2y2 − x3y + x3y2 − x4y2 − x5y3
(1 + xy)(1− x2y)(1− xy − x2y)
.
❚❤❡(❡❢♦(❡✱
ℓ(x, y) =
1 + x2y
1− xy − x2y
+
1
1 + xy
−
1− x
1− x2y
.

❆2 ❛ ❈♦(♦❧❧❛(②✱ ✇❤✐❝❤ ❤❛2 ❜❡❡♥ ♣(♦✈❡♥ ✐♥ &❤❡ ♣(❡✈✐♦✉2 2❡❝&✐♦♥✱ &❤❡ ♥✉♠❜❡(
♦❢ ✈❡(&✐❝❡2 ♦❢ Λn ✇✐&❤ ❡❝❝❡♥&(✐❝✐&② k ✐2 2&❛&❡❞ ❜❡❧♦✇✳
❈♦"♦❧❧❛"② ✹✳✺✳✸ ✭❬❈▼✶✷❪✮✳ ❋♦" ❛❧❧ n, k ✇✐'❤ n > k ≥ 1✱
ℓn,k =
(
k
n− k
)
+
(
k − 1
n− k − 1
)
+ εn,k
✇❤❡"❡
εn,k =


−1 ✐❢ n = 2k,
1 ✐❢ n = 2k + 1
0 ♦'❤❡"✇✐,❡✳
❋✉"'❤❡"♠♦"❡✱ ℓ0,0 = ℓ1,0 = 1, ℓn,0 = 0 ❢♦" n > 1 ❛♥❞
ℓn,n =
{
2 ✐❢ n ✐, ❡✈❡♥ (n ≥ 2)✱
0 ✐❢ n ✐, ♦❞❞✳
❈❤❛♣$❡& ✺
❉♦♠✐♥❛&✐♦♥ ♥✉♠❜❡* ❛♥❞
✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡*
❆♥ ❛✉$♦♠♦'♣❤✐+♠ ♦❢ ❛ ❣'❛♣❤ ✐+ ❛ ♣❡'♠✉$❛$✐♦♥ α ♦❢ ✐$+ ✈❡'$❡① +❡$ ✇❤✐❝❤
♣'❡+❡'✈❡+ ❛❞❥❛❝❡♥❝②✿ ✐❢ (uv) ✐+ ❛♥ ❡❞❣❡✱ $❤❡♥ +♦ ✐+ (α(u), α(v))✳
❚❤❡ ❛✉$♦♠♦'♣❤✐+♠ ♦❢ ❛ ❣'❛♣❤ '❡✢❡❝$ ✐$+ +②♠♠❡$'✐❡+✳ ❋♦' ❡①❛♠♣❧❡✱ u, v ∈ V (G)
✐❢ $❤❡'❡ ❡①✐+$+ $❤❡ ❛✉$♦♠♦'♣❤✐+♠ α ✇❤✐❝❤ ♠❛♣+ u $♦ v✱ $❤❡♥ u ❛♥❞ v ❛'❡ ❛❧✐❦❡
✐♥ $❤❡ ❣'❛♣❤ ❛♥❞ ❛'❡ '❡❢❡''❡❞ $♦ ❛+ +✐♠✐❧❛' ✈❡'$✐❝❡+✳ ❙❡❡ ❬❇▼✵✽❪✳
■♥ $❤✐+ +❡♥+❡✱ ✇❤✐❧❡ ✇❡ '❡♠♦✈❡ ❝❡'$❛✐♥ ✬♥♦♥✲+②♠♠❡$'✐❝✬ ✈❡'$✐❝❡+ ♦❢ $❤❡ ❋✐✲
❜♦♥❛❝❝✐ ❝✉❜❡ $♦ ❣❡♥❡'❛$❡ $❤❡ ▲✉❝❛+ ❝✉❜❡✱ ✇❡ ❣❡$ ❣'❛♣❤+ ✇✐$❤ ♠♦'❡ +②♠♠❡✲
$'✐❡+✳
■♥ $❤✐+ ❝❤❛♣$❡'✱ ✇❡ +$✉❞② $❤❡+❡ ❝✉❜❡+ ❢'♦♠ $❤❡ ❞♦♠✐♥❛$✐♦♥ ❛♥❞ ✷✲♣❛❝❦✐♥❣
♣♦✐♥$+ ♦❢ ✈✐❡✇✳ ❲❤✐❧❡ +❡❛'❝❤✐♥❣ ❢♦' +✉❜+❡$+ ♦❢ ❛ ❣'❛♣❤✱ ✐$ ✐+ ✉+❡❢✉❧ $♦ ❦♥♦✇
+②♠♠❡$'✐❡+ ♦❢ $❤❡ ❣'❛♣❤✱ ❤❡♥❝❡ ✇❡ ❞❡+❝'✐❜❡ $❤❡ ❛✉$♦♠♦'♣❤✐+♠ ❣'♦✉♣+ ♦❢ $❤❡+❡
❣'❛♣❤+✳ ◆❡①$✱ ✇❡ ✐♥✈❡+$✐❣❛$❡ $❤❡ ❞♦♠✐♥❛$✐♦♥ ♥✉♠❜❡' ♦❢ $❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡+ ❛+
✐♥✐$✐❛$❡❞ ❜② M✐❦❡ ❛♥❞ ❩♦✉ ✐♥ ❬M❩✶✷❪✱ ❛♥❞ ❛❧+♦ +$✉❞② $❤❛$ ♦❢ $❤❡ ▲✉❝❛+ ❝✉❜❡+✳
❲❡ ❣✐✈❡ +♦♠❡ ❝♦♥♥❡❝$✐♦♥+ ❜❡$✇❡❡♥ $❤❡ ❞♦♠✐♥❛$✐♦♥ ♥✉♠❜❡' ♦❢ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡+
❛♥❞ ▲✉❝❛+ ❝✉❜❡+✳ ❚❤❡♥ ✇❡ ❝♦♥+$'✉❝$ ❞♦♠✐♥❛$✐♥❣ +❡$+ ❢♦' Γ9 ❛♥❞ ❢♦' Λ9 ❛♥❞
❛ ❧♦✇❡' ❜♦✉♥❞ ♦♥ $❤❡ ❞♦♠✐♥❛$✐♦♥ ♥✉♠❜❡' ♦❢ Λn✳ ❆ ❣'❛♣❤ ✐♥✈❛'✐❛♥$ ❝❧♦+❡❧②
'❡❧❛$❡❞ $♦ $❤❡ ❞♦♠✐♥❛$✐♦♥ ♥✉♠❜❡' ✐+ $❤❡ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡'✳ ❋✐'+$✱ ✇❡ ♦❜$❛✐♥
❛ ❧♦✇❡' ❜♦✉♥❞ ❢♦' $❤❡ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡' ♦❢ $❤❡ ▲✉❝❛+ ❝✉❜❡+ ❛♥❞ $❤❡'❡❢♦'❡✱ ❢♦'
$❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡+✳ ❲❡ ❛❧+♦ ❣✐✈❡ $❤❡ ✈❛❧✉❡+ ❢♦' $❤❡ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡' ♦❢ ❜♦$❤
❝✉❜❡+ ✐♥❝❧✉❞✐♥❣ $❤♦+❡ ♦❢ ❞✐♠❡♥+✐♦♥ Γ10 ❛♥❞ Λ10✳
◆♦$✐❝❡ $❤❛$ $❤❡ ♠♦+$ ♣❛'$ ♦❢ $❤✐+ ❝❤❛♣$❡' ✐+ ♣✉❜❧✐+❤❡❞ ✐♥ ❬❈❑▼❘✶✶❪✳
❋♦' 0 ≤ k ≤ n✱ ❧❡$ Γn,k ❜❡ $❤❡ +❡$ ♦❢ ✈❡'$✐❝❡+ ♦❢ Γn $❤❛$ ❝♦♥$❛✐♥ k ✶✬+✳ ❍❡♥❝❡
Γn,k ✐+ $❤❡ +❡$ ♦❢ ✈❡'$✐❝❡+ ♦❢ Γn ❛$ ❞✐+$❛♥❝❡ k ❢'♦♠ 0
n
✳ ❙❡❡ ✜❣✉'❡ ✺✳✶✳ Λn,k ✐+
❞❡✜♥❡❞ ❛♥❛❧♦❣♦✉+❧②✳ ■♥ ♣❛'$✐❝✉❧❛'✱ Γn,0 = Λn,0 = {0
n} ❛♥❞ Γn,1 = Λn,1 =
{10n−1, 010n−2, . . . , 0n−11}✳ ■❢ uv ∈ E(Γn)✱ ✇❤❡'❡ u ∈ Γn,k ❛♥❞ v ∈ Γn,k−1
✭k ≥ 1✮✱ $❤❡♥ ✇❡ +❛② $❤❛$ v ✐+ ❛ ❞♦✇♥✲♥❡✐❣❤❜♦* ♦❢ u ❛♥❞ $❤❛$ u ✐+ ❛♥ ✉♣✲
♥❡✐❣❤❜♦* ♦❢ v✳ ❚❤❡ +❛♠❡ $❡'♠✐♥♦❧♦❣② ❛❣❛✐♥ ❛♣♣❧✐❡+ $♦ ▲✉❝❛+ ❝✉❜❡+✳
✽✺
✽✻ ❈❤❛♣&❡( ✺✳ ❉♦♠✐♥❛&✐♦♥ ♥✉♠❜❡( ❛♥❞ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡(
000001
000000
000010
000101
000100
001001
001000
001010
010001
010000
010010
010101
010100
100001
100000
100010
100101
100100
101001
101000
101010
Γ6,0
Γ6,1
Γ6,2
Γ6,3
❋✐❣✉(❡ ✺✳✶✿ Γ6,k, k = 0, 1, 2, 3.
❋♦( ❛ ❜✐♥❛(② <&(✐♥❣ b = b1b2 . . . bn✱ ❧❡& b ❜❡ &❤❡ ❜✐♥❛(② ❝♦♠♣❧❡♠❡♥& ♦❢ b ❛♥❞
❧❡& bR = bnbn−1 . . . b1 ❜❡ &❤❡ (❡✈❡(<❡ ♦❢ b✳ ❋♦( ❜✐♥❛(② <&(✐♥❣< b ❛♥❞ c ♦❢ ❡A✉❛❧
❧❡♥❣&❤✱ ❧❡& b+c ❞❡♥♦&❡ &❤❡✐( <✉♠ ❝♦♠♣✉&❡❞ ❜✐&✇✐<❡ ♠♦❞✉❧♦ ✷✳ ❋♦( 1 ≤ i ≤ n✱ ❧❡&
ei ❜❡ &❤❡ ❜✐♥❛(② <&(✐♥❣ ♦❢ ❧❡♥❣&❤ n ✇✐&❤ ✶ ✐♥ &❤❡ i✲&❤ ♣♦<✐&✐♦♥ ❛♥❞ ✵ ❡❧<❡✇❤❡(❡✳
❆❝❝♦(❞✐♥❣ &♦ &❤✐< ♥♦&❛&✐♦♥✱ Γn,1 = Λn,1 = {e1, e2, . . . , en}✳
▲❡& G ❜❡ ❛ ❣(❛♣❤✳ ❚❤❡♥ D ⊆ V (G) ✐< ❛ ❞♦♠✐♥❛&✐♥❣ (❡& ✐❢ ❡✈❡(② ✈❡(&❡①
❢(♦♠ V (G) \ D ✐< ❛❞❥❛❝❡♥& &♦ <♦♠❡ ✈❡(&❡① ❢(♦♠ D✳ ❚❤❡ ❞♦♠✐♥❛&✐♦♥ ♥✉♠❜❡,
γ(G) ✐< &❤❡ ♠✐♥✐♠✉♠ ❝❛(❞✐♥❛❧✐&② ♦❢ ❛ ❞♦♠✐♥❛&✐♥❣ <❡& ♦❢ G✳ ❆ ❞♦♠✐♥❛&✐♦♥ <❡&
D(Γ6) = {010000, 001010, 001001, 000101, 100000} ♦❢ Γ6 ❝❛♥ ❜❡ <❡❡♥ ✐♥ ✜❣✉(❡
✺✳✶✳
❆ <❡&X ⊆ V (G) ✐< ❝❛❧❧❡❞ ❛ ✷✲♣❛❝❦✐♥❣ ✐❢ d(u, v) > 2 ❢♦( ❛♥② ❞✐✛❡(❡♥& ✈❡(&✐❝❡<
u ❛♥❞ v ♦❢ X✳ ❚❤❡ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡, ρ(G) ✐< &❤❡ ♠❛①✐♠✉♠ ❝❛(❞✐♥❛❧✐&② ♦❢ ❛
✷✲♣❛❝❦✐♥❣ ♦❢ G✳ ◆♦&✐❝❡ &❤❛& {010010, 010101, 001001, 101010, 100100} ✐< ❛ ✷✲
♣❛❝❦✐♥❣ <❡& ✐♥ Γ6 ❛♥❞ &❤❡(❡❢♦(❡✱ γ(Γ6) = ρ(Γ6) = 5✳
■& ✐< ✇❡❧❧ ❦♥♦✇♥ &❤❛& ❢♦( ❛♥② ❣(❛♣❤ G✱ γ(G) ≥ ρ(G)✳ ❙❡❡ ❬❍❍❙✾✽❪✳
❚❤❡ ❛✉&♦♠♦(♣❤✐<♠ ❣(♦✉♣ ♦❢ ❛ ❣(❛♣❤ G ✐< ❞❡♥♦&❡❞ ❜② Aut(G)✳ ❋♦( ✐♥<&❛♥❝❡✱
Aut(Cn) = D2n✱ ✇❤❡(❡ Cn ✐< &❤❡ n✲❝②❝❧❡ ❛♥❞ D2n ✐< &❤❡ ❞✐❤❡❞,❛❧ ❣,♦✉♣ ♦♥ n
❡❧❡♠❡♥&<✳ ❘❡❝❛❧❧ &❤❛& D2n ❝❛♥ ❜❡ (❡♣(❡<❡♥&❡❞ ❛< 〈x, y | x
2 = 1, yn = 1, (xy)2 =
1〉✳
✺✳✶✳ ❆✉%♦♠♦(♣❤✐,♠ ❣(♦✉♣, ✽✼
✺✳✶ ❆✉%♦♠♦(♣❤✐,♠ ❣(♦✉♣,
■♥ %❤✐, ,❡❝%✐♦♥ ✇❡ ❞❡%❡(♠✐♥❡ %❤❡ ❛✉%♦♠♦(♣❤✐,♠ ❣(♦✉♣, ♦❢ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡,
❛♥❞ ▲✉❝❛, ❝✉❜❡,✳
▲❡% n ≥ 1 ❛♥❞ ❞❡✜♥❡ %❤❡  ❡✈❡ #❡ ♠❛♣ r : Γn → Γn ✇✐%❤✿
r(b1b2 . . . bn) = b
R = bnbn−1 . . . b1 . ✭✺✳✶✳✶✮
■% ✐, ❡❛,② %♦ ♦❜,❡(✈❡ %❤❛% r ✐, ❛♥ ❛✉%♦♠♦(♣❤✐,♠ ♦❢ Γn✳ ❲❡ ❛(❡ ❣♦✐♥❣ %♦ ♣(♦✈❡
%❤❛% r ✐, %❤❡ ♦♥❧② ♥♦♥%(✐✈✐❛❧ ❛✉%♦♠♦(♣❤✐,♠ ♦❢ Γn✳ ❋♦( %❤✐, ,❛❦❡✱ %❤❡ ❢♦❧❧♦✇✐♥❣
❧❡♠♠❛ ✐, ✉,❡❢✉❧✳
▲❡♠♠❛ ✺✳✶✳✶✳ ▲❡( n ≥ 3 ❛♥❞ k ≥ 2✳ ❚❤❡♥ u, v ∈ Γn,k ❤❛✈❡ ❞✐✛❡ ❡♥( #❡(# ♦❢
❞♦✇♥✲♥❡✐❣❤❜♦ #✳
'(♦♦❢✳ ❙✐♥❝❡ u, v ∈ Γn,k✱ d(u, v) ≥ 2✳ ❲❡ ❞✐,%✐♥❣✉✐,❤ %✇♦ ❝❛,❡,✳
❙✉♣♣♦,❡ ✜(,% d(u, v) = 2 ❛♥❞ ❧❡% u ❛♥❞ v ❞✐✛❡( ✐♥ ♣♦,✐%✐♦♥, i ❛♥❞ j✳ ❙✐♥❝❡
u, v ∈ Γn,k✱ ✇❡ ♠❛② ❛,,✉♠❡ ✇✐%❤♦✉% ❧♦,, ♦❢ ❣❡♥❡(❛❧✐%② %❤❛% ui = vj = 1 ❛♥❞
uj = vi = 0✳ ▼♦(❡♦✈❡(✱ u ❛♥❞ v ❛❣(❡❡ ✐♥ ❛❧❧ %❤❡ ♦%❤❡( ♣♦,✐%✐♦♥,✳ ❙✐♥❝❡ k ≥ 2✱
%❤❡(❡ ❡①✐,%, ❛♥ ✐♥❞❡① ℓ 6= i, j ,✉❝❤ %❤❛% uℓ = vℓ = 1✳ ❚❤❡♥ u + eℓ ✐, ❛ ❞♦✇♥✲
♥❡✐❣❤❜♦( ♦❢ u ❜✉% ♥♦% ❛ ❞♦✇♥✲♥❡✐❣❤❜♦( ♦❢ v✳
❆,,✉♠❡ ♥♦✇ d(u, v) ≥ 3✳ ▲❡% i ❜❡ ❛♥ ❛(❜✐%(❛(② ✐♥❞❡① ,✉❝❤ %❤❛% ui 6= vi✳ ❲❡
♠❛② ❛,,✉♠❡ %❤❛% ui = 1✳ ❚❤❡♥ u+ ei ✐, ❛ ❞♦✇♥✲♥❡✐❣❤❜♦( ♦❢ u ❜✉% ♥♦% ♦❢ v✳ 
❚❤❡♦(❡♠ ✺✳✶✳✷✳ ❋♦ ❛♥② n ≥ 1✱ Aut(Γn) ≃ Z2✳
'(♦♦❢✳ ❚❤❡ ❛,,❡(%✐♦♥ ✐, ❝❧❡❛( ❢♦( n ≤ 2✱ ❤❡♥❝❡ ❛,,✉♠❡ ✐♥ %❤❡ (❡,% %❤❛% n ≥
3✳ ▲❡% α ∈ Aut(Γn)✳ ❙✐♥❝❡ 0
n
✐, %❤❡ ♦♥❧② ✈❡(%❡① ♦❢ ❞❡❣(❡❡ n✱ α(0n) = 0n✳
❚❤❡(❡❢♦(❡✱ α ♠❛♣, Γn,1 ♦♥%♦ Γn,1✳ ▲❡% Γ
′
n,1 = {10
n−1, 0n−11} ❛♥❞ Γ
′′
n,1 = Γn,1 \
Γ′n,1✳ ❙✐♥❝❡ 10
n−1
❛♥❞ 0n−11 ❛(❡ %❤❡ ♦♥❧② ✈❡(%✐❝❡, ♦❢ ❞❡❣(❡❡ n− 1✱ α ♠❛♣, Γ′n,1
❛♥❞ Γ
′′
n,1 ♦♥%♦ Γ
′
n,1 ❛♥❞ Γ
′′
n,1✱ (❡,♣❡❝%✐✈❡❧②✳ ❲❡ ❞✐,%✐♥❣✉✐,❤ %✇♦ ❝❛,❡,✳
❈❛/❡ ✶✿ α(10n−1) = 10n−1✳
❚❤❡♥✱ ❜❡❝❛✉,❡ α ♠❛♣, Γ′n,1 ♦♥%♦ Γ
′
n,1✱ ✇❡ ❤❛✈❡ α(0
n−11) = 0n−11✳ ❆♠♦♥❣ %❤❡
✈❡(%✐❝❡, ♦❢ Γ
′′
n,1✱ ♦♥❧② 010
n−2
❤❛, ♥♦ ❝♦♠♠♦♥ ✉♣✲♥❡✐❣❤❜♦( ✇✐%❤ 10n−1✳ ❚❤❡(❡✲
❢♦(❡✱ α(010n−2) = 010n−2✳ ■♥ %✉(♥✱ ❛♠♦♥❣ %❤❡ (❡♠❛✐♥✐♥❣ ✈❡(%✐❝❡, ♦❢ Γ
′′
n,1✱ ♦♥❧②
0010n−3 ❤❛, ♥♦ ❝♦♠♠♦♥ ✉♣✲♥❡✐❣❤❜♦( ✇✐%❤ 010n−2✳ ❚❤❡(❡❢♦(❡ α(0010n−3) =
0010n−3✳ ❇② ♣(♦❝❡❡❞✐♥❣ ✇✐%❤ %❤❡ ,❛♠❡ ❛(❣✉♠❡♥%✱ α ✜①❡, Γ
′′
n,1 ♣♦✐♥%✇✐,❡ ❛♥❞
❤❡♥❝❡ ✜①❡, Γn,1 ♣♦✐♥%✇✐,❡✳ ◆♦✇ ❛♣♣❧② ▲❡♠♠❛ ✺✳✶✳✶ ❛♥❞ ✐♥❞✉❝%✐♦♥ ♦♥ k %♦
❝♦♥❝❧✉❞❡ %❤❛% α ✜①❡, Γn,k ♣♦✐♥%✇✐,❡ ❢♦( ❛❧❧ k✳ ❚❤❡(❡❢♦(❡ α = id ✐♥ %❤✐, ❝❛,❡✳
✽✽ ❈❤❛♣%❡' ✺✳ ❉♦♠✐♥❛%✐♦♥ ♥✉♠❜❡' ❛♥❞ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡'
❈❛"❡ ✷✿ α(10n−1) = 0n−11✳
◆♦✇ α(0n−11) = 10n−1✳ ❆♠♦♥❣ %❤❡ ✈❡'%✐❝❡< ♦❢ Γ
′′
n,1✱ ♦♥❧② 010
n−2
❤❛< ♥♦ ❝♦♠✲
♠♦♥ ✉♣✲♥❡✐❣❤❜♦' ✇✐%❤ 10n−1✳ ❚❤✉< α(010n−2) = 0n−210✱ ✇❤✐❝❤ ✐< %❤❡ ♦♥❧②
❡❧❡♠❡♥% ♦❢ Γ
′′
n,1 ✇✐%❤ ♥♦ ❝♦♠♠♦♥ ✉♣✲♥❡✐❣❤❜♦' %♦❣❡%❤❡' ✇✐%❤ α(10
n−1) = 0n−11✳
❇② ♣'♦❝❡❡❞✐♥❣ ✇✐%❤ %❤❡ <❛♠❡ ❛'❣✉♠❡♥%✱ α '❡✈❡'<❡< ❛❧❧ %❤❡ ❡❧❡♠❡♥%< ♦❢ Γ
′′
n,1✱
%❤❛% ✐<✱ αΓ′′n,1
= rΓ′′n,1
❛♥❞ ❝♦♥<❡❝✉%✐✈❡❧② αΓn,1 = rΓn,1 ✳ ❇② ▲❡♠♠❛ ✺✳✶✳✶ ❛♥❞
✐♥❞✉❝%✐♦♥ ♦♥ k✱ !❤❡ $❛♠❡ ❤♦❧❞$ ❢♦+ ❛♥② Γn,k✱ k ≥ 2✳ ❚❤❡+❡❢♦+❡ α = r ✐♥ !❤✐$
❝❛$❡✳ 
▲❡! n ≥ 1✳ ❆♥ ❡4✉✐✈❛❧❡♥! ✇❛② !♦ ❞❡✜♥❡ Λn ✐$ !❤❛! ✐! ✐$ !❤❡ $✉❜❣+❛♣❤ ♦❢
Qn ✐♥❞✉❝❡❞ ♦♥ ❛❧❧ !❤❡ ❜✐♥❛+② $!+✐♥❣$ ♦❢ ❧❡♥❣!❤ n !❤❛! ❤❛✈❡ ♥♦ !✇♦ ❝♦♥$❡❝✉!✐✈❡
✶✬$ ✐♥ ❝✐+❝✉❧❛+ ♠❛♥♥❡+✳ ❚❤✐$ ❞❡✜♥✐!✐♦♥ ✐$ ♠♦+❡ $②♠♠❡!+✐❝ !❤❛♥ !❤❡ ❞❡✜♥✐!✐♦♥
♦❢ !❤❡ ❋✐❜♦♥❛❝❝✐ $!+✐♥❣$✱ $♦ ✐! ✐$ +❡❛$♦♥❛❜❧❡ !♦ ❡①♣❡❝! !❤❛! Aut(Λn) ✐$ +✐❝❤❡+
!❤❛♥ Aut(Γn)✳ ❚❤✐$ ✐$ ✐♥❞❡❡❞ !❤❡ ❝❛$❡✳ ❉❡✜♥❡ ϕ : Λn → Λn ❜②
ϕ(b1b2 . . . bn) = bnb1 . . . bn−1 . ✭✺✳✶✳✷✮
❇② !❤❡ ❛❜♦✈❡ +❡♠❛+❦ ✐! ✐$ ❝❧❡❛+ !❤❛! ϕ ∈ Aut(Λn)✳ ❩❛❣❛❣❧✐❛ ❙❛❧✈✐ ❬❩❛❣✵✷❪
♣+♦✈❡❞ !❤❛! !❤❡ ❛✉!♦♠♦+♣❤✐$♠ ❣+♦✉♣$ ♦❢ !❤❡ ▲✉❝❛$ $❡♠✐❧❛!!✐❝❡$ ❛+❡ !❤❡ ❞✐❤❡✲
❞+❛❧ ❣+♦✉♣$✳ ❚❤❡ ❛+❣✉♠❡♥!$ !❤❛! ❞❡!❡+♠✐♥❡ !❤❡ ❛✉!♦♠♦+♣❤✐$♠ ❣+♦✉♣ ♦❢ !❤❡
▲✉❝❛$ ❝✉❜❡$ ❛+❡ ✐♥ ❛ ✇❛② ♣❛+❛❧❧❡❧ !♦ !❤❡ ❛+❣✉♠❡♥!$ ❢+♦♠ ❬❩❛❣✵✷❪✱ ❤❡♥❝❡ ✇❡
♥❡①! ❣✐✈❡ ❥✉$! ❛ $❦❡!❝❤ ♦❢ !❤❡♠✳
◆♦!❡ ✜+$! !❤❛! ▲❡♠♠❛ ✺✳✶✳✶ ✭✇✐!❤ !❤❡ $❛♠❡ ♣+♦♦❢✮ ❛♣♣❧✐❡$ !♦ ▲✉❝❛$ ❝✉❜❡$
❛$ ✇❡❧❧✳ ▲❡! α ∈ Aut(Λn)✳ ❙✉♣♣♦$❡ !❤❛! ❢♦+ $♦♠❡ a, b ∈ {0, 1, . . . , n − 1}✱
α(10n−1) = 0a10n−a−1 ❛♥❞ α(0n−11) = 0b10n−b−1✱ ✇❤❡+❡ ❝♦♠♣✉!❛!✐♦♥$ ❛+❡
♠♦❞ n✳ ❚❤❡♥ ❡✐!❤❡+ b = a − 1 ♦+ b = a + 1 ❜❡❝❛✉$❡ α(10n−1) ❛♥❞ α(0n−11)
❝❛♥♥♦! ❤❛✈❡ ❛ ❝♦♠♠♦♥ ✉♣✲♥❡✐❣❤❜♦+✳ ❲❤❡♥ b = a − 1 ✇❡ ❣❡! α = ϕa ❛♥❞ ✐♥
!❤❡ ♦!❤❡+ ❝❛$❡ α = ϕa+1 ◦ r✳ ❲❡ ❝♦♥❝❧✉❞❡ !❤❛! Aut(Λn) ✐$ ❣❡♥❡+❛!❡❞ ❜② r ❛♥❞
ϕa ❢♦+ 0 ≤ a ≤ n− 1✱ ❛♥❞ ❤❡♥❝❡✿
❚❤❡♦$❡♠ ✺✳✶✳✸✳ ❋♦" ❛♥② n ≥ 3✱ Aut(Λn) ≃ D2n✳
✺✳✷ ❚❤❡ ❞♦♠✐♥❛,✐♦♥ ♥✉♠❜❡/
■♥ !❤✐$ $❡❝!✐♦♥ ✇❡ ❝♦♥$✐❞❡+ !❤❡ ❞♦♠✐♥❛!✐♦♥ ♥✉♠❜❡+ ♦❢ ❋✐❜♦♥❛❝✐ ❛♥❞ ▲✉✲
❝❛$ ❝✉❜❡$✳ ❲❡ ✜+$! ✐♥!❡++❡❧❛!❡ !❤❡✐+ ❞♦♠✐♥❛!✐♦♥ ♥✉♠❜❡+$✳ ❚❤❡♥ ✇❡ ❞✐$❝✉$$
❡①❛❝! ❞♦♠✐♥❛!✐♦♥ ♥✉♠❜❡+$ ❢♦+ $♠❛❧❧ ❞✐♠❡♥$✐♦♥$✳ ❚❤❡ $❡❝!✐♦♥ ✐$ ❝♦♥❧✉❞❡❞ ❜②
❡$!❛❜❧✐$❤✐♥❣ ❛ ❣❡♥❡+❛❧ ❧♦✇❡+ ❜♦✉♥❞ ♦♥ !❤❡ ❞♦♠✐♥❛!✐♦♥ ♥✉♠❜❡+ ♦❢ ▲✉❝❛$ ❝✉❜❡$✳
*$♦♣♦,✐.✐♦♥ ✺✳✷✳✶✳ ▲❡* n ≥ 4✱ *❤❡♥
✭✐✮ γ(Λn) ≤ γ(Γn−1) + γ(Γn−3) ,
✺✳✷✳ ❚❤❡ ❞♦♠✐♥❛,✐♦♥ ♥✉♠❜❡/ ✽✾
✭✐✐✮ γ(Λn) ≤ γ(Γn) ≤ γ(Λn) + γ(Γn−4) .
 !♦♦❢✳ ✭✐✮ V (Λn) ❝❛♥ ❜❡ ♣❛/,✐,✐♦♥❡❞ ✐♥,♦ ✈❡/,✐❝❡7 ,❤❛, 7,❛/, ✇✐,❤ ✵ ❛♥❞ ✈❡/,✐❝❡7
,❤❛, 7,❛/, ✇✐,❤ ✶✳ ❚❤❡ ❧❛,,❡/ ✈❡/,✐❝❡7 ❛/❡ ♦❢ ,❤❡ ❢♦/♠ 10 . . . 0 ❛♥❞ ❤❛♥❝❡ ❝❛♥
❜❡ ❞♦♠✐♥❛,❡❞ ❜② γ(Γn−3) ✈❡/,✐❝❡7 ✇❤✐❧❡ ,❤❡ ❢♦/♠❡/ ✈❡/,✐❝❡7 ❝❛♥ ❜❡ ❞♦♠✐♥❛,❡❞
❜② γ(Γn−1) ✈❡/,✐❝❡7✳
✭✐✐✮ ▲❡, D ❜❡ ❛ ♠✐♥✐♠✉♠ ❞♦♠✐♥❛,✐♥❣ 7❡, ♦❢ Γn ❛♥❞ 7❡,
D′ = {u | u is a Lucas string from D} ∪ {0b2 . . . bn−10 | 1b2 . . . bn−11 ∈ D} .
❆ ✈❡/,❡① 1b2 . . . bn−11 ❞♦♠✐♥❛,❡7 ,✇♦ ▲✉❝❛7 ✈❡/,✐❝❡7✱ ♥❛♠❡❧② 0b2 . . . bn−11 ❛♥❞
1b2 . . . bn−10✳ ❙✐♥❝❡ ,❤❡7❡ ,✇♦ ✈❡/,✐❝❡7 ❛/❡ ❞♦♠✐♥❛,❡❞ ❜② 0b2 . . . bn−10✱ ✇❡ ✐♥❢❡/
,❤❛, D′ ✐7 ❛ ❞♦♠✐♥❛,✐♥❣ 7❡, ♦❢ Λn✳ ■, ❢♦❧❧♦✇7 ,❤❛, γ(Λn) ≤ γ(Γn)✳
❆ ❞♦♠✐♥❛,✐♥❣ 7❡, ♦❢ Λn ❞♦♠✐♥❛,❡7 ❛❧❧ ✈❡/,✐❝❡7 ♦❢ Γn ❜✉, ,❤❡ ✈❡/,✐❝❡7 ♦❢ ,❤❡
❢♦/♠ 10b3 . . . bn−201✳ ❚❤❡7❡ ✈❡/,✐❝❡7 ❝❛♥ ❜❡ ❞♦♠✐♥❛,❡❞ ❜② γ(Γn−4) ✈❡/,✐❝❡7✳ 
■, ❝❛♥ ❜❡ ❡❛7✐❧② ❝❤❡❝❦❡❞ ,❤❛, F/♦♣♦7✐,✐♦♥ ✺✳✷✳✶ ✭✐✮ ❤♦❧❞7 ❢♦/ ❛♥② n ≥ 2✱ ❛♥❞
,❤❛, ,❤❡ ✜/7, ✐♥❡H✉❛❧✐,② ♦❢ F/♦♣♦7✐,✐♦♥ ✺✳✷✳✶ ✭✐✐✮ ❤♦❧❞7 ❢♦/ ❛♥② n ≥ 0✳
F✐❦❡ ❛♥❞ ❩♦✉ ❬F❩✶✷❪ ♦❜,❛✐♥❡❞ ❡①❛❝, ✈❛❧✉❡7 ♦❢ γ(Γn) ❢♦/ n ≤ 8✱ 7❡❡ ❚❛❜❧❡ ✺✳✷✳
❇② ❝♦♠♣✉,❡/ 7❡❛/❝❤ ,❤❡② ❢♦✉♥❞ ✺✵✾ ♠✐♥✐♠✉♠ ❞♦♠✐♥❛,✐♥❣ 7❡,7 ♦❢ Γ8✳ ❋♦❧❧♦✇✐♥❣
,❤❡✐/ ❛♣♣/♦❛❝❤ ✇❡ ❤❛✈❡ ❝♦♠♣✉,❡❞ ,❤❡ ❞♦♠✐♥❛,✐♦♥ ♥✉♠❜❡/7 ♦❢ Λn✱ n ≤ 8✱ 7❡❡
❚❛❜❧❡ ✺✳✷ ❛❣❛✐♥✳
❍❡♥❝❡ ,❤❡ 7♠❛❧❧❡7, ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ ❛♥❞ ▲✉❝❛7 ❝✉❜❡ ❢♦/ ✇❤✐❝❤ ,❤❡ ❞♦♠✐♥❛✲
,✐♦♥ ♥✉♠❜❡/7 ❛/❡ ♥♦, ❦♥♦✇♥ ❛/❡ Γ9 ❛♥❞ Λ9✳ ❙✐♥❝❡ γ(Γn) ≤ γ(Γn−1)+ γ(Γn−2)✱
✐, ❢♦❧❧♦✇7 ,❤❛, γ(Γ9) ≤ 20✱ ❝❢✳ ❬F❩✶✷✱ ▲❡♠♠❛ ✸✳✶❪✳ ■♥ ♦/❞❡/ ,♦ ✜♥❞ ❛ 7♠❛❧❧❡/
❞♦♠✐♥❛,✐♥❣ 7❡, ✇❡ ❤❛✈❡ ✉7❡❞ ❛ ❧♦❝❛❧ 7❡❛/❝❤ ♣/♦❝❡❞✉/❡✱ ,❤❛, ✐7✱ ,♦ ❣❡, ❛ ♥❡✇
❞♦♠✐♥❛,✐♥❣ 7❡, ✇❡ ❤❛✈❡ /❡♣❧❛❝❡❞ ♦♥❡ ♦/ ♠♦/❡ ✈❡/,✐❝❡7 ✐♥ ,❤❡ ❝✉//❡♥, ❞♦♠✐♥❛,✲
✐♥❣ 7❡, ✇✐,❤ ♦♥❡ ♦/ ♠♦/❡ ✈❡/,✐❝❡7 ✐♥ ,❤❡✐/ ♥❡✐❣❤❜♦/❤♦♦❞✳ ■♥ ,❤✐7 ✇❛② ✇❡ ✇❡/❡
❛❜❧❡ ,♦ ❝♦♥7,/✉❝, ❛ ❞♦♠✐♥❛,✐♥❣ 7❡, ♦❢ Γ9 ♦❢ 7✐③❡ 17 ❣✐✈❡♥ ♦♥ ,❤❡ ❧❡❢,✲❤❛♥❞ 7✐❞❡
♦❢ ❚❛❜❧❡ ✺✳✶✳ ❙✐♠✐❧❛/❧② ✇❡ ❤❛✈❡ ❢♦✉♥❞ ❛ ❞♦♠✐♥❛,✐♥❣ 7❡, ♦❢ Λ9 ♦❢ ♦/❞❡/ ✶✻ ❣✐✈❡♥
♦♥ ,❤❡ /✐❣❤,✲❤❛♥❞ 7✐❞❡ ♦❢ ❚❛❜❧❡ ✺✳✶✳ ❍❡♥❝❡✿
 !♦♣♦&✐(✐♦♥ ✺✳✷✳✷✳ γ(Γ9) ≤ 17 ❛♥❞ γ(Λ9) ≤ 16✳
❲❤✐❧❡ ✇❡ ❝♦♥❥❡❝,✉/❡ ,❤❛, γ(Γ9) = 17 ❛♥❞ γ(Λ9) = 16 ❤♦❧❞✱ ■❧✐➣ ❛♥❞ ▼✐❧♦➨❡✲
✈✐➣ ❝♦♥✜/♠❡❞ ✐, ❧❛,❡/ ✐♥ ❬■▼❪✳ ❋✉/,❤❡/♠♦/❡✱ ,❤❡② ❡7,❛❜❧✐7❤❡❞ ,❤❛, γ(Γ10) = 25✳
F✐❦❡ ❛♥❞ ❩♦✉ ❬F❩✶✷❪ ❛❧7♦ ♣/♦✈❡❞ ,❤❛, ❢♦/ ❛♥② n ≥ 4✱
γ(Γn) ≥
⌈
Fn+2 − 3
n− 2
⌉
.
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✵ ✵ ✵ ✶ ✵ ✵ ✶ ✵ ✶ ✵ ✶ ✵ ✵ ✶ ✵ ✶ ✵ ✶
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❚❛❜❧❡ ✺✳✶✿ ❆ ❞♦♠✐♥❛&✐♥❣ =❡& ♦❢ Γ9 ❛♥❞ ❛ ❞♦♠✐♥❛&✐♥❣ =❡& ♦❢ Λ9
❲❡ ♥❡①& ♣(♦✈❡ ❛ ♣❛(❛❧❧❡❧ ❧♦✇❡( ❜♦✉♥❞ ❢♦( &❤❡ ❞♦♠✐♥❛&✐♦♥ ♥✉♠❜❡( ♦❢ ▲✉❝❛=
❝✉❜❡=✳ ❋♦( &❤✐= =❛❦❡ ✇❡ ✜(=& ❝♦♥=✐❞❡( ❞❡❣(❡❡= ♦❢ =♦♠❡ =♣❡❝✐✜❝ ✈❡(&✐❝❡= ✐♥ ▲✉❝❛=
❝✉❜❡=✳
❘❡❝❛❧❧ &❤❛& Λn,1 ✐= &❤❡ =❡& ♦❢ ❛❧❧ &❤❡ ✈❡(&✐❝❡= ✇✐&❤ ❡①❛❝&❧② ♦♥❡ 1✳ ■♥ ❛❞❞✐&✐♦♥✱
=❡&
Λ′n,2 = {0
a1010n−a−3 | 0 ≤ a ≤ n− 1} ,
✇❤❡(❡ ✇❡ ❛❣❛✐♥ ❝♦♠♣✉&❡ ❜② ♠♦❞✉❧♦ n✳ ❍❡♥❝❡ Λ′n,2 ✐= &❤❡ =✉❜=❡& ♦❢ Λn,2 ❝♦♥✲
=✐=&✐♥❣ ♦❢ &❤❡ ▲✉❝❛= =&(✐♥❣= ❝♦♥&❛✐♥✐♥❣ ✭✐♥ ❝✐(❝✉❧❛( ♠❛♥♥❡(✮ ✶✵✶ ❛= ❛ =✉❜=&(✐♥❣✳
▲❡♠♠❛ ✺✳✷✳✸✳ ▲❡" n ≥ 7✳ ❚❤❡♥ ❢♦) "❤❡ ▲✉❝❛- ❝✉❜❡ Λn "❤❡ ❢♦❧❧♦✇✐♥❣- ❤♦❧❞✳
✭✐✮ ❚❤❡ ✈❡)"❡① 0n ✐- "❤❡ ♦♥❧② ✈❡)"❡① ♦❢ "❤❡ ♠❛①✐♠✉♠ ❞❡❣)❡❡ n✳
✭✐✐✮ ❚❤❡ ✈❡)"✐❝❡- ♦❢ Λn,1 ❤❛✈❡ ❞❡❣)❡❡ n− 2✳
✭✐✐✐✮ ❆♠♦♥❣ "❤❡ ✈❡)"✐❝❡- ✇✐"❤ ❛" ❧❡❛-" "✇♦ ✶✬-✱ ♦♥❧② "❤❡ ✈❡)"✐❝❡- ♦❢ Λ′n,2 ❤❛✈❡
❞❡❣)❡❡ n− 3 ❛♥❞ ❛❧❧ "❤❡ ♦"❤❡) ✈❡)"✐❝❡- ❤❛✈❡ ❞❡❣)❡❡ ❛" ♠♦-" n− 4✳
()♦♦❢✳ ✭✐✮ ❛♥❞ ✭✐✐✮ ❛(❡ ❝❧❡❛(✳
✭✐✐✐✮ ▲❡& u ∈ Λn,k ❢♦( =♦♠❡ k ≥ 2✳ ❚❤❡♥ u ❤❛= k ❞♦✇♥✲♥❡✐❣❤❜♦(=✳ ❚❤❡ ✉♣✲
♥❡✐❣❤❜♦(= ♦❢ u ❛(❡ ♦❜&❛✐♥❡❞ ❜② =✇✐&❝❤✐♥❣ ❛ ❜✐& 0 ✐♥&♦ 1✳ ▲❡& i1 < i2 < · · · < ik
❜❡ &❤❡ ♣♦=✐&✐♦♥= ✐♥ ✇❤✐❝❤ u ❝♦♥&❛✐♥= ✶✳ ❚❤(♦✉❣❤♦✉& &❤❡ ♣(♦♦❢✱ &❤❡ ✐♥❞✐❝❡= ♦❢
✺✳✷✳ ❚❤❡ ❞♦♠✐♥❛,✐♦♥ ♥✉♠❜❡/ ✾✶
i✬3 ✇✐❧❧ ❜❡ ❝♦♥3✐❞❡/❡❞ ❜② ♠♦❞✉❧♦ k ❛♥❞ ij ❜② ♠♦❞✉❧♦ n✳ ❆3 ♥♦ ❝♦♥3❡❝✉,✐✈❡ ❜✐,3
♦❢ 1✬3 ❛/❡ ❛❧❧♦✇❡❞✱ ij+1 − ij ≥ 2 ❢♦/ ❛❧❧ 1 ≤ j ≤ k✳ ▲❡, Ij = {ij − 1, ij + 1} ❜❡
,❤❡ 3❡, ♦❢ ,❤❡ ♣♦3✐,✐♦♥3 ✇❤✐❝❤ ❛/❡ ❛❞❥❛❝❡♥, ,♦ ij ❢♦/ ❡❛❝❤ 1 ≤ j ≤ k ❛♥❞ ❧❡,
I =
⋃
1≤j≤k Ij✳ ❚❤❡♥ ❛♥② ❜✐, ✇❤✐❝❤ ✐3 ♥♦, ✐♥ I ❝❛♥ ❜❡ 3✇✐,❝❤❡❞ ,♦ 1 ❛♥❞ ❤❡♥❝❡
,❤❡ ♥✉♠❜❡/ ♦❢ ✉♣✲♥❡✐❣❤❜♦/3 ♦❢ u ✐3 n − k − |I|✳ ❚❤❡/❡❢♦/❡✱ deg(u) = n − |I|✳
◆♦,❡ ,❤❛, Ij∩Ij′ = ∅ ✐❢ |j−j
′| ≥ 2✱ ,❤❡/❡❢♦/❡ ❜② ♣✐❣❡♦♥✲❤♦❧❡ ♣/✐♥❝✐♣❧❡✱ |I| ≥ k✳
❚❤❡ ❡B✉❛❧✐,② ❤♦❧❞3 ✐❢ ❛♥❞ ♦♥❧② ✐❢ Ij
⋂
Ij+1 6= ∅ ❢♦/ ❛❧❧ 1 ≤ j ≤ k✱ ✇❤✐❝❤ ♦❝❝✉/3
✐❢ ❛♥❞ ♦♥❧② ✐❢ ij+1 = ij +2 ❢♦/ ❛❧❧ 1 ≤ j ≤ k✱ ✇❤✐❝❤ ✐3 ✐♥ ,✉/♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ n ✐3
❡✈❡♥ ❛♥❞ k = n
2
✳ ❇✉, ✐♥ ,❤✐3 ❝❛3❡✱ deg(u) = n
2
≤ n− 4 ❛3 n ≥ 8✳ ■♥ ,❤❡ ♦,❤❡/
❝❛3❡3✱ |I| ≥ k+1 ❛♥❞ ❤❡♥❝❡ deg(u) ≤ n−k−1✳ ■❢ k ≥ 3✱ ,❤❡♥ deg(u) ≤ n−4✳
❆33✉♠❡ k = 2✳ ❚❤❡♥ deg(u) ≤ n − 3✱ ✇❤❡/❡ ,❤❡ ❡B✉❛❧✐,② ❤♦❧❞3 ❡①❛❝,❧② ✇❤❡♥
|I| = 3 ❛♥❞ I1
⋂
I2 6= ∅ ✇❤✐❝❤ ♠❡❛♥3 ,❤❛, u ∈ Λ
′
n,2✳ 
▲❡♠♠❛ ✺✳✷✳✹✳ ❆♥② l ✈❡%&✐❝❡) ❢%♦♠ Λ′n,2 ❤❛) ❛& ❧❡❛)& l ❞♦✇♥✲♥❡✐❣❤❜♦%)✱ &❤❛&
✐)✱ ❛& ❧❡❛)& l ♥❡✐❣❤❜♦%) ✐♥ Λn,1✳
()♦♦❢✳ ❋♦/ 1 ≤ i ≤ l✱ ❧❡, Ai ❜❡ ,❤❡ 3❡, ♦❢ ❞♦✇♥✲♥❡✐❣❤❜♦/3 ♦❢ vi ∈ Λ
′
n,2✳ ❚❤❡♥
|Ai| = 2 ❢♦/ ❡❛❝❤ i✳ ❈♦♥3✐❞❡/✐♥❣ ❜✐,3 ❜② ♠♦❞✉❧♦ n✱ ❡❛❝❤ ✈❡/,❡① 0
a10n−a−1
✐♥ Λn,1 ❝❛♥ ❜❡ ❛ ❞♦✇♥✲♥❡✐❣❤❜♦/ ♦❢ ❛, ♠♦3, ,✇♦ ✈❡/,✐❝❡3 0
a1010n−a−3 ❛♥❞
0a−21010n−a−1✱ ❛♥❞ ❤❡♥❝❡ ❛, ♠♦3, ,✇♦ ♦❢ v1, . . . , vl✳ ❇② ♣✐❣❡♦♥✲❤♦❧❡ ♣/✐♥❝✐✲
♣❧❡✱ ,❤❡ ❛33❡/,✐♦♥ ✐3 ,/✉❡✳ 
❚♦ ❡3,❛❜❧✐3❤ ,❤❡ ❛♥♥♦✉♥❝❡❞ ❧♦✇❡/ ❜♦✉♥❞✱ ✇❡ ✇✐❧❧ ❛♣♣❧② ,❤❡ ♥❛,✉/❛❧ ❝♦♥❝❡♣,
♦❢ ♦✈❡/✲❞♦♠✐♥❛,✐♦♥✱ ❥✉3, ❛3 ✐, ✐3 ❞♦♥❡ ✐♥ ❬I❩✶✷❪✳ ■, ✐3 ❞❡✜♥❡❞ ❛3 ❢♦❧❧♦✇3✳ ▲❡,
D ❜❡ ❛ ❞♦♠✐♥❛,✐♥❣ 3❡, ♦❢ ❛ ❣/❛♣❤ G✳ ❚❤❡♥ ,❤❡ ♦✈❡%✲❞♦♠✐♥❛&✐♦♥ ♦❢ G ✇✐,❤
/❡3♣❡❝, ,♦ D ✐3✿
ODG(D) =
∑
v∈D
(degG(v) + 1)− |V (G)| . ✭✺✳✷✳✶✮
◆♦,❡ ,❤❛, ODG(D) = 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ D ✐3 ❛ ♣❡/❢❡❝, ❞♦♠✐♥❛,✐♥❣ 3❡, ❬▲❙✾✵✱
❍❍✵✼❪✱ ,❤❛, ✐3✱ ❛ ❞♦♠✐♥❛,✐♥❣ 3❡, 3✉❝❤ ,❤❛, ❡❛❝❤ ✈❡/,❡① ✐3 ❞♦♠✐♥❛,❡❞ ❡①❛❝,❧②
♦♥❝❡✳
❚❤❡♦)❡♠ ✺✳✷✳✺✳ ❋♦% ❛♥② n ≥ 7✱ γ(Λn) ≥
⌈
Ln − 2n
n− 3
⌉
✳
()♦♦❢✳ ▲❡, D ❜❡ ❛ ♠✐♥✐♠✉♠ ❞♦♠✐♥❛,✐♥❣ 3❡, ♦❢ Λn✳ ❙❡, D1 = D ∩ Λn,1 ❛♥❞
D2 = D ∩ Λ
′
n,2✱ ❛♥❞ ❧❡, k = |D ∩ Λn,1| ❛♥❞ l = |D ∩ Λ
′
n,2|✳ ❚❤❡♥ ❝❧❡❛/❧②
0 ≤ k, l ≤ n✳ ◆♦,❡ ,❤❛, ,❤❡ ♦✈❡/✲❞♦♠✐♥❛,✐♦♥ ♦❢ G ✇✐,❤ /❡3♣❡❝, ,♦ D ❝❛♥ ❜❡
/❡✇/✐,,❡♥ ❛3
OD(G) =
∑
u∈V (Λn)
(|{v ∈ D | d(u, v) ≤ 1}| − 1) . ✭✺✳✷✳✷✮
✾✷ ❈❤❛♣&❡( ✺✳ ❉♦♠✐♥❛&✐♦♥ ♥✉♠❜❡( ❛♥❞ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡(
❋♦( ❛ ✈❡(&❡① u ♦❢ Λn✱ <❡& t(u) = |{v ∈ D | d(u, v) ≤ 1}| − 1✳ ❆< D ✐< ❛
❞♦♠✐♥❛&✐♥❣ <❡&✱ t(u) ≥ 0 ❢♦( ❛❧❧ u ∈ V (Λn)✳ ❲❡ ♥♦✇ ❞✐<&✐♥❣✉✐<❤ &✇♦ ❝❛<❡<✳
❈❛"❡ ✶✿ 0n ∈ D✳
❈♦♠❜✐♥✐♥❣ ▲❡♠♠❛ ✺✳✷✳✸ ✇✐&❤ ❊E✉❛&✐♦♥ ✭✺✳✷✳✶✮ ✇❡ ❣❡&
OD(D) ≤ (n+ 1) + k(n− 1) + l(n− 2) + (γ(Λn)− k − l − 1)(n− 3)− Ln
= γ(Λn)(n− 3) + 2k + l + 4− Ln .
❆❧<♦ ❛< t(u) ≥ 0 ❢♦( ❛❧❧ u ∈ V ✱ ❊E✉❛&✐♦♥ ✭✺✳✷✳✷✮ ✐♠♣❧✐❡<
OD(D) ≥ t(0n) +
∑
v∈D1
t(v) ≥ 2k .
❚❤❡(❡❢♦(❡ γ(Λn) ≥
⌈
Ln−l−4
n−3
⌉
≥
⌈
Ln−n−4
n−3
⌉
✳
❈❛"❡ ✷✿ 0n /∈ D✳
❆❣❛✐♥✱ ❝♦♠❜✐♥✐♥❣ ▲❡♠♠❛ ✺✳✷✳✸ ✇✐&❤ ❊E✉❛&✐♦♥ ✭✺✳✷✳✶✮ ✇❡ ✐♥❢❡(
OD(D) ≤ k(n− 1) + l(n− 2) + (γ(Λn)− k − l)(n− 3)− Ln
= γ(Λn)(n− 3) + 2k + l − Ln .
▲❡& A ❜❡ &❤❡ <❡& ♦❢ ❞♦✇♥✲♥❡✐❣❤❜♦(< ♦❢ D2✳ ❚❤❡♥ ❢♦( u ∈ D1 ∩ A✱ t(u) ≥ 1✳
❇② ▲❡♠♠❛ ✺✳✷✳✹✱ |A| ≥ l ❛♥❞ ❤❡♥❝❡ |D1
⋂
A| ≥ k + l − n✳ ❚❤❡(❡❢♦(❡ ❜②
❊E✉❛&✐♦♥ ✭✺✳✷✳✷✮✱
OD(D) ≥
∑
v∈D1
⋂
A
t(v) ≥ k + l − n .
❚❤✉< γ(Λn) ≥
⌈
Ln−k−n
n−3
⌉
≥
⌈
Ln−2n
n−3
⌉
✳
❇② ❈❛<❡ ✶ ❛♥❞ ❈❛<❡ ✷✱ γ(Λn) ≥
⌈
Ln−2n
n−3
⌉
✳ 
✺✳✸ ❚❤❡ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡2
❲❡ ♥♦✇ &✉(♥ &♦ &❤❡ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡( ❛♥❞ ✜(<& ♣(♦✈❡ &❤❡ ❢♦❧❧♦✇✐♥❣ ❛<②♠♣✲
&♦&✐❝❛❧ ❧♦✇❡( ❜♦✉♥❞✳
❚❤❡♦)❡♠ ✺✳✸✳✶✳ ❋♦" ❛♥② n ≥ 8✱ ρ(Γn) ≥ ρ(Λn) ≥ 2
2
⌊lgn⌋
2 −1
✳
.)♦♦❢✳ ❙✐♥❝❡ ❢♦( ❛♥② n ≥ 1✱ Λn ✐< ❛♥ ✐<♦♠❡&(✐❝ <✉❜❣(❛♣❤ ♦❢ Γn✱ ❝❢✳ ❬❑❧❛✵✺❪✱ ❛
✷✲♣❛❝❦✐♥❣ ♦❢ Λn ✐< ❛❧<♦ ❛ ✷✲♣❛❝❦✐♥❣ ♦❢ Γn✳ ❚❤❡(❡❢♦(❡ ρ(Γn) ≥ ρ(Λn)✳
✺✳✸✳ ❚❤❡ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡2 ✾✸
▲❡5 r, s ≥ 1 ❛♥❞ ❧❡5 X ❛♥❞ Y ❜❡ ♠❛①✐♠✉♠ 2✲♣❛❝❦✐♥❣9 ♦❢ Λr ❛♥❞ Λs✱
2❡9♣❡❝5✐✈❡❧②✳ ❚❤❡♥ {x0y | x ∈ X, y ∈ Y } ✐9 ❛ 2✲♣❛❝❦✐♥❣9 ♦❢ Λr+s+1 ♦❢ 9✐③❡
ρ(Λs)ρ(Λs)✳ ■5 ❢♦❧❧♦✇9 5❤❛5
ρ(Λr+s+1) ≥ ρ(Λr)ρ(Λs) .
❙❡5 ♥♦✇ k = ⌊lg n⌋✳ ❚❤❡♥ ρ(Λ2k) ≥ ρ(Λ2k−1+1) ≥ ρ(Λ2k−2)
2
✳ ❇② 2❡♣❡❛5❡❞❧②
❛♣♣❧②✐♥❣ 5❤✐9 ❛2❣✉♠❡♥5 ✇❡ ❣❡5
ρ(Λn) ≥ ρ(Λ2k) ≥ ρ(Λ2k−2l)
2l .
❲❤❡♥ k ✐9 ❡✈❡♥✱ 5❛❦❡ l = k−2
2
5♦ ❣❡5 ρ(Λn) ≥ ρ(Λ4)
2
k−2
2
= 22
k−2
2
✳ ❲❤❡♥ k ✐9
♦❞❞✱ 5❛❦❡ l = k−3
2
5♦ ❣❡5 ρ(Λn) ≥ ρ(Λ8)
2
k−3
2
≥ 82
k−3
2 = 23×2
k−3
2 ≥ 22
k−2
2
✳ 
❯9✐♥❣ ❝♦♠♣✉5❡2 ✇❡ ♦❜5❛✐♥❡❞ 5❤❡ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡29 ♦❢ Γn ❛♥❞ Λn ❢♦2
n ≤ 10 ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✺✳✷✳
♥ ✵ ✶ ✷ ✸ ✹ ✺ ✻ ✼ ✽ ✾ ✶✵
γ(Γn) ✶ ✶ ✶ ✷ ✸ ✹ ✺ ✽ ✶✷ ≤17 ✲
ρ(Γn) ✶ ✶ ✶ ✷ ✷ ✸ ✺ ✻ ✾ ✶✹ ✷✵
γ(Λn) ✶ ✶ ✶ ✶ ✸ ✹ ✺ ✼ ✶✶ ≤16 ✲
ρ(Λn) ✶ ✶ ✶ ✶ ✷ ✸ ✺ ✻ ✽ ✶✸ ✶✽
❚❛❜❧❡ ✺✳✷✿ ❉♦♠✐♥❛5✐♦♥ ♥✉♠❜❡29 ❛♥❞ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡29 ♦❢ 9♠❛❧❧ ❝✉❜❡9
❚❛❜❧❡ ✺✳✷ ♥❡❡❞9 9❡✈❡2❛❧ ❝♦♠♠❡♥59✳
✕ ❚❤❡ ❝♦♠♣✉5❡2 9❡❛2❝❤ ❢♦✉♥❞ ❡①❛❝5❧② 5❡♥ ✷✲♣❛❝❦✐♥❣9 ♦❢ 9✐③❡ ✷✵ ✐♥ Γ10✳
❚❤✐9 ❛❧2❡❛❞② ✐♠♣❧✐❡9 5❤❛5 ρ(Γ10) = 20✳ ■♥❞❡❡❞✱ ✐❢ Γ10 ✇♦✉❧❞ ❝♦♥5❛✐♥ ❛
✷✲♣❛❝❦✐♥❣ ♦❢ 9✐③❡ ✷✶✱ 5❤❡♥ ✐5 ✇♦✉❧❞ ❝♦♥5❛✐♥ 5✇❡♥5②✲♦♥❡ ✷✲♣❛❝❦✐♥❣9 ♦❢ 9✐③❡
✷✵✳
✕ ❇② ❡①❤❛✉95✐✈❡ 9❡❛2❝❤ ✇✐5❤ ❝♦♠♣✉5❡2 ♥♦ ✷✲♣❛❝❦✐♥❣ ♦❢ 9✐③❡ ✶✾ ✐♥ Λ10 ✇❛9
❢♦✉♥❞✱ ❤❡♥❝❡ ρ(Λ10) = 18✳
✕ ❚❤❡2❡ ✐9 ♦♥❧② ♦♥❡ ✭✉♣ 5♦ ✐9♦♠♦2♣❤✐9♠9 ♦❢ 5❤❡ ❣2❛♣❤9 ❝♦♥9✐❞❡2❡❞✮ ♠❛①✲
✐♠✉♠ ✷✲♣❛❝❦✐♥❣ ♦❢ Λ5✱ Λ6✱ Λ7✱ Λ9✱ ❛9 ✇❡❧❧ ❛9 Γ6✳ ❚❤❡2❡ ❛2❡ 5✇♦ ♥♦♥✲
✐9♦♠♦2♣❤✐❝ ✷✲♣❛❝❦✐♥❣9 ♦❢ ♠❛①✐♠✉♠ ❝❛2❞✐♥❛❧✐5② ♦❢ Γ9✱ 5❤❡② ❛2❡ ♣2❡9❡♥5❡❞
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❚❛❜❧❡ ✺✳✸✿ ▼❛①✐♠✉♠ ✷✲♣❛❝❦✐♥❣< ♦❢ Γ9 ❛♥❞ ♦❢ Λ9
■♥ ❬❈❑▼❘✶✶❪✱ ✇❡ ♣(♦♣♦<❡ &❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❥❡❝&✉(❡<✿
✭✐✮ γ(Γn)− ρ(Γn) ≥ γ(Λn)− ρ(Λn) ❢♦( n ≥ 0❄
✭✐✐✮ γ(Λn) ≥ ρ(Γn) ❢♦( n ≥ 4❄
✭✐✐✐✮ γ(Λn) ≤ γ(Γn−1) + γ(Γn−3)− 1 ❢♦( n ≥ 6❄
◆♦&❡ &❤❛& &❤❡ ❧❛<& H✉❡<&✐♦♥✱ ✐❢ ✐& ❤❛< ❛♥ ❛✣(♠❛&✐✈❡ ❛♥<✇❡(✱ (❡❞✉❝❡< &❤❡
❜♦✉♥❞ ♦❢ γ(Λn) ✐♥ U(♦♣♦<✐&✐♦♥ ✺✳✷✳✶ ✭✐✮ ❜② ✶✳ ▼♦(❡♦✈❡(✱ ✐❢ ✭✐✐✐✮ ✐< &(✉❡✱ &❤❡♥
♦♥❡ ❝❛♥ ❛❧<♦ ❛<❦ ✇❤❡&❤❡( γ(Λn) ≤ γ(Γn−1) + γ(Γn−4) ❤♦❧❞< ❢♦( n ≥ 6✳
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❚❤✐# ✇♦&❦ #(✉❞✐❡# #♦♠❡ #(&✉❝(✉&❛❧ ❛♥❞ ❡♥✉♠❡&❛(✐✈❡ ♣&♦♣❡&(✐❡# ♦❢ (❤❡ ❋✐✲
❜♦♥❛❝❝✐ ❛♥❞ (❤❡ ▲✉❝❛# ❝✉❜❡#✳ ❖&✐❣✐♥❛❧❧② ✐♥(&♦❞✉❝❡❞ ❜② ❲✳ ✲❏✳ ❍#✉ ❛# ❛♥
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❝✉❜❡ ❛♥❞ ❤❡♥❝❡ ♦❢ (❤❡ ❤②♣❡&❝✉❜❡✳ ❚❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ (❤❡ ▲✉❝❛# ❝✉❜❡# ❤❛✈❡
❜❡❡♥ ❛ #✉❜❥❡❝( ♦❢ &❡#❡❛&❝❤ ❜❡❝❛✉#❡ ♦❢ (❤❡✐& #(&✉❝(✉&❛❧ ♣&♦♣❡&(✐❡#✳ ❙♦♠❡ ♦❢ (❤❡
#(&✉❝(✉&❛❧ &❡#✉❧(# (❤❛( ✇❡ ❞✐#❝✉## ❛&❡ (❤❡ &❡❝✉&#✐✈❡ ❞❡❝♦♠♣♦#✐(✐♦♥#✱ ♠❛✐♥❧②✱
(❤❡ ❢✉♥❞❛♠❡♥(❛❧ ❞❡❝♦♠♣♦#✐(✐♦♥ ♦❢ (❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ ✇❤✐❝❤ ❧❡❛❞# (♦ ♠❛♥②
✐♠♣♦&(❛♥( #(&✉❝(✉&❛❧ ♣&♦♣❡&(✐❡#✳
❇❛#❡❞ ♦♥ (❤❡ ❢✉♥❞❛♠❡♥(❛❧ ❞❡❝♦♠♣♦#✐(✐♦♥✱ ▲✐✉✱ ❍#✉ ❛♥❞ ❈❤✉♥❣ ❝♦♥#(&✉❝(❡❞
❝②❝❧❡# ♦❢ ❡✈❡&② ❡✈❡♥ ❧❡♥❣(❤ ❢&♦♠ 4 (♦ |V (Γn)| ✇❤❡♥ Γn ❤❛# ❡✈❡♥ ♦&❞❡&✳ ❯#✐♥❣
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❢&♦♠ (❤❡ ❣&❛♣❤✱ ✐( ❛❞♠✐(# ❛ ❍❛♠✐❧(♦♥✐❛♥ ❝②❝❧❡ ✭✇❤❡♥ Γn ❤❛# ♦❞❞ ♦&❞❡&✮✳ ❆# ❛
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♥❡(✇♦&❦✳ ❲❤✐❧❡ (❤❡ ❞✐❛♠❡(❡& ❛♥❞ (❤❡ &❛❞✐✉# ♦❢ (❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ ✇❡&❡ ♦❜✲
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✾✻ ❈❤❛♣&❡( ✻✳ ❈♦♥❝❧✉/✐♦♥/
■♥ &❤✐/ ✇♦(❦✱ ✇❡ ❝❤❛(❛❝&❡(✐③❡❞ &❤❡ ✈❡(&✐❝❡/ ♦❢ Γn &❤❛& /❛&✐/❢② &❤❡ ❡❝❝❡♥&(✐❝✲
✐&② ♦❢ ❛ ❣✐✈❡♥ ✈❡(&❡① x ❛/ ✇❡❧❧ ❛/ &❤❡ ❡❝❝❡♥&(✐❝✐&② ♦❢ x✳ ❲❡ ❝♦♠♣✉&❡❞ ❛❢&❡(✇❛(❞/✱
&❤❡ ❣❡♥❡(❛&✐♥❣ ❢✉♥❝&✐♦♥ ♦❢ &❤❡ ❡❝❝❡♥&(✐❝✐&② /❡?✉❡♥❝❡ ♦❢ &❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡✬/
/&(✐♥❣/✳ ❆/ ❛ ❝♦(♦❧❧❛(②✱ &❤❡ ♥✉♠❜❡( ♦❢ ✈❡(&✐❝❡/ ♦❢ ❡❝❝❡♥&(✐❝✐&② k ♦❢ ❛ ❣✐✈❡♥ ❋✐✲
❜♦♥❛❝❝✐ ❝✉❜❡ ✇❛/ ♦❜&❛✐♥❡❞✳ ❘❡❣❛(❞✐♥❣ &❤❡ ▲✉❝❛/ ❝✉❜❡✱ /✐♠✐❧❛( (❡/✉❧&/ ✇❡(❡
/❤♦✇♥✳ ❇✐❥❡❝&✐✈❡ ♣(♦♦❢/ &♦ /❤♦✇ &❤❛& &✇♦ /❡&/ ❤❛✈❡ &❤❡ /❛♠❡ ❝❛(❞✐♥❛❧✐&② ✇❡(❡
✉/❡❞ ❛/ ✇❡❧❧ ❛/ &❤❡ ❣❡♥❡(❛&✐♥❣ ❢✉♥❝&✐♦♥/ &❡❝❤♥✐?✉❡ &❤❛& ❛❧❧♦✇❡❞ ✉/ &♦ ♦❜&❛✐♥
❛♥ ❡①❛❝& ❢♦(♠✉❧❛ ♦❢ &❤❡ ♠❡♠❜❡(/ ♦❢ &❤❡ ❡❝❝❡♥&(✐❝✐&② /❡?✉❡♥❝❡/✳
■♥ &❤❡ ❧❛/& ♣❛(& ♦❢ &❤✐/ ✇♦(❦✱ &❤❡ ❛✉&♦♠♦(♣❤✐/♠ ❣(♦✉♣/ ♦❢ &❤❡ ❋✐❜♦♥❛❝❝✐
❛♥❞ &❤❡ ▲✉❝❛/ ❝✉❜❡/ ❛(❡ ❞❡&❡(♠✐♥❡❞✳
❇(♦❛❞✐♥❣ ❛ ♣(❡✈✐♦✉/ (❡/✉❧& ❞✉❡ &♦ H✐❦❡ ❛♥❞ ❩♦✉✱ ✇❡ ❞❡&❡(♠✐♥❡❞ &❤❡ ❞♦♠✐✲
♥❛&✐♦♥ ♥✉♠❜❡(/ ❢♦( Γ9 ❛♥❞ Λ9✱ ✉/✐♥❣ ❝♦♠♣✉&✐♥❣ &❡❝❤♥✐?✉❡/✳ ❚❤❡/❡ (❡/✉❧&/ ✇❡(❡
❧❛&❡( ❡①&❡♥❞❡❞ ❜② ■❧✐➣ ❛♥❞ ▼✐❧♦➨❡✈✐➣✳
❆❧/♦✱ ❞✐✛❡(❡♥& ✉♣♣❡( ❛♥❞ ❧♦✇❡( ❜♦✉♥❞/ ✇❡(❡ ♣(♦✈❡♥ ❢♦( &❤❡ ❞♦♠✐♥❛&✐♦♥
♥✉♠❜❡( ❛♥❞ ❢♦( &❤❡ ✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡( ♦❢ &❤❡ ❋✐❜♦♥❛❝❝✐ ▲✉❝❛/ ❝✉❜❡/✳ ❚❤✐/
✇♦(❦ ❝♦♥❝❧✉❞❡❞ ✇✐&❤ /♦♠❡ ❝♦♥❥❡❝&✉(❡/ &❤❛& ❛//♦❝✐❛&❡ &❤❡ ❞♦♠✐♥❛&✐♦♥ ❛♥❞ &❤❡
✷✲♣❛❝❦✐♥❣ ♥✉♠❜❡(/ ♦❢ ❜♦&❤ &❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ &❤❡ ▲✉❝❛/ ❝✉❜❡/ ✇❤✐❝❤ ♠❛❦❡/
&❤❡ /✉❜❥❡❝& ✇✐❞❡ ♦♣❡♥ ❢♦( ❢✉(&❤❡( (❡/❡❛(❝❤✳
❆♣♣❡♥❞✐① ❆
❉❡✜♥✐%✐♦♥'
■♥ "❤❛" ✇❤✐❝❤ ❢♦❧❧♦✇+✱ ✇❡ ♣/❡+❡♥" +♦♠❡ ❜❛+✐❝ ❣/❛♣❤ "❤❡♦/② ❞❡✜♥✐"✐♦♥+✱
❢♦❧❧♦✇✐♥❣ ❇♦♥❞② ❝❢✳ ❬❇▼✵✽❪ ❛♥❞ ❍❛/❛/② ❝❢✳ ❬❍❛/✾✹❪✳
❆ ❣!❛♣❤ ● ✐+ ❛ +❡" ♦❢ ✈❡/"✐❝❡+ ❱ ❛♥❞ +❡" ❊ ♦❢ ✉♥♦/❞❡/❡❞ ♣❛✐/+ ♦❢ ❡❧❡♠❡♥"+
♦❢ ❱ ❝❛❧❧❡❞ ❡❞❣❡+✳
❚❤❡ ♦!❞❡! ♦❢ ❛ ❣/❛♣❤ ✐+ "❤❡ ♥✉♠❜❡/ ♦❢ ✈❡/"✐❝❡+ |V | ❛♥❞ "❤❡ ❣/❛♣❤✬+ +✐③❡ |E|
✐+ "❤❡ ♥✉♠❜❡/ ♦❢ ❡❞❣❡+✳
❆ ❣/❛♣❤ ✇✐"❤ ♦♥❧② ♦♥❡ ✈❡/"❡① ❛♥❞ ♥♦ ❡❞❣❡+ ✐+ ❝❛❧❧❡❞ "❤❡ )!✐✈✐❛❧ ❣!❛♣❤✳
❆♥ ❡❞❣❡ ✇✐"❤ ✐❞❡♥"✐❝❛❧ ❡♥❞+ ✐+ ❝❛❧❧❡❞ ❛ ❧♦♦♣ ❛♥❞ "✇♦ ♦/ ♠♦/❡ ❡❞❣❡+ ✇✐"❤
"❤❡ +❛♠❡ ♣❛✐/ ♦❢ ❡♥❞+ ❛/❡ +❛✐❞ "♦ ❜❡ ♣❛!❛❧❧❡❧ ❡❞❣❡-✳ ❆ ❣/❛♣❤ ✐+ -✐♠♣❧❡ ✐❢ ✐" ❤❛+
♥♦ ❧♦♦♣+ ♦/ ♣❛/❛❧❧❡❧ ❡❞❣❡+✳
❆ ❝♦♠♣❧❡)❡ ❣!❛♣❤ ✐+ ❛ +✐♠♣❧❡ ❣/❛♣❤ ✐♥ ✇❤✐❝❤ ❛♥② "✇♦ ✈❡/"✐❝❡+ ❛/❡ ❛❞❥❛❝❡♥"✳
❚❤❡ ❝♦♠♣❧❡"❡ ❣/❛♣❤ ♦❢ ♦/❞❡/ ♥ ✐+ ❞❡♥♦"❡❞ ❜② Kn✳
❚❤❡ ❞❡❣!❡❡ ♦❢ ❛ ✈❡/"❡① ✐+ "❤❡ ♥✉♠❜❡/ ♦❢ ❡❞❣❡+ "❤❛" ❝♦♥♥❡❝" "♦ ✐"✳ ❚❤❡
❡♥❞+ ♦❢ ❛♥ ❡❞❣❡ ❛/❡ +❛✐❞ "♦ ❜❡ ✐♥❝✐❞❡♥) ✇✐"❤ "❤❡ ❡❞❣❡✱ "✇♦ ✈❡/"✐❝❡+ ✇❤✐❝❤ ❛/❡
✐♥❝✐❞❡♥" ✇✐"❤ ❛ ❝♦♠♠♦♥ ❡❞❣❡ ❛/❡ ❛❞❥❛❝❡♥" ❛♥❞ "✇♦ ❞✐+"✐♥❝" ❛❞❥❛❝❡♥" ✈❡/"✐❝❡+
❛/❡ ♥❡✐❣❤❜♦!-✳ ❚❤❡ +❡" ♦❢ ♥❡✐❣❤❜♦/+ ♦❢ ❛ ✈❡/"❡① v ∈ V ✐+ ❞❡♥♦"❡❞ ❜② N(v)✳
■❢ V ′ ⊆ V ✱ "❤✉+ ●❬❱✬❪ ✐+ "❤❡ -✉❜❣!❛♣❤ ♦❢ ● ✐♥❞✉❝❡❞ ❜② ❱✬ ✇❤♦+❡ ✈❡/"❡① +❡"
✐+ ❱✬ ❛♥❞ ✇❤♦+❡ ❡❞❣❡ +❡" ❝♦♥+✐+"+ ♦❢ ❛❧❧ ❡❞❣❡+ ♦❢ ● ✇❤✐❝❤ ❤❛✈❡ ❜♦"❤ ❡♥❞+ ✐♥
❱✬✳
❆ ♣❛)❤ ✐+ ❛ +✐♠♣❧❡ ❣/❛♣❤ ✇❤♦+❡ ✈❡/"✐❝❡+ ❝❛♥ ❜❡ ❛//❛♥❣❡❞ ✐♥ ❛ ❧✐♥❡❛/ +❡✲
L✉❡♥❝❡ ✐♥ +✉❝❤ ❛ ✇❛② "❤❛" "✇♦ ✈❡/"✐❝❡+ ❛/❡ ❛❞❥❛❝❡♥" ✐❢ "❤❡② ❛/❡ ❝♦♥+❡❝✉"✐✈❡ ✐♥
"❤❡ +❡L✉❡♥❝❡✱ ❛♥❞ ❛/❡ ♥♦♥❛❞❥❛❝❡♥" ♦"❤❡/✇✐+❡✳ ■❢ "❤❡/❡ ✐+ ❛ ♣❛"❤ ❜❡"✇❡❡♥ ❛♥②
"✇♦ ✈❡/"✐❝❡+ ♦❢ ●✱ "❤❡♥ ● ✐+ ❝♦♥♥❡❝)❡❞✱ ♦"❤❡/✇✐+❡ ❞✐-❝♦♥♥❡❝)❡❞✳ ❆ ❝②❝❧❡ ✐+ ❛
❝♦♥♥❡❝"❡❞ ❣/❛♣❤ ✇❤❡/❡ ❡✈❡/② ✈❡/"❡① ❤❛+ ❡①❛❝"❧② "✇♦ ♥❡✐❣❤❜♦/+✳ ❚❤❡ ❧❡♥❣)❤ ♦❢
❛ ♣❛)❤ ♦! ❛ ❝②❝❧❡ ✐+ "❤❡ ♥✉♠❜❡/ ♦❢ ✐"+ ❡❞❣❡+✳
✾✼
✾✽ ❆♣♣❡♥❞✐① ❆✳ ❉❡✜♥✐,✐♦♥.
❆ ❣0❛♣❤ ✐. ❜✐♣❛$%✐%❡ ✐❢ ✐,. ✈❡0,❡① .❡, ❝❛♥ ❜❡ ♣❛0,✐,✐♦♥❡❞ ✐♥,♦ ,✇♦ .✉❜.❡,.
V1 ❛♥❞ V2 .♦ ,❤❛, ❡✈❡0② ❡❞❣❡ ❤❛. ♦♥❡ ❡♥❞ ✐♥ V1 ❛♥❞ ♦♥❡ ❡♥❞ ✐♥ V2❀ .✉❝❤ ❛
♣❛0,✐,✐♦♥ (V1, V2) ✐. ❝❛❧❧❡❞ ❛ ❜✐♣❛0,✐,✐♦♥ ♦❢ ,❤❡ ❣0❛♣❤✱ ❛♥❞ V1 ❛♥❞ V2 ✐,. ♣❛0,.✳
❚❤❡ ❝❛$%❡(✐❛♥ ♣$♦❞✉❝% ♦❢ .✐♠♣❧❡ ❣0❛♣❤. ● ❛♥❞ ❍ ✐. ,❤❡ ❣0❛♣❤ GH ✇❤♦.❡
✈❡0,❡① .❡, ✐. V (G)× V (H) ❛♥❞ ✇❤♦.❡ ❡❞❣❡ .❡, ✐. ,❤❡ .❡, ♦❢ ❛❧❧ ♣❛✐0. ((u1, v1),
(u2, v2)) .✉❝❤ ,❤❛, ❡✐,❤❡0 (u1, u2) ∈ E(G) ❛♥❞ v1 = v2✱ ♦0 (v1, v2) ∈ E(H) ❛♥❞
u1 = u2✳
❚❤❡ ♥✲❝✉❜❡ ♦0 ♥✲❞✐♠❡♥(✐♦♥❛❧ ❤②♣❡$❝✉❜❡ Qn ✐. ❞❡✜♥❡❞ 0❡❝✉0.✐✈❡❧② ✐♥ ,❡0♠.
♦❢ ,❤❡ ❝❛0,❡.✐❛♥ ♣0♦❞✉❝, ♦❢ ,✇♦ ❣0❛♣❤. ❛. ❢♦❧❧♦✇.✿
Q1 = K2
Qn = K2Qn−1
❚❤❡ n✲❝✉❜❡✱ Qn ♠❛② ❛❧.♦ ❜❡ ❞❡✜♥❡❞ ❛. ❛ ❣0❛♣❤ ✇❤♦.❡ ♥♦❞❡ .❡, ❱✱ ❝♦♥.✐.,.
♦❢ ,❤❡ 2n ♥✲❞✐♠❡♥.✐♦♥❛❧ ❜♦♦❧❡❛♥ ✈❡❝,♦0.✱ ✐✳❡✳✱ ✈❡❝,♦0. ✇✐,❤ ❜✐♥❛0② ❝♦♦0❞✐♥❛,❡.
✵ ♦0 ✶✱ ✇❤❡0❡ ,✇♦ ♥♦❞❡. ❛0❡ ❛❞❥❛❝❡♥, ✇❤❡♥❡✈❡0 ,❤❡② ❞✐✛❡0 ✐♥ ❡①❛❝,❧② ♦♥❡
❝♦♦0❞✐♥❛,❡✳
❆ ❍❛♠✐❧%♦♥✐❛♥ ♣❛%❤ ✐. ❛ ♣❛,❤ ✐♥ ❛ ❣0❛♣❤ ,❤❛, ✈✐.✐,. ❡❛❝❤ ✈❡0,❡① ❡①❛❝,❧②
♦♥❝❡✳ ❆ ❍❛♠✐❧%♦♥✐❛♥ ❝②❝❧❡ ✐. ❛ ❍❛♠✐❧,♦♥✐❛♥ ♣❛,❤ ,❤❛, ✐. ❛ ❝②❝❧❡✳ ❆ ❍❛♠✐❧%♦✲
♥✐❛♥ ❣$❛♣❤ ✐. ❛ ❣0❛♣❤ ❤❛✈✐♥❣ ❛ ❍❛♠✐❧,♦♥✐❛♥ ❝②❝❧❡✳
❇✐❜❧✐♦❣&❛♣❤②
❬❇❑✈✵✸❪ ❇✳ ❇(❡➨❛(✱ ❙✳ ❑❧❛✈➸❛(✱ ❛♥❞ ❘✳ ➆❦(❡❦♦✈6❦✐✳ ❚❤❡ ❝✉❜❡ ♣♦❧②♥♦♠✐❛❧
❛♥❞ ✐@6 ❞❡(✐✈❛@✐✈❡6✿ @❤❡ ❝❛6❡ ♦❢ ▼❡❞✐❛♥ ❣(❛♣❤6✳ ❊❧❡❝$%♦♥✐❝ ❏♦✉%♥❛❧
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❈♦❞❡$ ❞❡ ●&❛② ❣*♥*&❛❧✐$*$ . ❧✬*♥✉♠*&❛2✐♦♥ ❞❡$ ♦❜❥❡2$
❞✬✉♥❡ $2&✉❝2✉&❡ ❝♦♠❜✐♥❛2♦✐&❡ $♦✉$ ❝♦♥2&❛✐♥2❡
❘!"✉♠! ✿ ▲❡ ❝✉❜❡ ❞❡ ❋✐❜♦♥❛❝❝✐ ❡+, ✉♥ +♦✉+✲❣/❛♣❤❡ ✐+♦♠3,/✐4✉❡ ❞❡ ❧✬❤②♣❡/✲
❝✉❜❡ ❛②❛♥, ✉♥ ♥♦♠❜/❡ ❞❡ ❋✐❜♦♥❛❝❝✐ ❞❡ +♦♠♠❡,+✳ ▲❡ ❝✉❜❡ ❞❡ ❋✐❜♦♥❛❝❝✐ ❛
3,3 ✐♥✐,✐❛❧❡♠❡♥, ✐♥,/♦❞✉✐, ♣❛/ ❲✲❏✳ ❍+✉ ❝♦♠♠❡ ✉♥ /3+❡❛✉ ❞✬✐♥,❡/❝♦♥♥❡①✐♦♥
❡,✱ ❝♦♠♠❡ ❧✬❤②♣❡/❝✉❜❡✱ ✐❧ ❛ ❞❡+ ♣/♦♣/✐3,3+ ,♦♣♦❧♦❣✐4✉❡+ ,/>+ ❛,,/❛❝,✐✈❡+✱ ♠❛✐+
❛✈❡❝ ✉♥❡ ❝/♦✐++❛♥❝❡ ♣❧✉+ ♠♦❞3/3❡✳ @❛/♠✐ ❝❡+ ♣/♦♣/✐3,3+✱ ♥♦✉+ ❞✐+❝✉,♦♥+ ❞❡
❧✬❤❛♠✐❧,♦♥✐❝✐,3 ❞❛♥+ ❧❡ ❝✉❜❡ ❞❡ ❋✐❜♦♥❛❝❝✐ ❡, ❛✉++✐ ❞❛♥+ ❧❡ ❝✉❜❡ ❞❡ ▲✉❝❛+ 4✉✐
❡+, ♦❜,❡♥✉ A ♣❛/,✐/ ❞✉ ❝✉❜❡ ❞❡ ❋✐❜♦♥❛❝❝✐ ❡♥ +✉♣♣/✐♠❛♥, ,♦✉,❡+ ❧❡+ ❝❤❛B♥❡+ 4✉✐
❝♦♠♠❡♥❝❡♥, ❡, ✜♥✐++❡♥, ❛✈❡❝ ✶✳ ◆♦✉+ ,/♦✉✈♦♥+ 3❣❛❧❡♠❡♥, ❧❡ ♥♦♠❜/❡ ❞❡ +♦♠✲
♠❡,+ ❞❡+ ❝✉❜❡+ ❞❡ ❋✐❜♦♥❛❝❝✐ ❡, ▲✉❝❛+ ❛②❛♥, ✉♥❡ ❝❡/,❛✐♥❡ ❡①❝❡♥,/✐❝✐,3✳ ❊♥✜♥✱
♥♦✉+ ♣/3+❡♥,♦♥+ ✉♥❡ 3,✉❞❡ ❞❡ ❞❡✉① ❝✉❜❡+ ❞✉ ♣♦✐♥, ❞❡ ✈✉❡ ❞❡ ❧❛ ❞♦♠✐♥❛,✐♦♥
❡, ❞✉ ✷✲♣❛❝❦✐♥❣✳
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❆❜"(8❛❝(✿ ❚❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ ✐+ ❛♥ ✐+♦♠❡,/✐❝ +✉❜❣/❛♣❤ ♦❢ ,❤❡ ❤②♣❡/❝✉❜❡
❤❛✈✐♥❣ ❛ ❋✐❜♦♥❛❝❝✐ ♥✉♠❜❡/ ♦❢ ✈❡/,✐❝❡+✳ ❚❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡ ✇❛+ ♦/✐❣✐♥❛❧❧②
♣/♦♣♦+❡❞ ❜② ❲✲❏✳ ❍+✉ ❛+ ❛♥ ✐♥,❡/❝♦♥♥❡❝,✐♦♥ ♥❡,✇♦/❦ ❛♥❞ ❧✐❦❡ ,❤❡ ❤②♣❡/❝✉❜❡ ✐,
❤❛+ ✈❡/② ❛,,/❛❝,✐✈❡ ,♦♣♦❧♦❣✐❝❛❧ ♣/♦♣❡/,✐❡+ ❜✉, ✇✐,❤ ❛ ♠♦/❡ ♠♦❞❡/❛,❡❞ ❣/♦✇,❤✳
❆♠♦♥❣ ,❤❡+❡ ♣/♦♣❡/,✐❡+✱ ✇❡ ❞✐+❝✉++ ,❤❡ ❤❛♠✐❧,♦♥✐❝✐,② ✐♥ ,❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡
❛♥❞ ❛❧+♦ ✐♥ ,❤❡ ▲✉❝❛+ ❝✉❜❡ ✇❤✐❝❤ ✐+ ♦❜,❛✐♥❡❞ ❜② /❡♠♦✈✐♥❣ ❛❧❧ ,❤❡ +,/✐♥❣+ ,❤❛,
❜❡❣✐♥ ❛♥❞ ❡♥❞ ✇✐,❤ ✶ ❢/♦♠ ,❤❡ ❋✐❜♦♥❛❝❝✐ ❝✉❜❡✳ ❲❡ ❣✐✈❡ ❛❧+♦ ,❤❡ ❡❝❝❡♥,/✐❝✐,②
+❡4✉❡♥❝❡+ ♦❢ ,❤❡ ❋✐❜♦♥❛❝❝✐ ❛♥❞ ,❤❡ ▲✉❝❛+ ❝✉❜❡+✳ ❋✐♥❛❧❧②✱ ✇❡ ♣/❡+❡♥, ❛ +,✉❞②
♦❢ ❜♦,❤ ❝✉❜❡+ ❢/♦♠ ,❤❡ ❞♦♠✐♥❛,✐♦♥ ❛♥❞ ,❤❡ ✷✲♣❛❝❦✐♥❣ ♣♦✐♥,+ ♦❢ ✈✐❡✇✳
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